Thom's et t{ansvefsqu-ki,& theoremn - J1:

A short introduction to Thom - Boardman tl-»eO:S

© Recall Yyom lase Lime

Lase time we inerodued jer bundles, Thom's
Jet ‘l:fanSUQYSQ!fES théOfem Q/)J gkebchetl I‘)OW
che lateer can be vsed to derive the émsmj

o f Morse Yunceions.

To Jag, we wil ex pend vpon these id¢as more , talk
Ot(muf: Se(\eric maps Lo the t)lane OAJ in tro Jufe
Thom-Board mas (;Leor:s. Tomo/row, we will ealk

about Seneric paebs of smooth luncrions (Lled pachs).

Recoll our broader Soqj is o caleulate T (F(H) EL),

A with souce M ard tagee N is an
equiva@ence class A wif:/es (x, 0‘,3) , where ¢
* xeH, ye N
* o is a qem oA smooeh Bunctions wivh "'(X):'S

* two suclq triFles (x,o-,g) ) ( x ,o",g) aré



eq uiva leat il all Pareial Jerivatives vp €0 or der

L ot 506! at x agree.

-.SL(H,N) is the set of ol k-jets Bom M o N.

’l: has the strucewre o a smooth mandold aad whe

projections T 0wl T ), THU W)
\‘/TrM \|/TrN \|/n—HxN
M N MxN

are Libec bualles .

We hae TR, R") = R™<R"< P Lm,n)

we then vse bo obtain an aelas bor TE(M, V).

Wl': I'clq

/

Q( M. —SK(H, N) — M"f\/, Pt(m,n)) is o Jiber
bundle with seructare 9/0up G—l;)(m,ﬂ) X GL’”(n,R)/
whee  GLY(r,R) 2 GLUR) % T P lr)

Ja  Sym
the qroup  okion is qiven 53 trdn cate d Composi &ion.

, where

)/) parbi(u]af: |?— k=ij wé 391’ l:he Seru ct ure e*g'

a wvector bundle,



O (m,:TE(MR) — M, R« Plmad is a

Vector bundle

A gooé reﬂe/ence u/lvere Soq can se¢ oll felé:/a/)e

Computqeions is Cbap&er L ol the book "Manifolds

of— D:'Hfreﬂeiaue MQ{’{"’BS ' 6_5 PWHIcLor.

We ended lqse time with

hom's jet transversaliey theorem

Let M ard N be smoosh mandolds and W
submande l§ ol TK(H,N). Let

T, 1k | A w3

T hen TW is a desse cubtee of  (%(M,N). Moreover,

)!- W is [jaSeJ/ TW is open.

a Smoo th

o MO/SG 3QU/)£_6i005 are 3@9(1‘(
We ‘M Jocus on T*(M N) Pirse. Coas:der (x,0,4)

Q repre sen tative of a clos in THMN) . TLPOJ
do: T,M—TN .
The woximam venk such a linear map can  have is

wz\: vw'n(w',n).



Lee PV —W" be a linear an) le q° min (m,n), We
Jebine the ol ¢ 63 vhe Pormula
Comale () = g -ranl(4)
We say that $ "drops vank by " iY  corankld)= 1.

Lete £ M DN be a smooth map. We AJ-:ae
Sr (9= xem | Mot TM Ty N dreps ik Y ry

we chine CSL(M)N) to Le k[ae Subse & og-
SHH,N) consisking o} hose jees that drop raakks r.

Sr is o submaailld of THM N of

coéimens;on rt + Y-l m-—nl .
Hom (R") =")
L7 (M,N)
We éef}me CJ“OmL\/,W) ©o be the

Vet

subsee of  finear maps thae éfo( ragk by V. ¢ V,w) s

a submaattoll of Hom Ww) of wdimession vie r-lmeal,
which ime\ies the heorem above. This s a lrear algebrq
problem , one can $ind two detatled ooy in Guillemin -Golubiesky.
Furchermore, S > MsN is g sub-fber bualle

¥
MNS

o} M ;S'(M,M)ﬁ—yv MeN  wich Bber o (R R").

/

M —n
l"OM(TxH,T‘QN) & Hom (M ) Ux, 34, 412)



© |xeS ) S M) eS
® S, is alu/a_tss a codimension O submanbol) o TH(M,N).
O 18 N=R , we hawe:

S.L is Of— coJimensn'on {+ 1. (m-_q_) = m

2
SVM. S oq' COJ-'MG/)"»'M Y+ v (m1) >m

We shus have, bor v>4 PYCTY

L W
J¥255, <=>J£/')§f:¢ J&&:\
Suppme W N Sr < \/\/
And for reL; I (W) s submedel] o M it X

Codtm X = codm Sy

Jlg AS, at x & x is a no -Jejenemce evigical

Point ag- g
We wi M .e-n'rse neeJ O /emma tLa* compares
bhe be/)SVQYSa:liB (an:]/bi()n with the S’d‘"VIKISt'O/) conds tion.
[ Recalt that gM— N is a submersion ar x

b d5 oM — To, N is surjecive Land hewe o€ Ll
renk). |
1 -ﬁ Z- -,IX) Q4+ X
Now (onsiJer klﬂe gouaw(/le} seque/)te og' smom:la mapS'.

M —2 N $ nl"

p (— by r— 0,

Questiont 1§ & is a submersion at $p) | when is



4"‘" a Sublmersan gk f?
TLeor?m: % X — Y (s smeokh ) wcevrv

st £ AW e W) is asub of X o)

Co)-’m (ﬁ"lW)) = Codim {W)

) O C

FAW av p b 3 (Ty) @ TuweT v

Ly




§+ a submevsion at P?

hemma | (iven uhat & is a sabmersion ae o)

dof is a submersion ae p 15 “,E}', $1a] ot P|-|

Prool 1 Since d is a submersion at $lp), there exists

a coordinate chart U ol N ctentered ar Yip),
such that & (x, joee %, ey geefa) 5 (R ey %)L So
we can take ¢ +o be a submenion in all of U
and W= ¢t NU is a cbmerson b submankold
od UenN,

-

For Jimension reasons we see that

Ker (J?)“f) - TN’)\/\/

We have thae il I\/\/ at p (=)
= Tu.)’\l = (M) o T, W
S T;(')N = ‘” (T',M) 9 kﬂ' Uq)ua
&) J(q)a?»)f 1S 0nto given that J(,b%) is mﬂ

; we want

Gom_g lyOck to ane proag' og B["e (la-'m
to oefh b'|m’s Iemmq in the case
M -2 M) T Melx How (R 0) — Boul R 0) <R




Bj Sebinidion, S, = wtlo) , S0 PEAS, e x itd

TTe \’)‘f- is a submersion at «x.

But Mej't = (i{ P_/H)

The ditlewencial ob uhis map i ecactly the Y essian
and ﬂoj‘l is a submersion at x €xac+l5 when s
Jr”freoﬁol is 19 p-sing alar | which is  che /)on~Je3e’nera45

Con li tion ,

T hom's jet transversali ey theorem afafg w th ghe
cloim abowe shows that Ehe spate ol Morse Hugceions

is open an olense i C”(M;ﬂﬂ.

l)\/e wiU nNow in eladuce a varjant o!' TLom's Jet
transversa Pn’e_g theoem ehat wiMl lee vs show what

excellear Morse SYunctions are open and ke in CUM;R),



Given aq smoovh manbold X, we wilM Jeroee bj

X> ehe S-Yol} (areesian product and we dedine

(°"‘ES (X) -2 l(n — GXS )Y;i"j it "'VJS .

Consider the Jiber bualle 1, % T 0 — M
and lev Tyt SM)® — W obe whe induel mop of
S-$0ld Cartesian produces. We denose

S (AN 3= T3 Cont )

ond call it ‘bhe Og M o4d N.
A

is some s-§o|! k-jet burdle.

lg' 3—: M—’N is Q smooelq map, we geb oo inJuceJ

map IRE (sal g (M) 3 —S: (M, V)
(xg 1emrxg) > (JE4Lx) o) jESLx))

T hom's mulsijer eransversatkivy vhearem

hee M and N be smooth manifolds and let

W be @ submaniYold o TS (M, N). kew
Toim1Yecuml j5s AwS

_”'le/l Tw is dense in C®(M,N). Mo reover, it W is

COmPo.cb’ TW is Open.

e 0 SUM,R) « SM, ) — xR



The space of excellent Morse yfwlcl,—ions S
an open and dense subser of (T(H,N),
Take N=R ad W= 5250 (k2)" (A,
35 the mulbi\')et transversa [i by tl«.eommm
coMection o¥ e (PM;R) such that Jef AW s
a dense subset of CoM; B .
Sipe JimW = 2.4mS, L CodimW 22 todim §y 44
S p: Condy () —> 5, (M,R) TS
Y ) ' * dim Conb (W) 41

Thes, jre AW ¥ jraw=g,

_”)fs mMéans i:bqe tlﬂe sfate o¥ Y—unceions *f[«ot
Jon'e have (tWO eri bi cal poines with vhe come

¢ i cal \/alue) is desse in  CTCH,R).

TLQ INtérsection aﬂ an  open a//cJ oL,;se subset
with a dense subset is dense , hence the
Spqte og axce Uont Morse Qun ctions B3 Jense
in ¢ M)ﬁ)-).

TLQ Srale 02 exceert MOISQ -?'Wll\‘:faﬂs IS an open

Su()S@b og bLe 5()0,(@ oe Hofse f-unctioa} oné |n@/)(8



an open subset of CT(M;M).

® |nL—er!uJe on (All'n'eneg's immeérsion J;Leo/em

We are geing a bit olf-irack here bus ehie js q
gun apf)\icm:ion 09— l:[»e bfa/)sve/Sa]iB tloeoﬂzms t’['lQ(:

is warth men Gianing.

We have extensfveﬁ elaouiglne about when q map
with targee M is g enefic.

We wiM soon explain when a mep with target R? is
qeveric.

In this in &erIuJe7 we will dhink aboue whe case of

a \/\B her & mens;'onal € e et.

A Smoath mOP :QIM—W\/ IS QA IMmmeysion
Qe PeM ) il égf,:'l}H—bT%)c\l i .'/Ueca've Laad
ELus ol ull fank ). 4)' is an immersion | ¥ it is
an  immevsion at every PeH.
/7
Bj JJmibionj :p— iS Qn immersiol Qt p (=)
)l-“udesr (<) X&-Sr”) )1_9_ N (\r{o Sf) :‘é

S, =g Vr>o



W\'lieneg's |mmg_rsion tLgafem
Let M and N be smooth mani¥olds wiwh
dimN 2% dmM. Then |mm (M,N) is an open
ond Jdense subset of CT(M,N).

We have which

1S Open sine So is epen in SH(M,N).

BB Thom's  jet tro/isl/ersalfg theorem | the
cOUeceion og' mapS whose )Ljet Section 1%
tlansverse to S, Sy, ... s dense in CU(M,N).
But Co dim SfZV’J-r(n«m)i Freyrm? m y

["eme Jor rso \‘)1-52 AS < \')W ns, =g , which

)m{)\ies the theomm, >

B @ e

W hi tneys 1-1 immersion theorem
Let M and N be smooth manifolds wivh
olimN 2 A éimM+i.Tlaen the set of L1 immersions
o} M into N is a dense cubsee of C°(M,N) .

le is also open, but we wore prowe it here



_T%e \NEersection 04 Qan ogen ane\ Jense
with a dense subset is dense. Mence , it sulbbices

to prove vhat the spate ol 14 maps brom M ¢o

N ic desse.

We will use the mq,ei\')et bfansversalffs zheorem
and Jocus on the O-jee space. We have

"’:\7)'. -S.S (M, N} — NE and  See

w = (%) (Aw)

() , ) .
ﬂt\J 1S a cubmefslan €O \/\/ 1S a Su(omaniﬂoU o“

/

S5 (M,N) ond

c0dimW = codm Ay = dm N 2
QdimM +L >
2dimM =
dim (onf, (M)

Ths P2 AW M seaw=g  ad Thoms

mulei‘)e{: bra/;sversalij cheorem tomloletes the or_guwne/)t.



\ Genen’c maps to f:lne_f)/ane

Given a smooth map LM— N, we Jelined
the sets S, () and we Jebined the submani folds
S, ¢ SHM,N) .

A smooch map $:M—N is alled
1t MAS V.

Morse functions are  ehea the one -qeneric maps
with banget R . Anad immersions are the 01 ¢-  éneriC

maps wi sh \413\4 enous\n éfmensional taljéb.

r&eca“ that Srlb) = \)'!'L(Qr) , S0 bor one -qeneric
maps  S,(8) is a submanfold of M. Wher che erget

s ﬂl, 1t Coqtains £ssenua% ol the inf—omqtn‘on needed .

Bue chat's not the case whey the targex i (Q\z,

For Examp |€, Consider :

S ®




ll: Jmps rark  when ’(: Jmfs Yoank whea

ln both cases we qet submanifolds of R along  which
the dHerenials Jrof rask by 4. The § classiticavion
Wan't glve Us wore ia f’ov'mazblon which s O£ couvse
noe cufpﬁgi/ﬂ — We require 3—5et a'ngafmalzion [N
order Go én'semju«'sla ehe qerms above . [But wvhe

question seidl remains, in what form shoull

we qee it?

Since the S, (B), S lg) are submankolds we
Can  Coasidey
®




SO (t never a‘fep.s raqk. o ik Jralos rask by L at 0.

We should keep chis in miad as q motivatiag

examP,e Qﬂr Tlaom - Boaeraq .

SuPPose trlpaf: Q Smooth qu 9:/‘4—3/\/ IS
one 3eneric . We éeﬁme to be tL)e Ioru_s

o?— Painu 1N g, U) cM wlwe blne Ji”efe/)t-ia»l og
e

- a‘rop_s rank 6_3 S.

ln  the above example, the point lo) lives is
SL,;_ (3) Oné ol gther Poinbs lx, 3x’) live in S_{..o(j)'
SL,LH) s Empey and S_{'OH) consi $t5 of &Ml points in
S, ).

T)vom- Boamean blvear_cs now pfoceer asS in {:lne

i-jet case. For each submanifold S, ¢I*(HN)



we  coqsider S::) the preimaje of gr vnder he
CVI')!’/H' r\'\QP -SQ-‘M/N\ — -SL(. M, N),
We ehen Qinc) q Strati q»icabion o‘g' ng!) 55

submandolds Sy, , S, o, S, en

such that M

e S8 & eSS,

We chen dekine @ smooch mep §:H—N eo be
2-generic it R G bor all s Aad

We proceed iterativedy

Thom and Boardmen  construcred all such submandolds
S of _SK(H,N) an | (ompufeJ (] ehiak?)

r.-i-l ri 1=%) Yt

t Le(r codimensions,

The Upsl':ot for us is that %or a Q-generic

map to the flqne( Using Thom' s jee emnsversal’ffﬁ
theorem we kaow thar the collection of such maps is dense)
kwo kinds ol singularicies may oceur

SL,O sype : these ave the fold points



— Siu tupe I these are the elemensary cusp points

Tl/u's 1S eSfecia{lj imt)or(:anl: t0 usS ,05 we waéaat to

Seuéﬁ 3eneric Paehs ol smooeh waccions M— IR
(A/l'lic‘/\ can be cLoqghk ot as (devel pfeservu'nj\
Smooth maps MxT — RxT .

(thougk there is a bit oF a caveat here)

®© A Coo(Jinaee fnc)epenéent QJ;:/){&:‘O/) 08 Mefse oad (usp

)\ee :gi M— R ée a Smooth gu/)m'on. —”‘e point
PéH S callee‘ crz'e.'caf po.'nc i£ the quf’r(n 6/‘01 CH"P [
D. Tlnis wéans Clnq{ gaf Od:S cLare (p UC M — le" evoUmé

P, d(foqt) ()= O Jor izd ...
Bx;

lA/e Jeno{:e B:S Cr:’c[f) tlne Set ag cn'en'co«( Poincs eg- £

(intrinsic second devivatve map)

|g‘ f)e Cr:’{; U}) , we can Mme LS  (n6nnS5ic J—\essiar)

ngr . TFM"—['-:H >’R

Qs Y-oﬂo wS ¢

G‘i\/é’ﬂ V,, \/2 éTFM ) CLOOSZ Y :’Rz—" M w(cln XIO)=P



ond _;é_b’(o)=vie7,>H for id,2 and see
%

1, () = 2202

o 7% 3%;

xy=Xe:0

[[Ql'm‘. JﬂgF (S u/elf ’é'lﬂ'ﬂe.cl Ci.e MA\?PCOJ‘M’ ‘”?X)
Proog: Pick a chart Y. JcH— fPL" ond use ehe

chain vl We use ehe notasion 3°cf" 41‘«() Yoy =y*

OnJ X‘P(xl,x,) = ( Xf (x‘,x,) ) ") Xn" (*‘.,xﬂ)

lk/e now ['vave; a LHS IS inéepenéenf ogr ‘P!

R R I‘R‘l—sﬂl‘\
—N— —N— n

2
O ((£¢4)olpo)) = 3 > 2001 oy 2at -
O %y D%y I’y 5 I

I-'i Z ég‘f o)’q,'ﬂii -

(] -

Oy Sy, 3s
N n 9

= 5_1 > ‘”vob/") oy P2 ﬂt,x“"- 3yt
. I, | oy g iTy oy, dx, %

M >
—
M
-
[C)
.
&-e
F/
o
(|
P’
+



N
- Z
'_)J:

n
ey .

2 2
IR PRRVANEY AT AP L I NN i
du,dy; dx, s oy, Ox, 9%
This is a bnction MPoB 2 we wish to evaluate i+

Qt (0,0).

Since pe e (£) &OK?(OIO) = (%o gd) (Lp-b/(o,O)):
o4 oy,

0 (foy) (glp) = O Vi , hente the ¢erond Summand vanishes

y;
X|:7{110}"’

For the  Lirst cummand , we have:

2 3 (¢ey); - [M
AX'L X1z Xqz0 p) Xy X,z Xe: 0 éxi-

- (Jt,vp lvi)) |

J

Simf {4113 , ﬁi - (cl CFP Z\/z))

3)‘1

We thus have :

Y-y)

W : %_ D ($og) Liple)) (J%(v,\). (JL,:P(\@)

1y 3t4

X,-)(g_:o



which 1g iﬂJepeﬂc)eM oq Y -

We l’lave s[nowr) tl'iat. tl'ue INEvinsic }\ession mep
2 .
Cl gl) ’ TP MXT’JH —> rR

is  weld -defined!

BS ConstrdC4ion ) this malo 15 sﬁmmecﬁc @19 (f)ijmea/

Cwe neeé t+o ga:s +fo Q [ornf /WJ:‘AME cLar+ +0 See -(-lm'S)

The  kemd of Azgp consists of ol Ve [
3. b szf, (w,v):=0 | Vu/e7}/‘4.
éﬂ'ut’n the comp utation qbove, we coa chovactenze
it as .

kffclg EVeTH | Z 9 (o ¢7) (ylp) (thlv))

Y Xy

gor Some c'nart L{) ane‘ ) \j=i,-..,n§.

(A/e can Mow Sim (arB Jegme tLe Nt linsic tLirJ

Jen’uqﬁve at  points Fe Crre () -

JS£P : keszac,, x kevy%, x keszocF —> R



FOf \/_4_,\/,_,V_3 (3 lce/fg,, ) claoose nim3—>/'{ sucL I:Lab

nl)=p  and %L = v . Dedin 3L, via ehe Cormubk
ot

Jggp (v,_ ) v,,v3) = ;3@”))

3)&,3){,_37‘3 X.I-:XZ: X3 :O

Tust as above , we car show thav Jsf{, (s well -de $ied
(ie. nor dependest on ) by passing 40 @ bocal chars.

Dé’gi Given a gdl)t{:ian ﬁ M—MR on aq man@(&@, we
Saj b’aae R) iS q Morse Cr’l'ticej Po:'nt, i! we Lavei

(i) P e Crie ($)

Gi) Jimm( kef(ngﬂ)) =0

Deg: Given a gd/)ttian :‘Z M—MK on a manéf&{c], we
Saj eLae R, iS q CUSF Cﬂ'tica»( Po:'nt i! we Lave:

@\ pe Crie (£)

¢i) Jimm( ker(J’%)) =1, ey Rv = ke/(szg) , veTPH

(iid JBJ'& (vyv) #0

)



