JOURNAL OF
PURE AND
APPLIED ALGEBRA

Journal of Pure and Applied Algebra 133 (1998) 6568

Complete blocked triangular matrix rings over
a Noetherian ring

S. Dascilescu®, L. van Wyk>*

3 Facultatea de Matematica, University of Bucharest, Str. Academiei 14, R-70109,
Bucharest 1, Romania
b Department of Mathematics, University of Stellenbosch, Private Bag XI, Matieland 7602, South Africa

Abstract

We show that the underlying Boolean matrix B of a complete blocked triangular matrix ring
M(B,R) over a left Noetherian ring R is unique, i.e. if M(B;,R) and M(B,R) are isomorphic
complete blocked triangular matrix rings over a left Noetherian ring R, then B) = B;. (© 1998
Elsevier Science B.V. All rights reserved.
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Although it is not possible to recover up to isomorphism the base ring R from
the complete matrix ring M,(R), not even in the prime Noetherian case (see [1]),
it was shown in [2] that the underlying Boolean matrix B of a structural matrix ring
M(B, R) over a semiprime Noetherian ring R can be recovered. To be more precise, [2,
Theorem 2.4] states that the underlying Boolean matrices B; and B, of two isomorphic
structural matrix rings M(B;,R) and M(B,,R) over a semiprime left Noetherian ring
R are conjugated, i.e. one of them can be obtained from the other by a permutation of
the rows and columns, which is equivalent to saying that the directed graphs associated
with By and B, are isomorphic.

The question has remained open whether semiprimeness can be dropped in
[2, Theorem 2.4], and it was answered in the affirmative in the commutative case
in [2, Corollary 2.5]. In this note, we show that the answer is also positive in the
complete blocked triangular case. Moreover, we show that in this case the underlying
Boolean matrices are equal, i.e. the underlying Boolean matrix of a complete blocked
triangular matrix ring over a left Noetherian ring is unique. Complete blocked triangular
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matrix rings over division rings feature in the representation of left Artinian Cl-prime
rings in [3].

Throughout the paper we use the notation of [2], and for the ease of the reader
we provide the relevant details. Every ring herein is associative with identity, and we
denote the prime radical of a ring R and the uniform dimension of a left R-module M
by #(R) and udimy M, respectively. See, for example, [4]. An n x n Boolean matrix
B=[b;] is called complete blocked triangular if it is of the form

X]‘l X]‘Z RS Xl’t
0 Xop ... Xy
0 ... 0 X,

where for every i <j, X ; is an n; x n; (Boolean) matrix with all its entries equal to I,
and ny +---+n,=n. We call X;; the (i, /)th block and X;; the ith diagonal block of B.
The complete blocked triangular matrix ring (associated with B and R) is the subring
M(B,R) of M,(R) comprising all matrices having 0 in the position (k,/) whenever
by =0.

Theorem. Let By and B, be complete blocked triangular Boolean matrices, and let R
be a left Noetherian ring. If M(B,,R) = M(B>,R), then B; =B;.

Proof. From [2, Lemma 2.1] we know that the number of diagonal blocks of B,
equals that of By, and if ny,...,n, and m,...,m, are the consecutive orders of the
diagonal blocks of B; and B,, respectively, then the m;’s are a permutation of the n;’s.
This implies that the orders of B, and B, are equal. We shall show n; =m,, and that
if nj=m; for j=t,t —1,...,t — k, then n,_4_| =m;_4_1, and so the desired result
follows by induction.

By [6, Theorem 2.7] % :=2(M(B;,R)) comprises all the matrices in M(B;,R)
having elements of /:=Z(R) in the diagonal blocks of B;, i=1,2. Therefore, for
every [ >1, #/ comprises all the matrices in M(B;,R) having elements of I’ in the
diagonal blocks of B; and having elements of /=7 in the (p, p + q)th block of
B, q=1,....t — 1, p=1,...,t — g, where we set I":=R if I'<0. Since R is left
Noetherian, we have that / is nilpotent. Let s be the nilpotency index of /. We con-
clude that Ji’“_z is zero in all the blocks of B;, except in the (1,¢)th block where it
has entries from I*~!. Since M(B;,R)=M(B>,R), it follows that

n - u dlmR Is_l =u dimM(B,,R) jlt+s—2 =u dimM(Bz’R) fZH_s_Z =m;-uU dlmR Is_l.

Therefore, n; = m;.

Suppose now that n; =m; for j=t¢t—1,...,t — k, for some k>0. Then, by the
previous paragraph J’,-('_k_lH(s”z) is zero in all the blocks of B;, except for having
elements of JU—*k=D+6=2-¢ in the (p, p + gq)th block of B;, g=t —k —2,...,¢t — 1,

p=LlL..,t—qg Letm+ - +n_4_+1<v<n+---+ny, and let €, , denote the left
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M(B, R)-submodule of Jf"k'l)ﬂs_z) consisting of all the matrices (in fl('_k_l)+(s_2))
which have zeroes everywhere except possibly in the vth column. If ny+---4+n_p_>+
1<v<n +---+n_k_1, then

u dimpp, gy 61, = udimg I°7", (1)
since in this case
(gl,v :IS_IEI.U + -+ Is_lEm,va

where the E;;’s denote the standard matrix units (with 1 in position (7,j) and zeros
elsewhere). Next, if ny +---+ny +1 < v < ny +--- + nyyy for some ¢ such that
t—k—1<t <t-1, then

(gl,u _ (1(!—k—1)+(s—2)~t El,v e+ I(t—k—lH—(S—z)—t Em,v)
+ (I(I‘k~1)+(s—2)—t +1En|+1,v NI (L +1En‘+n2,v) + ..

s—1 s—1
+( E"l+"'+”u'+|)—u—k—n+1’v +oetd E”I+"‘+"(r’

)
(Wenotethat s — 1 — (¢t —k—-1+(s-2)-t)=+2)—-(¢t—-k-1-1)
Furthermore, every M(B, R)-submodule of € , is of the form
(MoEy v+ -+ MoEy, ) + (MiEp s1,0+ -+ + MiEpyny ) + -+
+ (Mg 1)y —e—k— 1) Em b otmr gy Flo T
+ M 41— = k=1 En 4t ooy o0)

for some (¢ +1)—(F—k—1)+1 left ideals My, My,..., My +1)—¢—k—1) of R such that

M, gI(t—k—x)+(s~2)—t’+w Q)
for w=0,1,...,(¢’ +1)— (¢t -k —1), and

M, CM, (3)
if w>w'. Therefore,

udimpmp,,g) 61,0 =udim L1 1)—(t—k—1)+1 4)
where % 11)——k-1)+1 is the modular lattice

{(Mo,My,...;.My41)—t—k—1)) | My is a left ideal of R for w=0,1,...,

(f —1)+(t—k—1), and (2) and (3) hold}.

(The uniform dimension of a modular lattice is also called the Goldie dimension. See,
for example, [5].)
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Consequently, by (1) and (4), recalling that 1 — k — 1 < ¢ <t — 1, we have that

—k—1)+(s—2
R)fl(t Hi(s—2)

udimM(Bl, =M1 -udimR IS_I

+ g -udim L + -+ ny - udim Fy . (5)

Applying the same arguments to M(B;,R), we obtain that

u dimM(Bz,R) fz(t_k_l)+(s_2) =my_j_1-udimg r!

+m_-udim % + -+ m, - udim % 0. 6)

Since n; =my,...,n,_x =m;_;, and since the left-hand sides of (5) and (6) are equal,
it follows that n,_;_1 =m;_;_;. [
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