Ar) mtroJuc&ion to Cefg Pqeks

S Ger)en'c maps to elne_f)lane

Given a smooth map ,Q:M—’I\/, we delined
the sets S, ($) and we Jebined the submani folds
S, ¢ SHM, N .

A smooch map f:M—N is called
it §HAS, Vr.
Marse funceions are then the one ~3e/len'c maps
with barqe ¢ fR . And immersions are the 0n¢- Q exi(

mags wi sh \mB\n eruS\q <\.’m€/tsi ona'{ taﬂeb.

Reca“ that S,l'r) = Jtii(gr) , S0 Yor one -gqenenc
maps S, () is o submanfoll of M. (Wher the erget

Is W\/ (t Coqtains CSSQ/)HMB ol the iﬂ!’OIMO(tl'OII needed .

But &LQ(’.’S not E)Ie case u/LP/; l::l«e '(-:av'ﬂet is ﬂ?\z,

For Exomp Ie, Consider .
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LU N
(v, &) —> (7"', ¢) (%) = (- ex, )
- 2x 0 . Sxt-t )
J -Y-(x'a ( > J 3(_«,6 ( /
Q i . 1L
l b drops taak  whea x=0 n JIOfS vank when €= 35
S, (8) = 1le, )] S, lg) = (%,3%*)

ln both Cases  we qe submanifolds of R* ala/B whicl,
the dMerencials Jmf rask (aj 4. The S classitication
Won't give Us more ia bormation which is of couvse
noe ;u!()rigi,;j — We require 3’\')et information i
order Go c\isbmju(sla ehe ge{m.s above. Buk she
qUQSbion sti remains, i whae gorm should

we gt it?

Since the S (0), S, () are submantolds we
can  (orsider

® ’tl&m L

> gl — R
S((S) 3
£ > (o,¢) X — (=32, 3<¢)




) = (-4 Cf)

R

J“[mm)g < (o 1) J(a]w

S0 it never J«Ps raqk.. o It Jralos rank 53 {at 0.

We should kee() chis in mind as q motivatiag

QXGMPIQ Qor _”40”! - BOQeral) .

Su{)(:ose that Q Smom—.h qu 9:/‘4—3/\/ IS
one generic . We éeﬁme to be tl'»e lozu_s

ot points in S, (£) ¢M  where the dillerensial o
§

S,l;) JYOP.S Ya/)k 63 S .
ln the above example | the poing o) lives i
Si,;_ lg)  and el gther poines  Lx, 3) live in S_L.olj)'
S,_,,_((i) s emp ty and Si,o”) consi 5tS of ol points in
S, (8.

T)?OM-BOOIJMO/; bbeog now pfaceer as in the
1-jet case. For each submani%old S, <IN

we Coasiéer S::) the preimage of gr vnder the



evideat map T2M,NY — (M, N),
5,
We ehen find a swauibicasion of S/ by

qumomi&o[&S Sf,o ) S,'i ) <~y SCS y oo~

Such that *
i3 RW, ce £

J: x —VY
xe S () © jMxeS,, &
<e S, & i< S ')‘iiH—>S(:,N)

St,s

We  ¢hey Jbire @ smooeh mep $:M—N €o be
2-qeneric i} it A G for al v,s. Aad

We  pro ceed (’berakfue{nj.

Thom and Boardman constructed all such submaadolds
S of -SK(H,N) an ) mmpm*eé (| ehink?)

SR T
t Lelr codimensions.

The psho & dor us is that for a 2-generic

Mmap to che qune( (}Si/ﬂ Thom' & Jee wansversafifﬁ
theorem we know that the collection ot such maps is dense)
bwo kinds o} sinqulerivies may occur

S.L,O type . blnese are the go(é points

Si,u tupe  these are the elemensary cusp poiats



This s 8Sf>£c:‘alﬂ important  £0 uS  as we waat to
S&u% qeneric Paehs ol osmooeh funtcions M—> R
wl«ict\ can be t:l«oq_ghk ot as [devel pfeservmj)
smooth maps  MxLT —> RxT .

(tlaouglo t‘nere S o (m'l: og' a Caveak Lere)

®A cooréinaee inéef)enc\ent ée/?-inition og MOVS@

ani cusP cribicay Points

)\ee JQ H—’ﬁ)\ ée a smooth gcmm'an.
We Jenoee B_u) Cn’c[f) tl«e get og cn'e-‘col Pa»‘ncs ,9- f_

ks pe Ceiv (8) | we can define ivs incrnsic Messiag

M- — R

Qs Y—allows ‘
(Ti\/eﬂ Vi, Vo éTFM ) CLOOSZ Y 2,R2_’ M wieh XIO)=P
ond %(o) = \/,-eTFH for it 1,2 and See

X;

Jayf, (vi,w) = 3* Uer)

! t Y 3#,_

Xy=Xe:0

[jqu: Jﬂgf; (S we,(/-éo).(ﬁmeJ (ie. Mc‘epem)m’r agx)



The  kemed of Azgﬁ onsists of MU ve LM
3. b. J"fr (w,v) =0 ,VweﬂM.

We can MNow Sim (arg Jeg-'ne Cl«e Mt rinsic tLirJ

Jerixlqﬁve at f)oints Fé Cr/t U—) .
JSQQP : k”‘lz;l’ x kevfﬁp * keszoc,, —> R

Fm Vi, Y%, % € lﬁer’ng'F ) ¢ hoose y)fm3—>/“{ sucL that

Nl =p  aad %L =V . Debine 435,, via the formule
X

Jagp (V_,_ ) v,,v3) = 93@”’))

3)(4 3)‘237(3 XJ_.‘)(,.; )(3 :O

Tust as above , we can show thar 3 s well-deGined
[i.e. not JepeoJeM on r)) 55 (oass;/ﬂ 0 @ foz'a/ ¢ hart.

Dé’gi Given a gdnceian ae M—MR o0 a manﬁfw{J, we
Saj blnal: R) iS q Morse Cfl'l:ica»[ po:'nt, i! we Laver

@ p e Gricld)

Gi) Jimm( ker(:l’gﬂ)) D



Del: Gien a Sumeion $5:M—R on a man@o.dcl, we
Say that g is a cusp eniticel point $ e hae:
@ p e Crield)
¢i) J:‘mm( kef(ﬂﬂ)) E Sey Rv = kp/(ﬁ&) , Ve 7;‘,,1'(
i) 4, (vyv) 0

ﬂLﬂ-\'i S nL
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)\,Et .)::: {w(.HJm) omc‘ c\enafe L:S }TOC\F

the suLsPace b ¥ Consisting of excellent Mowse

o Pre = Cer‘} Patks

Yunceions.
het F, CJF be che subs pate o S consisting of
Smooth furctions § such elat :
*$ has a Smf)le Cusp criticel point
* oll oeher critical poines of D are ol Mone type
ol civicel values of § bave muleiphicity 4L



Let ):L C _F Le tLe sulasPace d?r .)f Coﬂsistilig

o! smooth  fun cions } such tLat:
* ol cicicol points ol b ae of Horse type
* tlnere K exacelj one entis ca( va/ue o'g ﬁ

wi t'ln mu/tif)’icfcj 1 a/rJ au oelm( cf/tl'(e-[
Va[uﬁ 04 g Lave md{eilo’iciics 1.

Lee F': F: U)‘é . In ehis Jectare , we will
exdusive{j Jeal with the suL.sFaa? fDUf"'C.)C.

Foust

A pre- Cer§ path i J is a smeoth :Kami]:s

F: R M — R

(3, p) > F(Ap) :2%,0p)

Sor which  there is a Jdiscrese set (ki) €R
SUCL '('.[AQ{-:

o J, ¢ FU for A4S %lietk

« Poe FtoSor Aedgliaal

i
* | $’Aejj there exise €30, so that



%, e J, V2eL[a-¢a)U(A, +¢] and

;A-E ) -,Pq,'£ !ic i éiufrmf (onnfc’cee\ mePMP/Il'S

o} .

Examg\es o& pob\ns that are v)ot allowed ¢

= NS
¥o ¥ ¥o ¥
/{ Fourt /‘ Fourt

o . _L
FUF is o codimension 4 seowled spote

A pre- lor§ patL then is what (af calls q "qood
poch” ia FUF“. A prelaf poch with =3 is
whae Cod walls q "cvassifg loat—ln" in jonL. No ee
that here we will resewe cle e ‘trossing path’  onls

aﬂar tlossi_@ patln.s 1 .} ° vV J:BL .



) Birtlo-cleat‘n Cribica»f Pon’n(:S

J»et ;?e }:‘ with Cusp crisicol point R)c” ond Rv: LefCJ‘K&),

A 3eneﬁc Smooth ?am.'{j
F'
RxM—R : (3,p) — F(qp):= £, (p)
Con tm‘/\i‘g g as —?ao wr U saeisg-«j blte CMJI tion .

39y,

2 13:2 .
.-xb’ - - 73._
)

cl (QF ) (V) 70 . x:-,‘))(o-} Koy 3. X2 =

U}e Ca.u Po Q [qf'rtla'c]\?atlﬂ (ﬂ'bfc@p point aaf f:Le
'g()mi& (ﬁﬂ)ﬁleﬂ e ﬂtﬂo.

A (et path s a pre- e path
F: leXH — fl{ wLir_L 15 3enen'c in the above cense.

A Ler? path thae crosses Ft onls oace
at o birth ~death criticel point is called a birth-death
paek.

A Ler? path thae erosses 1 onlS oace

ot O .F; Poine is CDUeJ a cmssm_g pa{-,%. (nOt g‘I’O/IJO(t)!)
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g’{n -t o

P < R > R

3 1
(xl,..,x,, €)X, tex, + Xy +

~ =~

For t ¢cO , Ne cr(eic.-x p9ints
For t: 0O a euy erftied point

FO/ €20 / two H-’fse (‘r{HCM( pa«'ﬁt&

=\
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A very vselul notion when wor king - wi'eh Cert
Pablqs 1S L’lqat OJL Q .

Given q Cort path  F: <M — & , we thisk of
it Qs Ievd~p/eservn'/B map FR+M— R and the

CoAt 3mphic consists oV the collection ob criticl walies
in R« R,

Cxample i Fi =R — R+R o
(x,¢) — (2, ¢)
o RR — R-R >
(¥, £) ™ (3+ex, &) '

Draw a clossing examp[e




The space ol (ol Paebs in S°UFtc F

1S on opm ond Jen.ce sqéset of— ebe Slaqte a! oll Pa‘:’:s

1n j:.
Cerg Pfo‘/eé che ?ouou/ii)s \/(5 use gul ebeorems:

Um‘queness og' bl’fths (Morgan's lewure notes)

L et g'e .fOCW) and et X, & - &y be the cricical

vafues of ¢ .
L&,

uy

Xs 9
‘°L2
D°<L

COﬂS(Jer bhe sfyate og 6ireh pa{:LS (qumnifﬂ at f}
where the birch appears at a leve ] besween
oL and ooy, - | the level sets W‘f f"'lg] bor “s‘f‘dm

ove  comeceed, they the space ol aqu sucl, birth pashs

IS connecked

Uniqueness Og clea t’ﬂS ( Mofgan's leteure notss)
et f£e Fo(w) and suppose  that ImW 26 . lee
Sidn-4 a/pJ lee Ce ) Cees be twa consewtive

critial poines of I with index i and i1 respectively.



( g(‘uﬂ)

¢ $(c,)

Sup(oase tha ¢ chere exists qQ Jeqeh gach S{'aretg
ac ¥ that amihilates the cricicol poines ¢, , Gy .
Let e C0a), Fle,)d 1$ dhe lewed cee

Wy = 87y s simelj conmected then the gpae of
all Jeath paeb_s startisg av € Which  ani b lave

(p ) Cg‘_‘_ ;5 (OﬂAeCfeé.

To cjo'. Remch the pseuéoﬁ’sow& f?fo(olem 1
the l’anjuaje ol Ced afaplq;CS and show how
the eheorems above apply.

Uniqueness ok Yeaths

S (u (;y.\

u ('b‘

X~
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