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ABSTRACT

Let F be a field, and let A ¼ MnðFÞ be the algebra of all n � n

matrices over F. For each finite semigroup S, we describe all
gradings A ¼

L
s2SAs of A by S such that all standard matrix

units eij of A are homogeneous elements of A.

Let F be a field. The aim of this paper is to investigate semigroup
gradings of matrix algebras with entries in F. Matrix rings play crucial role
in describing structure of rings. Semigroup-graded rings include as special
cases many other ring constructions (see, for instance, [679]). An interesting
example of a semigroup grading of a matrix algebra was given in [10] by
J. Wedderburn, who showed that, for a field F of characteristic zero, the full
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matrix algebra MnðFÞ can be graded by a rectangular band so that all
homogenious components are isomorphic to the field F.

The general problem of describing all semigroup gradings of a full
matrix algebra was posed by E. Zelmanov (see [7]). A grading is said to be
good if all the matrix units eij are homogeneous elements. Good gradings
were studied in the group-graded case in [2] and in a different setting in [3]
and [4], where they were constructed from weight functions on the complete
graph G on n points, using the fact that MnðFÞ is a quotient of the path
algebra of the quiver G. If G is a group, then all good G-gradings of the
F-algebra MnðFÞ have been described in [2]. It is known that in several
natural cases all grading are isomorphic to good ones. For example, if the
group G is torsion free, then [2], Corollary 1.5, tells us that each grading is
isomorphic to a good grading. In this paper, for each finite semigroup S, we
give a complete description of all good gradings of the full matrix algebra
MnðFÞ by S.

Let S be a semigroup. An associative ring R is said to be S-graded,
if R ¼

L
s2sSRs is a direct sum, and RsRt � Rst for all s; t 2 S. If R is an

F-algebra, we say that R is an S-graded F-algebra if R is an S-graded ring
such that all the homogeneous components Rs are F-vector subspaces of R.

We use standard concepts of semigroup theory following [5]. Let us
recall a few definitions. If S is a semigroup, then S1 stands for S with identity
adjoined.

Suppose that G is a group, I and L are nonempty sets, and P ¼ ½ pli� is
a ðL� I Þ-matrix with entries pli 2 G for all l 2 L, i 2 I. The Rees matrix
semigroup MðG; I ;L;PÞ over G with sandwich-matrix P consists of all triples
ðg; i; lÞ, where i 2 I , l 2 L, and g 2 G, with multiplication defined by the
rule

ðg1; i1; l1Þðg2; i2; l2Þ ¼ ðg1pl1i2g2; i1; l2Þ:

Denote by G0 the group G with zero adjoined. Now suppose that Q ¼ ½qli� is
a ðL� IÞ-matrix with entries qli 2 G0. Then the Rees matrix semigroup
M 0ðG; I ;L;PÞ over G0 with sandwich-matrix Q consists of zero 0 and all
triples ðg; i; lÞ, for i 2 I , l 2 L, and g 2 G0, where all triples ð0; i; lÞ are
identified with 0, and multiplication is defined by the rule

ðg1; i1; l1Þðg2; i2; l2Þ ¼ ðg1pl1i2g2; i1; l2Þ:

A semigroup is completely simple if it has no proper ideals and has an
idempotent minimal with respect to the partial order e 	 f , e ¼ ef ¼ fe. It
is called completely 0-simple if it has no proper nonzero ideals and has a
minimal nonzero idempotent. It is well known that every completely simple
semigroup is isomorphic to a Rees matrix semigroup MðG; I ;L;PÞ over
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a group G, and every completely 0-simple semigroup is isomorphic to a Rees
matrix semigroup M 0ðG; I ;L;PÞ over a group G with zero adjoined. Besides,
M 0ðG; I ;L;PÞ is completely 0-simple if and only if each row and every
column of P has at least one nonzero entry (see [5]).

Let I and J be ideals of a semigroup S such that J � I. The Rees
quotient semigroup I=J is called a factor of S. In the case where J ¼ ;,
we assume that I=J ¼ I . Take any element s in S, put I ¼ S1sS1 and denote
by J the set of all elements which generate principal ideals properly
contained in I . Then J is also an ideal of S, and I=J is called a principal
factor of S.

Dealing with principal factors of a semigroup we shall often use the
following two basic facts. Recall that a null semigroup or a semigroup with
zero multiplication is a semigroup G with zero 0 such that S2 ¼ 0. Each
principal factor of a semigroup G is either simple, or 0-simple, or a null
semigroup ([5], Proposition 3.1.5). In addition, all periodic simple or
0-simple semigroups are completely simple or completely 0-simple, respec-
tively ([5], Theorem 3.2.11).

For any factor I=J of S we identify all elements of I n J with their
images in I=J, and say that all elements of I n J belong to I=J.

For every completely 0-simple factor Q ¼ MðG0; I;L;PÞ of S, denote
by TQ the set of all triples ðjI;jL;jGÞ, where jI : f1; 2; . . . ; ng ! I and
jL : f1; 2; . . . ; ng ! L are functions such that pjLðiÞjIðiÞ 6¼ 0 for all
i ¼ 1; . . . ; n, and jG : f1; 2; . . . ; n� 1g ! G is an arbitrary function.

A semigroup S may also have one completely simple factor Q ¼
MðG; I;L;PÞ, which then coincides with the least ideal of S. In this case we
denote by TQ the set of all triples ðjI;jL;jGÞ, where jI : f1; 2; . . . ; ng ! I,
jL : f1; 2; . . . ; ng ! L, and jG : f1; 2; . . . ; n� 1g ! G are arbitrary func-
tions.

Fix a triple t ¼ ðjI;jL;jGÞ 2 TQ and an element s ¼ ðg; i; lÞ 2 Q.
Denote by U

Qt
s the set of all pairs ðk; ‘Þ such that 1 	 k < ‘ 	 n and

g ¼ jGðkÞpjLðkþ1ÞjIðkþ1ÞjGðkþ 1ÞpjLðkþ2ÞjIðkþ2Þ � � �jGð‘� 1Þ; ð1Þ
i ¼ jIðkÞ; ð2Þ
l ¼ jLð‘Þ: ð3Þ

Let D
Qt
s be the set of all pairs ðk; ‘Þ such that 1 	 ‘ < k 	 n and

g ¼ p�1
jLðkÞjIðkÞj

�1
G ðk� 1Þp�1

jLðk�1ÞjIðk�1Þj
�1
G ðk� 2Þ � � � p�1

jLð‘ÞjIð‘Þ; ð4Þ
i ¼ jIðkÞ; ð5Þ
l ¼ jLð‘Þ: ð6Þ
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Let C
Qt
s be the set of all pairs ðk; kÞ such that 1 	 k 	 n and

g ¼ p�1
jLðkÞjIðkÞ; ð7Þ

i ¼ jIðkÞ; ð8Þ
l ¼ jLðkÞ: ð9Þ

Finally, put

PQt
s ¼ UQt

s [ CQt
s [DQt

s ð10Þ

Theorem 1. Let F be a field, n a positive integer, and let S be a finite
semigroup. Then there exists a one-to-one correspondence between all good
S-gradings of the matrix F-algebra MnðFÞ and the union of all sets TQ, where
Q runs over all simple and 0-simple principal factors of S. Namely, for each
simple or 0-simple principal factor Q ¼ MðG; I ;L;PÞ or Q ¼ M 0ðG; I ;L;PÞ
of S, every triple t ¼ ðjI ;jL;jGÞ 2 TQ determines a grading

MnðFÞ ¼
M
s2S

R
ðtÞ
s ; ð11Þ

where

R
ðtÞ
s ¼

P
ðk;‘Þ2PQt

s
Fek‘ if s ¼ ðg; i; lÞ 2 Q n f0g,

0 if s 62 Q n f0g.

(
ð12Þ

Next, we describe all S such that MnðFÞ has a good grading as an
F-algebra. We say that a good grading is trivial, if S has an idempotent e

such that the only nonzero homogeneous component of the grading is Re.

Theorem 2. The F-algebra MnðFÞ has a nontrivial good S-grading if and only
if S contains a homomorphic image of the Bn defined by generators xi;j;
1 	 i; j 	 n and relations x2

i;i ¼ xi;i, xi;jxj;k ¼ xi;k , for all 1 	 i; j; k 	 n.

The semigroup Bn is infinite, it has arbitrarily large homomorphic
images, and therefore it is impossible to replace it by anyfinite semigroup in the
theorem above. For convenience of further reference we combine Proposition
3.1.5 and Theorem 3.2.11 of [5], mentioned above, in the following lemma.

Lemma 3. Every principal factor of a periodic semigroup is completely
simple, or completely 0-simple, or a null semigroup.

Let G be a group, Q ¼ MðG; I;L;PÞ, and let i 2 I, l 2 L. Then we put
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Ql ¼ fðg; i; lÞ j g 2 G; i 2 Ig;
Qi ¼ fðg; i; lÞ j g 2 G; l 2 Lg;
Qil ¼ fðg; i; lÞ j g 2 Gg:

In the case where Q ¼ M0ðG; I;L;PÞ we include zero in all of these sets,
i.e., put

Ql ¼ f0g [ fðg; i; lÞ j g 2 G; i 2 Ig;
Qi ¼ f0g [ fðg; i; lÞ j g 2 G; l 2 Lg;
Qil ¼ f0g [ fðg; i; lÞ j g 2 Gg:

We need a few facts which immediately follow from the definition of a Rees
matrix semigroup.

Lemma 4. Let G be a group, and let Q ¼ MðG; I ;L;PÞ or Q ¼ M0ðG; I ;
L;PÞ. Then, for all i 2 I , l 2 L,

(i) the sets Ql are minimal nonzero right ideals of Q;
(ii) the sets Qi are minimal nonzero left ideals of Q;
(iii) the set Qil is a left ideal of Qi and a right ideal of Ql;
(iv) if pli 6¼ 0, then Qil is a maximal subgroup of Q;
(v) if pli ¼ 0, then Q2

il ¼ 0.

Proof of Theorem 1. First, we take any simple or 0-simple factor Q ¼
MðG; I ;L;PÞ or Q ¼ M 0ðG; I ;L;PÞ of S, and any triple t ¼ ðjI ;jL;jGÞ 2
TQ, and show that it defines a good grading. Consider the additive sub-
groups R

ðtÞ
s of MnðFÞ introduced in (12).

Let us verify that MnðFÞ is a direct sum of the R
ðtÞ
s , where s 2 S.

Since MnðFÞ ¼
P

1	k;‘	n Fek‘ and each nonzero component R
ðtÞ
s equalsP

ðk;‘Þ2PQt
s

Fek‘ for some s ¼ ðg; i; lÞ 2 Q n f0g, it suffices to show that the
set of all pairs ðk; ‘Þ such that 1 	 k; ‘ 	 n is a disjoint union of the sets P

Qt
s

for all s 2 Q n f0g.
Take any pair ðk; ‘Þ, where 1 	 k; ‘ 	 n, and suppose that ðk; ‘Þ 2 P

Qt
s ,

for some s ¼ ðg; i; lÞ 2 Q n f0g.
If k < ‘, then by the definition ðk; ‘Þ belongs to P

Qt
s if and only if it

belongs to U
Qt
s , which is equivalent to (4), (5) and (6). Since k; ‘ and

t ¼ ðjI;jL;jGÞ 2 TQ are fixed, conditions (5) and (6) uniquely determine i
and l, respectively. After that condition (4) gives us g. Therefore s is
uniquely determined by the pair ðk; ‘Þ.

If k ¼ ‘ or k > ‘, then we use the definitions of C
Qt
s and D

Qt
s ,

respectively, and conditions (7), (8), (9) or (1), (2), (3) show that s is uniquely
determined again. Thus MnðF Þ ¼

L
s2SR

ðtÞ
s is a direct sum.

Next take any s; s0 2 S. If s 62 Q n f0g or s0 62 Q n f0g, then Rs ¼ 0 or
Rs0 ¼ 0 and so RsRs0 � Rss0 .
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Suppose that s ¼ ðg; i; lÞ 2 Q n f0g and s0 ¼ ðg0; i0; l0Þ 2 Q n f0g.

Consider R
ðtÞ
s ¼

P
ðk;‘Þ2PQt

s
Fek‘ and R

ðtÞ
s0 ¼

P
ðk;‘Þ2PQt

s0
Fek‘. In order to show

that RsRs0 � Rss0 it suffices to pick any ðk; ‘Þ 2 P
Qt
s and ðk0; ‘0Þ 2 P

Qt
s0 and

verify that ek‘ek0‘0 2 R
ðtÞ
ss0 .

If ‘ 6¼ k0, then ek‘ek0‘0 ¼ 0, and so we may assume that ‘ ¼ k0. Then
ek‘ek0‘0 ¼ ek‘0 and we need to verify that ðk; ‘0Þ 2 P

Qt
ss0 .

First, we consider the case where k < ‘ < ‘0. Since ss0 ¼ ðgpli0g0; i; l0Þ,
condition (2) given for s implies the same condition for ss0, and condition (3)
for s0 yields the same condition for ss0. Now conditions (1) for s and s0 give
us the following equalities:

g ¼ jGðkÞpjLðkþ1ÞjIðkþ1ÞjGðkþ 1ÞpjLðkþ2ÞjIðkþ2Þ � � �jGð‘� 1Þ;
g0 ¼ jGðk0ÞpjLðk0þ1ÞjIðk0þ1ÞjGðk0 þ 1ÞpjLðk0þ2ÞjIðk0þ2Þ � � �jGð‘0 � 1Þ:

Combining these with conditions (2) and (3) we get

gpli0g
0 ¼ jGðkÞpjLðkþ1ÞjIðkþ1Þ � � �jGð‘� 1ÞpjLð‘ÞjIðk0Þ

� jGðk0ÞpjLðk0þ1ÞjIðk0þ1Þ � � �jGð‘0 � 1Þ:

Thus condition (1) for ss0 is satisfied, too. This means that ðk; ‘0Þ 2 P
Qt
ss0 .

Other cases are similar, and we omit them. Thus RsRs0 � Rss0 , and so
MnðFÞ ¼

L
s2SR

ðtÞ
s is an S-graded ring.

As we have shown above, for every 1 	 i; j 	 n, eij is a homogeneous
element of MnðF Þ, and so this grading is good.

Conversely, take any good grading MnðFÞ ¼
L

s2SRs. For each
1 	 i; j 	 n, there exists an element sij 2 S such that eij 2 Rsij

. We need to
find a simple or 0-simple factor Q of S and a triple t ¼ ðjI;jL;jGÞ 2 TQ

which defines the same grading, i.e., Rs ¼ R
ðtÞ
s for all s 2 S.

Since every unit eij generates the whole ring MnðFÞ as an ideal, it
follows that all elements sij generate the same principal ideal of S. Denote by
Q the principal factor of S containing all the sij. All sii are idempotents,
whence [5], Theorem 3.2.11, shows that Q is completely simple or completely
0-simple. We consider only the case where Q ¼ M0ðG; I;L;PÞ is completely
0-simple, since the second case is similar.

For 1 	 i 	 n, let

sii ¼ ðgii;jIðiÞ;jLðiÞÞ; ð13Þ

where gii 2 G. This defines functions jI : f1; 2; . . . ; ng ! I and jL :
f1; 2; . . . ; ng ! L. Since sii is an idempotent, it follows that giipjLðiÞjIðiÞgii ¼ gii;
whence

gii ¼ p�1
jLðiÞjIðiÞgii: ð14Þ
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Therefore pjLðiÞjIðiÞ 6¼ 0, as required in the definition of TQ.
Take any i 2 f1; . . . ; n� 1g, and suppose that ei;iþ1 ¼ ðjGðiÞ; zðiÞ;

ZðiÞÞ. This defines a function

jG : f1; 2; . . . ; n� 1g ! G:

The equality eiiei;iþ1 ¼ ei;iþ1 implies zðiÞ ¼ jðiÞ, and ei;iþ1eiþ1;iþ1 ¼ ei;iþ1j

implies Zðiþ 1Þ ¼ jðiþ 1Þ. Thus
ei;iþ1 ¼ ðjGðiÞ;jIðiÞ;jLðiþ 1ÞÞ: ð15Þ

Next we verify that the triple t ¼ ðjG;jI;jLÞ determines the same
good grading of MnðFÞ.

Take any s 2 S and consider the component Rs. We are going to prove
that it satisfies (12).

Suppose that Rs 6¼ 0 and choose a nonzero element x 2 Rs. Since
x 2 MnðFÞ, we get

x
Xn
i¼1

eii

 !
¼

Xn
i¼1

eii

 !
x ¼ x:

Hence there exists 1 	 i; j 	 n such that siis ¼ ssjj ¼ s. It follows that s
generates the same principal ideal as all the sii in S, and so s 2 Q n f0g. Thus
Rs ¼ 0 for all s 62 Q n f0g.

Now fix any s 2 Q n f0g, say s ¼ ðg; i; lÞ. We have to show that

R
ðtÞ
s ¼

X
ðk;‘Þ2PQt

s

Fek‘:

Since all elements ek‘ are homogeneous, it suffices to prove that ek‘ 2 Rs if
and only if ðk; ‘Þ 2 P

Qt
s . Take any pair ðk; ‘Þ where 1 	 k; ‘ 	 n.

First, consider the case where k < ‘. Then

ek‘ ¼ ek;kþ1ekþ1;kþ2 � � � e‘�1;‘:

This and (15) give us

sk‘ ¼ ðh;jIðkÞ;jLð‘ÞÞ;

where

h ¼ jGðkÞpjLðkþ1ÞjIðkþ1Þ � � �jGð‘� 2ÞpjLð‘�1ÞjIð‘�1ÞjGð‘� 1Þ:

Thus ðk; ‘Þ satisfies (1), (2), and (3), and so ðk; ‘Þ belongs to U
Qt
s � P

Qt
s .

Second, if ‘ < k, then (15) and

ek‘ ¼ ek;k�1ek�1;k�2 � � � e‘þ1;‘

similarly show that all conditions (4), (5), and (6), and so ðk; ‘Þ belongs to
D

Qt
s � P

Qt
s .
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Finally, if k ¼ ‘, then (14) implies (7) and (13) yields us (8) and (9).
Thus ðk; ‘Þ belongs to C

Qt
s � P

Qt
s . This completes our proof. u

Proof of Theorem 2. Suppose that the F-algebra MnðFÞ has a good
S-grading MnðFÞ ¼

L
s2SRs. As usual this defines the degree function

deg :
[
s2S

Rs ! S:

For i; j 2 f1; 2g, put si; j ¼ degðei; jÞ, i.e., denote by si; j an element of S such
that ei; j 2 Rsi; j

. Denote by H the subsemigroup generated in S by all si; j for
1 	 i; j; k 	 n. Consider the homomorphism

j : Bn ! H

defined by

jðxi;jÞ ¼ si;j for all 1 	 i; j 	 n:

For any 1 	 i; j; k 	 n, e2i;i ¼ ei;i and ei;jej;k ¼ ei;k imply s2i;i ¼ si;i, si;jsj;k ¼ si;k;
whence jðx2

i;iÞ ¼ jðxi;iÞ and jðxi;jxj;kÞ ¼ jðxi;kÞ. Thus the hopmomorphism
j respects all relations of BnðFÞ, and so it is well defined. Hence all prop-
erties in the theorem follow. u

All this theory could be formulated in a Hopf algebra language, since a
graded algebra structure is just a comodule algebra structure over the group
or semigroup algebra of the grading group or semigroup. Several interesting
results, including results about the number of isomorphism types of grad-
ings, are obtained using this language in [1]. We prefer the ring theory
language in this paper.
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