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JORDAN DERIVATIONS AND ANTIDERIVATIONS
OF GENERALIZED MATRIX ALGEBRAS

YANBO LI, LEON VAN WYK AND FENG WEI

(Communicated by P. Semrl)

Abstract. Let ¥ = [1(‘] lg } be a generalized matrix algebra defined by the Morita context
(A,B,aMp,p Na, Py, ¥nu) . In this article we mainly study the question of whether there exist
the so-called “proper” Jordan derivations for the generalized matrix algebra ¢ . It is shown that
if one of the bilinear pairings Py and Wyy, is nondegenerate, then every antiderivation of ¢
is zero. Furthermore, if the bilinear pairings @y and Wyys are both zero, then every Jordan
derivation of ¢ is the sum of a derivation and an antiderivation. Several constructive examples
and counterexamples are presented.

1. Introduction

Let us begin with the definition of generalized matrix algebras given by a Morita
context. Let Z be a commutative ring with identity. A Morita context consists of two
Z-algebras A and B, two bimodules 4Mp and pN4, and two bimodule homomor-
phisms called the pairings Py : M%N — A and Wy, : N(%M — B satisfying the

following commutative diagrams:

MRNQM _ 2ol AQM ,.q NOM@N _Ywel _ BoN
B A A A B B

@Y Nm o INRDPyN =]
M®B - NeA____ =
g M g N.

Let us write this Morita context as (A, B,a Mg, Na,Pyn, Pyum). If (A,B,aMp, BNy,
Dy, Pyur) is a Morita context, then the set
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form an % -algebra under matrix-like addition and matrix-like multiplication, where
We assume that at least one of the two bimodules M and N is distinct from zero. Such
an % -algebra is called a generalized matrix algebra of order 2 and is usually denoted
by ¥ = [;‘] 1‘[’31 ] . This kind of algebra was first introduced by Morita in [20], where the
author investigated Morita duality theory of modules and its applications to Artinian
algebras.

Let # be a commutative ring with identity, A be a unital algebra over # and
Z(A) be the center of A. Recall that an & -linear mapping ®4 from A into itself
is called a derivation if @q(ab) = O4(a)b + a®q4(b) for all a,b € A. Further, an % -
linear mapping ®j,q from A into itself is called a Jordan derivation if ®J0rd(a2) =
Ojord(a)a+ aBjora(a) for all a € A. Every derivation is obviously a Jordan derivation.
The inverse statement is not true in general. Those Jordan derivations which are not
derivations are said to be proper. An Z-linear mapping @ynig from A into itself is
called an antiderivation if Oypiq(ab) = Oanig(b)a + bOypia(a) forall a,b € A.

In 1957 Herstein [10] proved that every Jordan derivation from a prime ring of
characteristic not 2 into itself is a derivation. This result has been generalized to differ-
ent rings and algebras in various directions (see e.g. [1, 3,4, 6,9, 11, 13, 14, 17,21, 24]
and references therein). Zhang and Yu [24] showed that every Jordan derivation on a tri-
angular algebra is a derivation. Xiao and Wei [21] extended this result to the higher case
and obtained that any Jordan higher derivation on a triangular algebra is a higher deriva-
tion. Johnson [12] considered a more challenging question for which Banach algebras
A there are no proper Jordan derivations from A into an arbitrary Banach A -bimodule
M . It turned out that this is true for some important classes of algebras (in particular,
for the algebra of all n x n complex matrices). Motivated by Johnson’s work, Benkovic
investigated the structure of Jordan derivations from the upper triangular matrix alge-
bra 7,(#) into its bimodule and proved that every Jordan derivation from .7,(#) into
its bimodule is the sum of a derivation and an antiderivation. Recently, Li, Xiao and
Wei [15, 16, 22] jointly studied linear mappings of generalized matrix algebras, such
as derivations, Lie derivations, commuting mappings and semi-centralizing mappings.
Our main purpose is to develop the theory of linear mappings of triangular algebras to
the case of generalized matrix algebras, which has a much broader background. People
pay much less attention to linear mappings of generalized matrix algebras, to the best
of our knowledge there are fewer articles dealing with linear mappings of generalized
matrix algebras except for [2, 15, 16, 22].

The problem that we address in this article is to study whether there exist proper
Jordan derivations for generalized matrix algebras. The outline of this article is as
follows. The second section presents two basic examples of generalized matrix algebras
which we will revisit later. In the third section we describe the general form of Jordan
derivations and antiderivations on generalized matrix algebras. We observe that any
antiderivation on a class of generalized matrix algebra is zero (see Proposition 3.10).
Furthermore, it is shown that every Jordan derivation on another class of generalized
matrix algebras is the sum of a derivation and an antiderivation (see Theorem 3.11).
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2. Examples of generalized matrix algebras

We have presented many examples of generalized matrix algebras in [16], such
as standard generalized matrix algebras and quasi-hereditary algebras, generalized ma-
trix algebras of order n, inflated algebras, upper and lower triangular matrix algebras,
block upper and lower triangular matrix algebras, nest algebras. For later discussion
convenience, we have to give another two new generalized matrix algebras.

2.1. Generalized matrix algebras from smash product algebras

Let H be a finite dimensional Hopf algebra over a field K with comultiplica-
tion A: H — H@H, counit € : H— K and antipode S : H — H. Clearly, S
is bijective. Moreover, the space of left integrals [, ! = {x € H|hx = €(h)x,Yh € H}
is one-dimensional. We substitute the “sigma notation” for A in the present article.
Now assume that A is an H-module algebra, that is, A is a K-algebra which is a left
H -module, such that

(1) h-(ab) =Y (hi-a)(hy-b) and
()

@) h-14=€(h)1y4.

forall h € H,a,b € A. Then the smash product algebra A#H is defined as follows, for
any a,b € A,h,kc H:

(1) as a K-space, A#H = A ® H. We write a#h for the element a ® h

(2) multiplication is given by (a#h)(b#tk) = Y a(hy - b)#hk.
(h)

The invariants subalgebra of H on A is the set A" = {x € A|h-x=¢e(h)x,Yh e H}. A
is a left A#H -module in the standard way, that is

atth—b=a(h-b)

forall a,p€ A and he H. Foragivent € [[,thenthe [[ forall h € H. Since [I is
one-dimensional, there exists & € H* such that th = a(h)t forall h € H. Itis easy to
see that o is multiplicative, and it is a group-like element of H*. Hence

h*=a—h=Y alh)h, VheH
(k)

defines an automorphism on H. Thus A is a right A#H -module via
a <« b#h=S""h"-(ab), Va€A,b#hc A#H.

The close relationship between A#H and A” enables us to formalize the following
generalized matrix algebra. Now A is a left (or right) A” -module simply by left (or
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right) multiplication. Simultaneously, A is also a left (or right) A#H -module. Thus
M =,n Asyn and N =p45 Ayn , together with the mappings

Wy A @ n A — A#H defined by  Wan(a,b) = (attt) (b#1)
Dyy A A — A defined by  ®yy(a,b) =1 (ab)

give rise to a new generalized matrix algebra

AH M
Gspa = [N A#H]'

We refer the reader to [19] about the basic properties of %spa .

2.2. Generalized matrix algebras from group algebras

Let A be an associative algebra over a field K and G be a finite group of automor-
phisms acting on A. The fixed ring A of the action G on A is the set {a € A|a® = a,
Vg € G}. The skew group algebra A =G is the set of all formal sums YecGUg8; g EA.
The addition operation is componentwise and the multiplication operation is defined
distributively by the formula

ag-bh= abgflgh
for all a,b € A and g,h € G. Clearly, A is a left and right A%-module. A can also
be viewed as a left or right A« G-module as follows: for any x = },c5a,8 €A*xG

and a € A, we define x-a = ):geGagagfl and a-x = Y ,c(aag)s. Then we obtain a
generalized matrix algebra
AC M
Yon = { N Ax G} ’
where M =, Ap«c and N =4, Ayc. The bilinear pairings ®yy and Wyy can be
established via
Dy A @psgA — AC

(x,y) — Y (xy)8

geG

and
Yym :A®6A — AxG

-1
(X)) — Y 0% g
geG

3. Jordan derivations of generalized matrix algebras

Let ¢ be a generalized matrix algebra of order 2 based on the Morita context
(A,B,AMp,pNao,Pyv, i) and let us denote it by

o[
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Here, at least one of the two bimodules M and N is distinct from zero. The main aim
of this section is to show that any Jordan derivation on a class of generalized matrix
algebras is the sum of a derivation and an antiderivation. Our motivation originates from
the following several results. Benkovic [ 1] proved that every Jordan derivation from the
algebra of all upper triangular matrices into its bimodule is the sum of a derivation and
an antiderivation. Ma and Ji [18] extended this result to the case of generalized Jordan
derivations and obtained that every generalized Jordan derivation from the algebra of all
upper triangular matrices into its bimodule is the sum of a generalized derivation and an
antiderivation. Zhang and Yu in [24] showed that every Jordan derivation on a triangular
algebra is a derivation. Therefore, it is appropriate to describe and characterize Jordan
derivations of ¢ . Note that the forms of derivations and Lie derivations of ¢ were
given in [16].

PROPOSITION 3.1. [16, Proposition 4.2] An additive mapping @4 from & into
itself is a derivation if and only if it has the form

0 am|\ |8 (a)—mng—mon amg—mob+ 7 (m) (%1)
A\lnb|) ™ noa — bng+ v3(n) nom—+nmo+ Ua(b) |’

v [; 'ﬂ e,
where my € M,ng € N and
6p:A—A, ©»M—M, vi:N— N, Uu,:B—B

are all Z -linear mappings satisfying the following conditions:

(1) Oy is a derivation of A with 6;(mn) = T (m)n+mvs(n);

(2) U4 is a derivation of B with us(nm) =nt(m)+ v3(n)m;

(3) Ta(am)=at(m)+ 8 (a)m and ta(mb) = 1 (m)b+ mp4(b);

(4) v3(na) = v3(n)a+ndi(a) and v3(bn) = bvs(n)+ ta(b)n.

PROPOSITION 3.2. An additive mapping @joq from 9 into itself is a Jordan
derivation if and only if it is of the form

0 am|\ | 8i(a)—mng—mon—+ 84(b) amy—mob+ t2(m) + 13(n)
Told \ i b | ) ™ | noa— bng+ va(m) +v3(n) Wy (a) + nom—+nmo+ pa(b) |

V[am} €Y,

(*2)

nb
where my € M,ng € N and

51 A— A, 54 B— A, ©HHM-—M, 173:N—M,
vy M— N, v3:N— N [,LliA—>B [.L4IB—>B

are all Z -linear mappings satisfying the following conditions:
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(1) & is aJordan derivation on A and 8 (mn) = —84(nm) + T (m)n+ mvs(n);
(2) Wy is a Jordan derivation on B and py(nm) = —py (mn) +nt(m) + vs3(n)m;
(3) 84(b?) =284(b) =0 forall b € B and u,(a*) =2u;(a) =0 forall a € A;

(4) ©(am) =awy(m)+ 1(a)m~+mi(a) and 7 (mb) = T2 (m)b+mps(b) + 64(b)m;
(5) v3(bn) =bvi(n)+ pa(b)n+nds(b) and vs(na) = v3(n)a+nd(a) + ui(a)n;
(6) t3(na) =atz(n), 13(bn) = 13(n)b, nt3(n) =0, 13(n)n=0;

(7) valam) = va(m)a, vo(mb) =bvy(m), mvy(m) =0, vo(m)m = 0.

Proof. Suppose that the Jordan derivation @jq is of the form

® ({a m]) _ [51(a)+52(m)+53(n)+54(b) 71 (a) + 7 (m) + 73(n) + 14(b)
ot \ [ n b vi(a) +va(m) +v3(n) + va(b) (@) + po(m) + pz(n) + pa(b) |’

for all [47] € 4, where 6y,0,,083,0, are % -linear mappings from A,M,N,B to A,
respectively; 71, T, 73,74 are % -linear mappings from A,M,N,B to M, respectively;
Vi, V2, V3, Vy are % -linear mappings from A, M,N,B to N, respectively; (i, LUy, Uz, Uag
are Z -linear mappings from A, M,N,B to B, respectively.

For any G € ¢4, we will intensively employ the Jordan derivation equation

®J0rd(G2) = G®J0rd(G) + ®J0rd(G)G- (3'1)

Taking G = [§ 9] into (3.1) we have

2y _ [ 81(a®) Ti(a®)
®Jord(G ) - {Vl (aZ) L (az) (3 2)
and 5 5
G®J0rd(G) + ®J0rd(G)G = |:Cl 1(6‘1/)1 E;)al(a)a aTlo(Cl) ] : (3'3)
By (3.2) and (3.3) we know that &; is a Jordan derivation of A,
n(@) =an(a), (@) =wv(a)a (3.4)
and
wi(a*) = 0. (3.5)
forall a € A. Similarly, putting G = [{ 9] in (3.1) gives
8,(b%) T (b?
o[ 52
and

G®J0rd(G) +®J0rd(G)G - |:bvf(b) bﬂ4(l;r;(-il-7)[.i74(b)b] . (3.7)
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Combining (3.6) with (3.7) yields that p4 is a Jordan derivation of B,

u(b?) =wu(b)b,  va(b*) =bvs(b) (3.8)
and
8,(b*) = 0. (3.9)
forall b€ B.
Let us choose G = [ 7] in (3.1). Then
2y |00
®J0rd(G ) - |:0 0 (310)
and
mvs(m) muy(m) + 6 (m)m
GOjord(G) + Ojora(G)G = [ %( ) #z(vz)(m)m( ) } ' (3.11)
The relations (3.10) and (3.11) jointly imply that
mvy(m) =0, Va(m)m =0 (3.12)
and
& (m)ym~+mpp(m) =0 (3.13)
for all m € M. Likewise, if we choose G = [g 8} , then
2y |00
®J0rd(G ) - |:0 0] (314)
and
- 7 (n)n 0
G®J0rd(G) + ®J0rd(G)G - |:n53 (I’l) 4 “3(,,1)” nt (l’l)] : (3'15)
It follows from (3.14) and (3.15) that
nt3(n) =0, T3(n)n=0 (3.16)
and
us(n)n+nd3(n) =0 (3.17)

forall n € N. Let us consider G= [} ] in (3.1) and set 7 (1) =mq and v;(1) = n.
Since 8 is a Jordan derivation of A, (1) = 0. Moreover, (3.5) implies that (1) =

0. Therefore 5y (m) m)
. m mo+ T (m

On the other hand, from (3.12) and (3.13) we have that

(3.19)

GOjord (G) + Bjora(G)G = [252(’”) + mny mo + T (m) :| '

no + vo(m) nom
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By (3.18) and (3.19) we arrive at

6 (m) =—mng and pUp(m) =nom (3.20)
forall m € M. Letus take G= [} 3] in (3.1). Applying (3.16) and (3.17) leads to
us(n) =nmgy and 63(n) = —mon (3.21)

for all n € N. Furthermore, if we choose G = [} 9] in (3.1), then it follows from (3.8)
and (3.9) that 284(b) =0,

V4(b) = —bng and 14(]9) = —mob (3.22)

for all b € B. Taking G = [¢9] into (3.1) and using (3.4) and (3.5) we obtain
2pi(a) =0,

T1(a) =amy and vi(a) =npa (3.23)
forall a € A. Letus put G=[3%] in (3.1). Then the relations (3.5), (3.19) and
(3.23) imply that

Osora(G*) = (3.24)

o (az) + & (am) a*mo + T (am) }
noa® + va(am) noam '

On the other hand, by the relations (3.4), (3.12), (3.13), (3.20) and (3.23) we get

G®J0rd(G) + ®J0rd(G)G
_ [adi(a) + 8i(a)a+amny a®>mgy+ aty(m) + 8; (@)m + muy (a) (3.25)
a noa® + va(m)a noam '

Combining (3.24) with (3.25) yields v,(am) = v,(m)a and
T (am) = aty(m)+ & (a)m+ mp (a)
forall a € A,m € M. Similarly, taking G = [¢J] into (3.1) gives 73(na) = at3(n) and
v3(na) = vs3(n)a+ndi(a) + p(a)n

forall n € N,a € A. Let us choose G = [ 7] in (3.1). We will get V,(mb) = bv,(m)
and
T (mb) = 1 (m)b+ mps(b) + 84(b)m

forall me M,b € B. Putting G = [2 2} in (3.1) and employing the same computational
approach we conclude that 73(bn) = 13(n)b and v3(bn) = bv3(n) + ta(b)n + nds(b)
forall b € B,n € N. Finally, let us set G = [9%] in (3.1). We have that &;(mn) =
—04(nm) + T2 (m)n+mv3(n) and ps(nm) = —u; (mn) +ntp(m) + vz (n)m for all m €
M,neN.

If @jorq has the form (%2) and satisfies conditions (1) — (7), the assertion that
Ojorg 18 a Jordan derivation of ¢ will follow from direct computations. We complete
the proof of this proposition.

From now on, we always assume in this section that M is faithful as a left A-
module and also as a right B-module, but no any constraint conditions concerning the
bimodule N. Then we have the following:
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COROLLARY 3.3. Let 4 be a 2-torsion free generalized matrix algebra over the

commutative ring % . An additive mapping Ojorq form & into itself is a Jordan deriva-
tion of 4 if and only if it has the form

0 am|\ 01(a) — mng — mon amgy — mob + T (m) + 13(n) (%3)
Told \ '\ b | )~ | noa — bng+ va(m) + v3(n) nom ~+nmg + Ua(b) '

am
v[n b} €Y,
where my € M,ng € N and

51 A — A, HM—M, T3:N—M,
vy M— N, v3:N— N [.L4IB—>B

are all Z -linear mappings satisfying conditions

(1) &y is aderivation on A and 8, (mn) = T (m)n+ mvs(n);

(2) U4 is a derivation on B and ps(nm) = nt(m)+ viz(n)m

(3) w(am)=at(m)+ 8,(a)m and T (mb) = 1o (m)b+ mu4(b);

(4) v3(na) = v3(n)a+ndi(a) and v3(bn) = bvs(n)+ us(b)n;

(5) ts(na) =atz(n), 13(bn) = 13(n)b, nt3(n) =0, 13(n)n=0;

(6) va(am)=vy(m)a, va(mb) = bvy(m), mva(m) =0, va(m)m = 0.

Proof. Let Ojqq be a Jordan derivation of ¢. Then @joq has the form of (%2)

and satisfies all additional conditions (1) — (7) of Proposition 3.2. Since ¥ is a 2-
torsion free generalized matrix algebra, 6, =0 and u; = 0 by condition (3) of Propo-

sition 3.2. Condition (3) of Proposition 3.2 vanishes in the present case. Condition (4)
of Proposition 3.2 correspondingly becomes

T (am) = aty(m) + 61 (a)m
and
T (mb) = T2 (m)b+mp(b).

Clearly, we only need to prove that J; is a derivation of A and that 4 is a derivation
of B. Then for arbitrary elements a;,a; € A, we have

T (alazm) =dajart (m) + 6 (alaz)m (3.26)

and
T (alazm) =a1m (azm) + 0y (a1 )azm

3.27
= alaz’cz(m)+a151(a2)m+51 (al)azm. ( )
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Combining (3.26) and (3.27) gives
O1(a1az)m = a1 61 (az)m+ &1 (ay )aym. (3.28)
Note that M is faithful as left A-module. Relation (3.28) implies that
O1(aiar) = ai61(az) + 81 (ar)az

for all aj,a, € A. So J; is a derivation of A. Similarly, we can show that gy is a
derivation of B.

Conversely, if an additive mapping Ojog of ¢ is of the form (%3) and satisfies
all additional conditions (1) — (6), then the fact that is a Jordan derivation of ¢ will
follow form direct computations.

In view of Herstein’s result and recent intensive works [1, 3, 4, 6, 12, 17, 18, 23,
21, 24], the following question is at hand.

QUESTION 3.4. Is each Jordan derivation on a generalized matrix algebra ¢ a
derivation, or equivalently, do there exist proper Jordan derivations on generalized ma-
trix algebras?

The following counterexample provides an explicit answer to the above question.
It is shown that Jordan derivations of generalized matrix algebras need not be deriva-
tions. Equivalently, there indeed exist proper Jordan derivations on certain generalized
matrix algebras.

EXAMPLE 3.5. Let A be a commutative unital % -algebra and let

G = { {all 6112} aij EA}
azy a

be a generalized matrix algebra of order 2. For arbitrary X = [gll g2 € ¥, ¥ =

[Z;: Z;ﬂ € ¢, we define the sum X + Y as usual. The multiplication XY is given
by the rule
anbi anbiz+annbxn
XY = .
[azlbu +axnbs anbn ] (#)

Such kind of generalized matrix algebras are called trivial generalized matrix algebras.
That is, the bilinear pairings ®44 = W44 = 0 are both zero. Let us establish an % -linear
mapping

Fjord Y —9

ap a 0 app+a ap a
11 ¢12 12 0 21 , v 11 ¢12 cq.
azy ax app —apg azy ax

By straightforward computations, we know that I'j,q is a Jordan derivation of ¢, but
not a derivation.
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On the other hand, we can also define two % -linear mappings

®1Ig—>g
{61116112}_){ 0 6112] v{a“alz}eg
az| ax —ay 0 |’ |a2 axn
@22g—>g

ap a 0 a ap a
11 a2 21 v 1an | g
a1 axn app 0 a1 azn
It is easy to see that ®; is a derivation of ¢ and ®, is an anti-derivation of ¢ . There-
fore I'jorq 1s the sum of the derivation ®; and the anti-derivation ®,.
As a matter of fact, there exist some generalized matrix algebras whose multipli-

cation satisfies the rule (#). Let &’ be an associative ring with identity and 2°(%’)

%/ %/
%/ %/
generalized matrix algebra under the usual addition and the following multiplication

rule
{a c] {e g] _ {ae—i—sch ag—i—cf]

and

be its center. Let us consider the usual 2 X 2 matrix ring [ . It will become a

db||hf de+bh sdg+bf

where s € Z(#'). A trivial generalized matrix algebra arises in the case of s =0. The
usual 2 x 2 matrix ring is produced when s = 1.

In view of Example 3.5 and our main motivation, we now begin to describe the
forms of anti-derivations on the generalized matrix algebra . As we will see below,
Example 3.5 can be lifted and extracted to a more general conclusion.

PROPOSITION 3.6. An additive mapping ®,niq from & into itself is an antideriva-
tion if and only if it has the form

. am|\ 0 amy — mob + 13(n)
®ant]d (|:n b:|) - |:noa—bn0+\/2(m) 0 ) (*4)

v [; ';;] 2%
where my € M,ng € N and
:N— M, vy:M— N
are X -linear mappings satisfying the following conditions:
(1) [a,d'lmy=0, mo[b,b'] =0, nola,a’] =0, [b,b'lng =0 forall d €A,b' € B;
2) mon=0, nmg=0, mng =0, ngm=0;

3) 13(na) = ats(n), 13(bn) = 13(n)b, nt3(n’) =0, 13(n)n’ =0 forall ' € N;
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4) va(am) = va(m)a, va(mb) = bva(m), mva(m') =0, vo(m)m' =0 for all m'" €
M.

Proof. Suppose that the Jordan derivation ®,q is of the form

0. . ([am}): {51(a)+52(m)+53(n)+54(b) 71 (a) + 1 (m) + 13(n) + 14(b)
wid\lnb vi(a) + va(m) + v3(n) + va(b) pi(a)+ pa(m) + ps(n) + pa(b) |’

for all [ ] € 4, where 6;,0,,03,04 are Z-linear mappings from A,M,N,B to A,
respectively; 71, T, 73,74 are Z -linear mappings from A,M,N,B to M, respectively;
Vi, V2, V3, V4 are % -linear mappings from A,M,N,B to N, respectively; u;, t, U3, ta
are % -linear mappings from A,M,N,B to B, respectively.

For any Gi,G, € ¢4, we will intensively employ the antiderivation equation

Ouniid (G1G2) = Ouniid(G2)G1 + G2Ouniia (G )- (3.29)

Taking Gy = [¢ 9] and G, = [“0/ 9] into (3.29) yields

Ouniia(G1G2) = [ii EZZ:; Z‘l ((Z‘;l,))] (3.30)
and
@antid (GZ)Gl + G2®antid(G1) - [ 61 (a/zfll(—g/?/a5l (Cl) a/T(l)(a) ] . (331)

It follows from (3.30) with (3.31) that §; is an antiderivation of A, u; =0 and
vi(ad") = vi(d)a (3.32)

forall a,a’ €A. Letusset a’ =1 in (3.32) and denote v; (1) by ng. Then v;(a) = npa.
Furthermore, (3.32) implies that ngpaa’ = noa’a forall a,a’ € A, thatis, nola,a’] =0 for
all a,a’ € A. If we denote 7 (1) by my, then we obtain 7 (a) = amg and [a,d’lmy =0
forall a,a’ €A.

Let us choose Gy = [ 9] and G, = [ J] in (3.29). By the same computational
approach we conclude that 4 is an antiderivation of B, d; = 0 and

nu(b) = ()b, va(b) =bva(1), w(1)[b,b]=0, [b,b]vs(1)=0  (3.33)

for all b,b' € B. We claim that 74(1) = —my. In fact, this can be obtained by taking
Gi=1[59] and G, = [} 3] in (3.29). Likewise, we assert that v4(1) = —ng. Thus the
relation (3.33) becomes

T4(b) = —mob, V4(b) = —bno, mo[b,b/] = 0, [b,b/]no =0

forall b,b’ € B.
Putting Gy = [} §] and G, = [} %] in (3.29) and using the fact y; =0 gives

62(m) 75 (m) ]

va(m) pa(m) (3:34)

Ounid(G1G2) = {
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and
Ouniia(G2)G1 + G2Ounia(G1) = {52(’2(;;1”" 8} : (3.35)
Combining (3.34) with (3.35) leads to
mng=0, =0, Www=0
for all m € M. Interchanging G| and G, we will get
=0, nym=0
forall me M.
If we take G; = [} 9] and G, = [2 ] into (3.29), then
Ouniid (G1G2) = {8 8] (3.36)
and
Ouniid (G2)G1 + G2Ouniia (G1) = [igzg 8} : (3.37)
will follow from the fact §;(1) = 0. By (3.36) and (3.37) we obtain that
0=0, v3=0. (3.38)
Interchanging G| and G, again yields
us =0, mon=0 (3.39)

forall n € N. In order to get nmg = 0, we only need to put G| = [8 ﬂ and G, = [2 8}
in (3.29).

Taking G = [99] and G, = [¢] into (3.29) and applying (3.38) and (3.39)
we arrive at

0t
Ouniid(G1G2) = s(na) | (3.40)
0 0
The fact pt; =0 and (3.39) imply that
0ar
Ouniid (G2)G1 + G2Ouia (G1) = [0 “ %(n)} . (3.41)

The relations (3.40) and (3.41) jointly show that 73(na) = at3(n) foralla € A,n € N.
Likewise, if we choose G = [J9] and G, = [9§] in (3.29), then 73(bn) = 73(n)b
for all b € B,n € N. The equalities v(am) = vo(m)a and v,(mb) = bv,(m) can be
obtained by analogous discussions and the details are omitted here.

Let us consider Gy = [99] and G, = [ §] in (3.29). Then we get nt3(n') =0
and 73(n)n’ =0 forall n,n’ € N. Putting G = [} #'] and G, = [{) "(ﬂ in (3.29) yields
mv,(m') =0 and v,(m)m’' =0 forall m,m’ € M.
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Taking G = [§ 7] and G, = [§ ] into (3.29), then we get & (a)m = 0 for all
a€A,meM.Putting Gy = [§7] and G, =[] in (3.29) gives mp(b) =0 for all
b € B,m € M. It follows from the faithfulness of M that 6; =0 and 4 =0.

Conversely, suppose that @4 is of the form (¥4) and satisfies conditions (1) —
(4). Then the fact that @,q is a antiderivation of ¢ will follow by direct computa-
tions.

Let us next observe the antiderivations of a class of generalized matrix algebras.

DEFINITION 3.7. Let & = [# ] be a generalized matrix algebra originating
from the Morita context (A,B,4a Mg, pNa,Pyn,¥Pnum). The bilinear form Py : M ®
B

N — A (resp. Wny : N®M — B) is called nondegenerate if for any 0 A m € M
A

and 0 #n €N, Oyn(m,N) #0 and Pyy(M,n) # 0 (resp. Yym(n,M) # 0 and

EXAMPLE 3.8. Let H be a finite dimensional Hopf algebra over a filed K and
A be an H-module algebra. Let A" be the invariant subalgebra of H on A, and A#H
be the smash product algebra of A and H. We now consider the generalized matrix
algebra
A" M
Dora = [ N A#H]

defined in Example 2.1, where M =,un Aasy and N =445 Ayn . Suppose that M is a
faithful right (or left) A#H -module. By [7, Proposition 2.13] we know that the bilinear
form @)y will be nondegenerate. In this case, we easily check that there is indeed no
nonzero antiderivations on %spa .

EXAMPLE 3.9. Let K be a field and A be an associative algebra over K. Let G
be a group and A * G be the skew group algebra over K. Suppose that A is the fixed
ring of the action G on A. We now revisit the generalized matrix algebra

A M
Yon = { N Ax G}
in Example 2.2, where M =, Aaxg and N =4.c A6 . For an arbitrary element n € N,
we define

nt = {me MWy (n,m)=0}.

Similarly, for an arbitrary element m € M, we define
mJ‘ = {n S N|‘PNM(n,m) = 0}.

Then n' is a G-invariant right ideal of A contained in r4(n), where ra(n) is the right
annihilator of n in A. Indeed, let m € n and g € G, then Wy (n,m8) = ¥y (n,m-
g) = Wau(n,m)g = 0. Hence n' is G-invariant, the rest is obvious. Similarly, we can
show that m" is a G-invariant left ideal of A contained in [,(m), where [,(m) is the
left annihilator of m in A.
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In particular, if A is a semiprime K-algebra, then ra(n) # A and ls(m) # A.
This shows that the bilinear form Wy, is nondegenerate. Furthermore, if we assume
that the module N is faithful as a left A x G-module, then the bilinear form ®y;y will
be also nondegenerate. Indeed, let ®yy(m,N) = 0 for some m € M. Then, 0 =N -
Dy (m,N) =Pyp(N,m)-N. By faithfulness and nondegeneracy of Wyy we deduce
that m = 0. If one of the bilinear pairings ®yy and Wy, is nondegenerate, then there
is no nonzero antiderivations on 4gp , which is similar to Example 3.8.

In order to ensure the semiprimeness of the K-algebra A and the nondegeneracy
of the bilinear forms @,y and Wy)s, A may be one of the following algebras:

(1) the quantized enveloping algebra U, (sl>(K)) over the field K,
(2) the quantum n x n matrix algebra &,(M,(K)) over the field K,
(3) the quantum affine n-space &,(K") over the field K,

(4) the double affine Hecke algebra H over the field K.

(5) the Iwasawa algebra Q¢ over the finite field I,

In view of Proposition 3.6, Example 3.8 and Example 3.9 we immediately have

PROPOSITION 3.10. Let & be a generalized matrix algebra over the commuta-
tive ring Z and O,niq be an X -linear mapping from ¢ into itself. If one of the bilinear
forms @y - MON — A and Pny : N @M — B is nondegenerate, then ®Ogyniiq is

B A

an antiderivation of 4 if and only if ®ypiq = 0.

We will end this section by investigating properties of Jordan derivations of gener-
alized matrix algebras with zero bilinear pairings. Such kind of generalized matrix al-
gebras draw our attention, which is due to Haghany’s work and Example 3.5. Haghany
in [8] studied hopficity and co-hopficity for generalized matrix algebras with zero bi-
linear parings. As you see in Example 3.5, those generalized matrix algebras exactly
have zero bilinear pairings.

THEOREM 3.11. Let &4 be a 2-torsion free generalized matrix algebra over the
commutative ring Z%. If the bilinear pairings ®yy and Yy are both zero, then
every Jordan derivation of ¢ can be expressed as the sum of a derivation and an
antiderivation.

Proof. Let Ojoq be a Jordan derivation of ¢ . By Corollary 3.3 we know that
®jord 18 of the form

0 am|\ 01 (a) —mng—mon amgy — mob + To(m) + 13(n) (%3)
Jord \ "\ sy b | ) = | noa — bng + vo(m) + v3(n) nom + nmg + Uy (b) ’

V[Z'ﬂ €Y.
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It follows from Proposition 3.1 and Proposition 3.6 that there exist a derivation @, and
an antiderivation @/, such that

0 aml|\ |8i(a)—mno—mon amy—mob+ T2(m) n 0 mw(n)
Jord \ 1y b | ) = | noa—bng+ v; (n) nom+nmgy—+ Ha(b) vy

=ei([n5]) +ome([25])

forall [}, )] € 4. This shows that @jq can be expressed the sum of a derivation @
and an antiderivation @gnﬂd, which is the desired result.
As direct consequences of Theorem 3.11 we have

COROLLARY 3.12. The Jordan derivation Ujorq constructed in Example 3.5 can
be expressed as the sum of a derivation ®1 and an antiderivation ©®,.

COROLLARY 3.13. Let % be a 2-torsion free commutative ring with identity,
A,B be two unital X -algebras and M be a faithful A-B-bimodule. Suppose that Tz
is the triangular algebra consisting of A,B and M. Then each Jordan derivation of
T 1s the sum of a derivation and an antiderivation.

Clearly, 77 is a generalized matrix algebra with zero pairings. In view of Theo-
rem 3.11, every Jordan derivation of .7 can be written as the sum of a derivation and
an antiderivation.
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