
 Thom's jet transversality theorem II
A short introduction to Thom Boardman theory

Recall from last time

Last time we introduced jet bundles Thom's

jet transversality theorem and sketched how

the latter can be used to derive the density
of Morse fan itions

Today we will expand upon these ideas more talk

about generic maps to the plane and introduce
Thom Boardman theory Tomorrow we will talk

about generic paths of smooth functions Cerfpaths

Recall our broadergoal is to calculate it 5MlEmil

Def A k jet with sourie M and target N is an

equivalence class of triples x o y where

EM YEN
O is a germ ofsmooth functions with old y
two such triples x o y x poly are



equivalent if all partial derivatives up to order

k of o o at x agree

Def JKMN is the set of all k jets from M to N

It has the structure of a smooth manifold and the

projections Jk Mint JKLM.nl JKMINI
fm IN gym

N

M N

are fiber bundles

We have J Rm Rn E 1RmxIR xP Lm.nl which

we then use to obtain an atlas for JK M N

Correction from last time regarding the structure of JKM.nl

tmw JK M N Mxn pklm.nl is a fiber
bundle with structure group GL m.IR xGLklln IR
where GL r.IR GLlr.IR x P'crit where

5 2 Sym
the group aition is given by truncated composition

In particular If kid we get the structure of

a vector bundle



ITM JK M R M IR x P m.nl is a

vector bundle

A good referenie where you can see all relevant

computations is Chapter 1 of the book Manifolds

of Differentiable Mappings by PW Michor

We ended last time with

Theorem hom's jet transversality theorem

Let M and N be smooth manifolds and W

a smooth submanifold of JK M N Let

w Fe CIM N j t n W

hen Tw is a dense subset of CRM N Moreover

if W is closed Tw is open

Morse functions are generic

We ll focus on J M N first Consider x o.gl
a representative of a class in J M N Then

do T M TyN
The maximum rank such a linearmap ion have is

q main mm al



Def Let f v W be a linear and let q min man We
define the corank of f by the formula

KorankAft q rankIff

We say that f drops rank by r if coranklf r

Def Let fi M N be a smooth map We define

SS Atf EMM I Iffy TxMM Stefan Dreesrankby r

Def We define Sr C M N to be the subset of
J M N consisting of those jets that drop rankby r

heorem Sr is a submanifold of JIM NI of
codimension ret r m n

HomIIR IR

MINI

Note We define L VW Hom yw to be the
subset of linearmaps that drop rank by r ICUWI is
a submanifold of Hom Yw of codimension ret r mnt
which implies the theorem above This is a linearalgebra
problem one can find two detailed proofs in Guillemin Golubitsky

Furthermore Inman
MMW is a sub fiber bundle

of tmw I IMNy 1 MXN with fiber Lr Rm Rn
Hom TxMTN E Hom Mi III Ix Sfx fix



Implications xes.lt E jafix es
So is always a codimension O submanifold of J M N

If N R we have

Sy is of codimension It 1 m s M

Spy is of codimension At v m it s m

We thus have for r 1

j't at S a jtf ns o tf
Sueene inns w

And for re 1 i'f w is submanifold of M ledit X

Claim j't n s at x is ionisegenerate critical

point of f

Proof We will first need a lemma that compares
the transversality condition with the submersion condition

I Recall that fi M i N is a submersion at X

if Jfx TxM Tey N is surjeitive and hence of full

rank
f A fix at

Now consider the following sequence of smoothmaps
MM tf p N pl
p 1 fleet x D 0

Question If d is a submersion at flel when is



4of a submersion at p

Theorem fi x Y is smooth WE Y

Sit f AW then f w is a sub of X and
Colin f f Iwl codim W

f AW at p if If ITell a TaleW They



put a submersion at p
Lemma Given that of is a submersion at flel

Olof is a submersion at p iff fAptly at p

Proof Since of is a submersion at flel there exists

a coordinate chart U of N centered at fle
such that f x i Xk Xicts in x2 Xk So

we can take of to be a submersion in all of U

and W pilot n U is a codimension k submanifold

of U CN

For dimension reasons we see that
KeerHAHA TeledW

We have that ffAWW at p e

Ty NN If TeMM Tmw
TheN Jf Tem to KerrAMA
J off is onto given that dolt is onto

Going back to the proof of the claim we want

to apply this lemma in the case

My f 544MMIRD E MM IR HamdanIR HoratianDERM



By definition S it's o so jiffs at X iff

To jsf is a submersion at X

But Doj't Iffy i If
The differential of this map is exantly the Hessian
and to jtf is a submersion at x exactly when its

differential is non singular which is the nondegeneracy

condition

hom's jet transversality theorem along with the
claim above shows that the space of Morse functions

is open and dense in Col Mili

I ix or and is hence closed in J IMIR

We will now introduce a variant of Thom's jet
transversality theorem that will let us show that

excellent Morse functions are open and tense in CCMIR



Def Given a smooth manifold X we will denoteby
X the s fold Cartesian prodult and we define

Conff XP Axe ssh eX x if it

Def consider the fiber bundle Tm JKCM.nl M

and let Ims 3 IMNIS Ms be the injured map of

S fold Cartesian products We denote

J's MMNI E Ansf'dConffssama

and call it the s fold k jet bundle of M andN
A multi jet bundle is some s fold k jet bundle

If fi M N is a smooth map we get an induced

map jiff Goat Axl DJ's M N

xs its I jkflxal jkflxsl

heorem hom's multijet transversality theorem

Let M and N be smooth manifolds and let
W be a submanifold of J's M N Let

w it f e C M N j's f AW
Then Tw is dense in Crim NI Moreover if W is

compact Tw is open

Mr J IM.IR xJ'IM IRIsIRx1R



Lemma The spate of excellent Morse functions is
an open and tense subset of M N

Proof Take N R and W 5 5 ARTETA Dad

By the multijet transversality theorem.ttT
colleition of f e M R such that j f AW is

a dense subset of CCM Rl
Since JimW 2 dims 1 GodinWW 2coding I

2 JimM t1
Jtf Conf Mt Ji M R

ix y dimConf M 1

Thus j f atW iff j f n w 0

This means that the space of functions that
don't have two critical points with the same
critilal value is dense in CCM IR

The intersection of an openand dense subset

with a dense subset is tense hence the

spate of excellent Morse functions is tense

in CCM IR

The spare of excellent Morse funitions is an open

subset of the spate of Morse functions and hence



an open subset of C Mir

Interlude on Whitney's immersion theorem

We are going a bit off track here but this is a
fun application of the transversality theorems that
is worth mentioning

We have extensively thought about when a map
with target IR is generic
We will soon explain when a map with target IR is

generic

In this interlude we will think about the case of

a higher dimensional target

Recall A smooth map fiM N is an immersion

at pen if dfp TM TaeN is injective land

thus of full rank f is an immersion if it is

an immersion at every pen

1 Spit D Ur 0

By definition f is an immersion at p
jnflxlefvtixtsrlfljjfnkyo.SI 0



heorem Whitney's Immersion theorem

Let M and N be smooth manifolds with

JimN 22 JimM Then Imm M N is an open

and dense subset of COLM N

Proof We have 1mm M N jsf So which

is open since so is open in J M N

By Thom's jet transversality theorem the
collection of maps whose k jet section is
transverse to Sa Sa is tense in MN

But JimS E v2 8 n mm 24 mm mm

hence for rso jtf IS a jtf nsr D which

implies the theorem

08 a EFFI
heorem Whitney's 1 1 immersion theorem

Let M and N be smooth manifolds with

JimN 22 JimM 1 Then the set of I I immersions

of M into N is a tense subset of CCMN

Remark It is also open but we won't prove it here



Proof The intersection of an open and tense

with a dense subset is dense Hence it suffices

to prove that the space of 1 1 maps from M to

N is dense

We will use the multijet transversality theorem
and focus on the O jet space We have

Hit Jj MM NA D N and set

W ANTI KAN

Tht is a submersion so W is a submanifoldof

521M NI and

ColinW codimDn JimN Z

2JimM 1 s

2dimM

dimConf M

Thus jiff AW iff j fnw 0 and Thom's

multijet transversality theorem completes theargument



Generic maps to the plane

Given a smooth map fi M N we defined

the sets Srlfl and we defined the submanifolds

Sr C JIM N

Def A smooth map fiM N is ladled one generic

if jtf IS fr
Remark Morse functions are then the one generic maps

with target IR And immersions are the one generic

maps with high enough dimensional target

Recall that Self jrf Sr so for one generic

maps Srlf is a submanifold of M When the target
is IR it contains essentially all the information needed

But thats not the case when the target is IR
For example consider

Q F 1122 1122

x t I s x2
9 R 11122

x t I x tx t



that Y Jg 13
t o

x I

It drops rank when x 0 It drops rankwhen t 3 2

Self 0,4 S Ig x 3 213

In both cases we get submanifolds of IR along which

the differentials drop rank by 1 The Sr classification

won't give us more information which is of course

not surprising we require 3 jet information in

order to distinguish the germs above But the

question still remains in what form should

we get it

Since the Self 5,1g are submanifolds we

can consider

F s f IR 71122

t 1 o e

9 gig
IR SIR

X I x 33,321



t f s 0 1

so it never drops rank

S
Gx Gx

so it drops rank by 1 at O

We should keep this in mind as a motivating
example for Thom Boardman

Deto Suppose that a smoothmap fiM N is

one generic We define Snslfl to be the locus

of points in Sr f CM where the differential of
f
grit

drops rank by s

In the above example the point lad lives in

Sa lg and all other points x 3 2 live in Stolgl
Sy If is empty and Salt insists of all points in

Self

Thom Boardman theory now proceeds as in the

1 jet case For each submanifold Sr JCMN



we consider Sj the preimage of Sr under the
evident map JIM NI J M N

We then find a stratification of Sr by
submanifolds Sho Srs Sr.si
such that

X E Sns f j f x eSns

We then define a smooth map fin N to be

2 generic if jef atSns for all r s And

we proceed iteratively
Thom and Boardman construited all suits submanifolds

Saira air of J Min and computed I think

their codimensions

The upshot for us is that for a 2generic
map to the plane using Thom's jet transversality
theorem we know that the collection of suchmaps is dense

two kinds of singularities may occur

51,0 type these are the fold points



So type these are the elementary cusp points

This is especially important to us as we want to

study generic paths of smooth functions M S IR

which can be thought of as level preserving
smooth maps Mx I SIRXI

though there is a bit of a laveat here

A coordinate independent definition of Morseanduse

Let f M IR be a smooth function The point

pen is called criticalpoint if the differential Jfp is

O This means that for any chart p UCM IR around

p 217094 ppl O for i 1 in
2x

We denote by Crit f the set of criticalpoints of f
If pe Crit f we can define its intrinsicsejjestigtive

meet

Jef i TpMxTpM IR
as follows

Given us V2eTpM choose y
1122 M with glo p



and 9 o ViETpM for i 1,2 and see

If vs ve 312 xoxo O

Claim ffp is well defined i.e independent of y
Proof Pick a chart y U s M s IR and use the

chain rule We use the notation fog Ifp y y je
and gels x2 8 xoxo 84 xsxal

We now have

guts
is independent of p

anti ci i z E.s ars
2 22 2

r

Is I Igor 21g.se Bri2222

É Is ra s are
2 2



It.gr 31.3 E 4 re ri
2222

This is a function 1122 11th and we wish to evaluate it

at 10,0

Sinie p e Crit fl Iggy 08410,0
217044 period
dy

2 fry il 4411 0 Hi hence the second summand vanishes

dy

For the first summand we have

1 xx x.x.io2x 2 1 x x2O

foetus

Similarly 28 44 v2
2 2

We thus have

22 for
2x 2x x y

Fie fo 144 14141 typos
2 12 2



which is independent of y

We have shown that the intrinsic Hessian map

defy TpMxTpM IR

is well defined

By construition this map is symmetric and bilinear

we need to pass to a hotel coordinate chart to see this

The kernel of Ifp consists of all vtTyM
Sit Jeff w u O UweTM
Given the computation above we ran characterize

it as

kerff veTpM Is 231 1141011124,10 0

for some chart y and ell j 1 n

We can now similarly define the intrinsic third
derivative at points pe Crit f

Ifp kerf'f x kerf'f xkerd'f IR



For us Va v e Kerdefy choose ni IR M suits that

710 p and g Vi Define Ifp via the formula

Ifp us usv3 23fon
2 1222 3 X x2 X D

Just as above we can show that Ifp is well defined

i.e not dependent on n by passing to a local chart

Def Given a function fi m IR on a manifold we

say that Po is a Morse criticalpoint if we have

H p e Crit f

lil Jim I kerldefp.tl D

Def Given a function fi m IR on a manifold we

say that Po is a cusp criticalpoint if we have

H p e Crit f

lil Jim I kerldefp.tl 1 say Ru kerfftp.l veTqM
Hit ftp.lyyul to


