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|n orJer to Qﬂorec-‘aee Q'ﬂ Kind o‘g i”"“ﬁ"jj ,ie is helpgul
to bear in mind some keS Motivating Ffol)lems ie

l’lelfs So\ve.

‘Steenfoé's real zation fohleml

Given « copological spae X and e H"(X;1Fy) , does
drere exist Q smoor,L) n-manﬂolé M ané Continuous g:H—:X
a6 (M) = 2

M TLom's b’r,for N lol)ar()ism

EPseuJo - is0topy pro“em %

® Ded i Lee M be a cmooth , cdosed (0-1) -dim
mani%old and lee Di¥(M) denove the J«SScomorFLism
Qrovp ol M equipped  with the Wh-‘ene\‘s Cm—eopologs.
An isotopy of M is a smooth path
Fo T —D:lt (M)
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such  that ® J,0x)vx ¥xeM

S the mayp M*¥L — M is woodly
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Emep’e(s) to keep in mind ¢
The (half) Dehn twist on ehe C:S[mJer S Q) S0 6opy $vom

the identity o1 S’ to itsels (votation by )
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el d t_ﬁ

ng-: An iSoeoES F indyces a e\n”eomorf)h(sm 0}

the c:&l;néer MxT —>M«x]
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Examp‘e to keep in mind 3

hee  T(M) ¢ DIS(M<I) be the subgroup of Ji§feomorphisams
induced by isotopies , i.e
he T(M) => 1) Lixo) = x
2) ol = my
There is a lebe group action Tin) & pist( M)
qiven (5 ' restricting o che too di¥feomorphism™ | ie

heb (x) =l $x), 1)



Deg—'. Two JE”COmOrF[ﬁSmS og' H Qre caUeJ ismso(ol:

4 the_\j ore in the some orbit under ehe action eg I(!"i)

Remark‘. Unpackiqs éeginitions . 9— iso+0(oic 3 i 4

Iew/—pfeserviz_)g H: MxT —=H-T s.¢. H £ H
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;or the dedinizion o} Fseu)o-fsoto(oies , we relax che

level preserving (ondision o} isotopies

D_eg: A chléo-isotoP_S od M is q é:ggeomorplﬁsm
M=T > Mx1

sk, (wm,0) ¥>[m,0)

Examp\e to keep in mind 2
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Lee P(H)C Dl%(”"l) be the 3“63(-:)(1(0 ol pseuJo—l'mi-O(oies.
We simi{’arl_'.s have a lefe group aceion  PIK) M Dis(H)

0nd  +wo Qfsfx—camor(ok'sms ot M are (alled pseudo ~isoropic

.-% eLeg afe i aLe came O/b\'t uNder !:lm's action,

Rem Qr ]4, . I(H) C P[H) 63 éoﬂm:' tion, Le/ne isotopic = pseuJo~lso+opic



Quesﬂon: Unc)(’f w]m'cl'\ canc)ibions Jo we a!so ‘oave blot

fouJo “iso bopic &> isotapic 2

O bserva tion 0n exomples we keep in mind:

There is an is0topg 0N the cd?;n‘lor that sends
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@ égfg'g {esul{;s on ch PseuJo-isow[o:\S_pfoblem

and  iss QP{J’«' cations

_|_L1€0fefYI| )\,et M ‘)e a SMOOCLI,(—IOS&J meﬂlX'oU. ,g
T\’.(H)'-O and J.'M(H)?—SJ then tLe 8row(0 F(M) of’

psCuJo«iSO-l'af;ie.s is w/meceeJ,

goranrs i| Une’ff L'Le assump tions al:ove)

PseuJo—;sobopb = isotopy , .. two éisgeomo?lnisms o3 M

ore PseuJo —iSo-)oPic i&g t["efS afe fsometc,

P/oogi
The theorem imp/e'a thae Yor any Fe P(M) C D-‘”(Mxl)/




there exists M IT—> P(M)
0> F
1 T4
SupPose chat £ g ¢ Dis§(N) ere pseudo-isotopic, i.e.
shere  exists Fe P(H) st $£(x = F(3(><),i) .
Consider the path x: T — Difk (4)
¢ = [y rle)( g, 4]
We have ylo]*‘—} ad yM =q , hence § ad q ae jsoropi. |

aa“>

COYOMO{S Q.| For nz6, wehave T, (DiS4(D") <0,
Di11(D", 30

Proot: Every Jig'gewworph(sm & D" s iso+opic  to

Q AY&‘?’QOMOIPL(Sm that restrices to vhe ideatits on

the ball o radius 172,

The ressriction of  such a eomaphism +o D'\B),

dedines q PseuJo—iso+og3 o8 S™' The +heotem implies +har

k\«is ()seuJo«isong oS+ be iso+a€ic to +he iéem—ibi. |

P\,ngfk.: This iM(Jlie_S that “Jisk - bundles over S' are trivial
Yor n26 L T,(BD#GM) & miDisto) 20] .




S P\efakion wil:l': Cricica»! points og'

smooth functions

J/\ow Joes the Pseudo-iso+0f75 problEm have angtkiﬁ

t+to Jo Wfth Cribicoj Poi/)bs ogr SmOotln reaI-vJ-/oJ gvnc-ﬁons?

We alleqdy qee a climpse 3 elae through the examples

we have kept in mind
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Degi )\ee g’ H—"p\ ée 9 SMOocln gu/)m'on. —Tke Po:’nf
peM s called  cricical point 4 the IMeential i s

O. —rblis Wéans GIMM gaf some Lone\ thys 043) c[dar{-.

p: UM — R evound p, d(fog?) (¢h)z 0 Jor izd . yn.
Bx;

Let FM)=F bo the spate of cmooth Lyncerons
S:M J—1 ]/\OWB Nno cn'bic&( {JOMtS ov] L’lqe éounJo/fB)



Sa&lssn\'nj 43"'10) -’-M "SO}/ -9-‘(4)-‘/‘{*5[} Q/]cl em)oweel with
tLE (U‘nieneg Cw—toFoloﬂts.

,)\,Ct ?.(.M) CFCM) be the open sul:s/oaze og f'unctn'ons
withoue crivical POim,S.

[A,R) M (R)— l?)—>n—,-[,4ﬁ

Remark : FIM) is conactible | hence <o, (8) - A=
(f(” ) = m, (F(M E(m); ) , where mMy:MxI—TI is
the PfoJece,on, 63 the \woﬂs éxa(t se<7uente ¥arq ‘aa»'f.

N To understeand ﬁiu( Flm), €M ; TT,_) ) and  hence
ﬂ?[ﬁlf‘l)ﬁ@ , weé need +o s(-qJ_tj ﬁsmf les o Smoo th

real-valued $unceors . This is what Cerl thearg is aboue!

Big Picwre s We can wte  Cerd theog to understand
the homotog:S groups oF ElM) lby the above remark] ond
we wild build o Sibrgeon  TM)—> P(M)
!
E(m)
that will thes 8(\/6 uS Qeeess to he homoeop5

groups ol PM).
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Fl’fsb Note thae Blwr(, IS aQ !Je action »2 P(H) on F[M)/
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'&Df/grine P as Yol ows: H]I D ST
“'z |
P(§) —— £(n) P

[ DiMrToNsT) = (D' MyT—1)

Noee that \Tzo D“ [ E,lr‘\)/ Sinte D Q A"'%eomaffk'srﬂ
Nete , also, that P“ [ITQ) = T ().

‘RQCQU:". A &i bfakim 1S Q maf) P:E—>B that sotislies the
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A (rather stvo@.) way of showing ghae pisa {i bravion



[ 5_5 showi{\g kl,,at ic qém\'hs Q sece;oo) i.e. @ mgf)

gv R —EF s, Pos:\é.

B (onstruct q seewion of p, S &m)— Pln).

To do o, we 1eed o pick a Wiemamvan meefit g on M.
lek 8: 3 ®de Le elne P/oéuce me<tric o/ H"j—.
M

ﬁol any gé £(M) ) cons.'Je/ the g(a‘)"ﬂﬂt vetior !HJ(:]
V4.

et wp:MxI—— M be she mep ther auouates o
ony w e MxL  ¢he inisiad point ia  MrioJ 0% the
Llow line o ng chat  passes gla{ougln w.




which lees us Jdefine the section (norer it depends on g)

S Eln > 2 (M)
($:Me1=T) > [ B Ml — )

[laim\ The above (onstruned map S: e(M) — PW)
iS a gection 93 f): Py — ¢)

po_S <id

ProoaQZ B_'S constfaftionl wé hax/e

M =T Lm x]
£
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v P"S“) - f’( By') = ity o (3] < ”2°B+r’t_|

Since pis a Jibration, we ga(ma”j Know that the
filer of eoch point in the comected tomposess f my i

)’lomo-ij equiwleaf +o 1(M)- A S'l(onjff stqtemeqgy S

n ace  erue: P! ?
|
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V)
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che came $iber of P * and onlj .-3, thee s an n'sm:qoj

L such thae D, °I =Ds.
ELoq 9ince Dj_ ond Dy_ «ve on the <ame Q—.’be\/ .9

P, we muse have
-] | . A -
Mo D, =1eDy &> mye D oDy) =11,
which imf)lié’s that D;“’Dl is Ieve,f—presem'ng and hente

an isotopﬁ. We eake 'I=D:'°D1.J

We can now state che main resules undedying

Cer(~'$ aPPfoacL to -Ll‘)e FseuJo-n’sohoP:S pfoblom.

p{ofosi{:l'00| | ee DM*T—>M+I be a PSecho—n‘sowloj.
Then  there is Q PQ&’/: . dfmcﬂb-s 575 é E‘M) ; Ocsed |
conneceinfS [J(D) = MaoD”' +o ¢he projection Ty:MxI—1I,
S and only i+ there is a one-paramecer gamilj %

P Sey c\a - 1%0 eofyies conne ceiag D to0 an 1'S0+op3.

Pfoo&: (&) Ths diveeion easy. £ here is q
pach i PH) Lom D to an isotopy P(b') 'S



Q PQ(:'A W) ﬁtM) co/mec{iﬂg F(D) to ﬂ’g.

( :>) F or bh.‘.s J;rc ction , We wl use tbe Slction

S: EM) D PM). 1# chee s a path 17 e0)

conne coing wieh T then 's a
pach of  pseddo-isotopies  Rom a  pseudo-isotopy
D’ that lies on +he same $rber as D 1o as isoropy K.
As we have see, for some isovopy 1

UV sing che  coneracti blivy of he space >4 rsotopies
shere  is q path fom D to DL Comgosflig ¢he Hwo
we Qet a path of psewdo 4sorpies bom D 40 K whic

fim’shes ele pfoaQ.J

Theorem| 18 m (P, e00) =53 e, o cven
Paeln in  Fm) with end poiats in Em) dedorms velacive

to (¢S eanomes to a path in €N ) hen every
Pseq éo-ismopﬂ oI M Aejoﬂns bloroﬁla f)seuéo—c'soi—op"e_s
to the identivd. |n parcicular, in whis case any
J 8o morp hism — ¢: Mo M pseuJa -isotopic o <he i den ey

5 isowryic t0 (,—l,e .'Jenci(-i.s,

M; Fln) s (‘ox)’crac+n'b|€/ ﬂi[F(M)IQOU) =§a8 =



= 175 (ECN\)) = §af and the result  the Zoll ours ¥Y0M
the above pfofasi h‘OﬂJ

(ecd’s eheorem Suppose  that T, (M) =0 and the
dimension  of s at lease 5. Then Ty (Fiw) £m))=3)
e, Every paela 1] ):(M) W.'ch end poiats A (M)

dedoms relacive +o its end points  to q paels in ZLM).

CDfD Jualsi Far 4/5 Qfmglj -'CO/I/IQCECA M ol Jdimension ae

|€0/$t. S/ 005 pSeuJo—l'%top:S 0'(' A ca/mez&eé viq
Q eqeb ol loseuJo -isotopi/éS  +o an I'S-oropj a19 hesce

eLc_ ( 39/1 b/uy
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We hove ‘veduced  the PseuJo-iso+op5 problem to Q

Stotement abwue the relative Sundamenvod groqp A
bhe pair  (F(H), &m). This is seidf quite herd!

J (M) '"31” be contracsible bur +hat Joesns hely
400 mul'tl wi'eh t’Le PG!’V /‘}:(M), E(M)) . FLUH) s

quite compl:caee.l L but  ehoakfuld 4 there  are  sulspares

}O(M), Fm y ):2(H) that we cay élffl"ci(flj

Uan’rseaﬂJ w«'kl«. tLe pfoppffles'.

© som) is degse is F (M)

® Mafs ( I/ F o) l/f'"[ll)) 1S dease in MQPS(I) F/H))
8 Maps (I*, Foa) v mus®) is dease in  Maps (T Fin)

Ugi/)j those resulss | we will be able €o substiewre S (H)

Yoo FUM) = FOM UFYMUFN  ond ecpliciek sl

3

ehis spate.
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ng"- )v?& f’iM—ﬂR l)e Q Smooth y—uﬂc{-fon and

PsM a criticad pone. Recal, this moas ehat bor some

(am) L.m(e onﬂ) caafJinafe cLar# [x,_,,...,)(,,\ a/omJ P’

| 0. A ericical paat p is called noa-degenerare  ov
o%;
e od Horse type i} the Hessian A g at F

) +0.
P/

B cmoosh vead-valied fumtion £ ois catled Morse 4
all (ss m’eiwl ‘ooms are J P{ar:e type.

a)(.be

is non~$i03dlav’) i e, Jet-( L

A Horse fuﬂceioﬂ (3 CaueJ fxml/mk lf 5 Cﬂ'bl'(a»{

values are  pairwise distiace.

queorem‘ —“16’ Spale af fxceljmt /L'{orse gumeioﬁ
FOM) is en open and desse subet o F(M) = (T(M;R)
in &LC Coo (in fa(l' 62) bop0/035o

l also Pfarm' ceJ an  oxp ,icif' unJm+aan/5 o},i J; °(u)

Morse Iémmq‘ | § F s q ﬂon-JgeoeraL—e critical poiat

OQ' 9’, 3 Q coovdinate chavt cenfereJ at p s .

ylxl ,-=aXp) = £(0) -sz'v...' 33’ y o2 +.»+3:'

Y



g'or some Q¢tien ,CO.UH) *Le in)ex ol P

P(oog- skeech §

Séep L: Pick any coordinate Sys+em arousd o.
We w M LVIJ ﬁdnlh'ons —F_,_,_.., £4 S.t.

f—(xll__., x,) T ) ¢4 ‘AZ1 X;f—;(xi.--,x,.)

BS blre LmJamenteI eLeoff'm dg w((“l'”/ we lmve
Llx, o x,) = Flo) + V%Hexu-vf&)Jt

By ehe Chan vule, we hove
;—(xi_, ,%,) T o) 4 L

I
S I M lexy pytxa) -x; de =
1S

N

{
< ) ¢ ZX Y i’““‘u—;"‘)‘a) dt
o

=1 oX;

US:ng bln% F (s Q (ne:an( point Q_Q(O) =0 and heae

O%;
-Y(O) 0 ,So Wé can repea; #Lu proess 61 ;m)
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