
 An introduction to pseudo isotopy and
Morse theory

Introducing the pseudo isotopy problem

Question What tools do we have to studyquestions
about smooth manifolds

Two very influential interplays h e been

Differential topology
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In order to appreciate any kind of interplay it is helpful

to bear in mind some key motivating problems it
helps solve
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Intereselzeeneblem

Given a topological spare X and heh X It does

there exist a smooth n manifold M and continuous fire i X
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Ms Thom's theory on Cobordism
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Def Let M be a smooth closed in 1 dim

manifold and let Diff M denote the diffeomorphism

group of M equipped with the Whitney C topology

An isotopy of M is a smooth path
FF I s Diff M
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Exampleest to keep in mind

The half Dehn twist on the cylinder is an isotopy from

the identity on S to itself rotation by a
a I
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Def An isotopy F induces a diffeomorphism of
the cylinder MM I DMM I
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Example to keep in mind

Let T M C Diff MxI be the subgroup of diffeomorphisms
induced by isotopies i.e

he Ilm 1 44 01
2 Azoth it

There is a left group action Ilm a Diff Ml

given by restricting to the top diffeomorphism i.e

hoof1 1 4471 1,1



Def two diffeomorphisms of M are called isotopic
if they are in the same orbit under the action of IIM

Remark Unpacking definitions f isotopic g if F

level preserving H MI MI sit At
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For the definition of pseudo isotopies we relax the

level preserving condition of isotopies
Def of A pseudo isotopy of M is a diffeomorphism

MxI MxI
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Egge
to keep in mind

Let PIM C Diff MI be the subgroup of pseudoisotopes
We similarly have a left group action PIM A Diff M

and two diffeomorphisms of M are called pseudo isotopic

if they are in the same orbit under this action

Remark IMC PIM by definition hence isotopy pseudotissotootpipy



Question Under which conditions do we also have that

pseudo isoterpipyes issotispatopy

Observation on examples we keep in mind

Cerf's results on the pseudo isotopy problem
and its applications

heorem Let M be a smooth closed manifold If

IT M O and JimM 25 then the group PCM of
pseudo isotopies is connected

Corollary 1 Under theassumptions above

pseudo isotopy a isotopy i.e two diffeomorphisms of M

are pseudo isotopic iff they are isotopic

Proof

The theorem implies that for any Fe PCM c Diff IM Il



there exists F I PCM

I D F
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Suppose that f g e Diff M are pseudo isotopic i.e

there exists Fe PIM sit fix Flglx 1

Consider the path y I a Diff M
t l sEx FA ga ID

We have plot f and flategg hence f andg are isotopic

is It d
s

Corollary 2 For n26 wehave To Diff D 1 0

Diff D 2D

Proof Every diffeomorphism of D is isotopic to

a diffeomorphism that restricts to the identity on

the ball of radius 112
The restriction of such a diffeomorphism to D bi
defines a pseudo isotopy of S The theorem implies that

this pseudo isotopy must be isetopi to the identity

Remark This implies that disk bundles over S are trivial

for n 6 IT BDiff Di I I Diff Dy to



Relation with criticalpoints of
smooth functions

How does the pseudo isotopy problem haveanything

to do with critical points of smooth realvalued functions

We already get a ilimpse of that through the examples
we have kept in mind

Def i Let f M IR be a smooth function The point

pen is called criticalpoint if the differential Jfp is

O This means that for some andthusany chart

p UcM IR around p 217094 ppl O for i 1 in
2x

Let FIM F be the space of smooth functions

fimxI I having no critical points on the boundary



satisfying f 107 Mx o f lll Mx l and endowed with

the Whitney Co topology

Let ELM C ILM be the open subspare of functions
without critical points
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Remark's FIM is contractible hence th
i i ii

the projection by the long exalt sequence fora pair

IT EMita we need to study families of smooth

real valued functions This is whatCerf theory is about

Big Picture We can use Cerf theory to understand

the homotopy groups of Elm by the above remark and

we will build a fibration IMM DPIM
w

EM

that will then give us access to the homotopy

groups of PCM



The fibration ILM P'f s
pus id

EM
MII

D
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First note that there is a left action of PIM on FIM
P M AF M given by D f f D Furthermore

this action stabilizes Elm
Wehave PIM A Elm

Define p as follows MxI
D
MI

P M
P

ga I I't
DIMM I MAID ID IT DE MM I PI

Note that H2oD E ELM since D is a diffeomorphism

Note also that p T2 I M

Recall A fibration is a map p E B that satisfies the

homotopy lifting property
a hi Er

if I e s it pus it

Ead IBB
A rather strong way of showing that p is a fibration



is by showing that it admits a section i e a map

s B SE sit post it

Construit a section of p s Elm PCM

To do so we need to pick a Riemannian metric gm on M

Let gigmodt be the product metric on MxI

For any fe Elm consider the gradient vector field

Dgf
Let af M I M be the map that associates to

any w EM I the initial point in Mx of of the

flow line of Dgf that passes through w

We also get a map MxI MxI
WW1 D afflux Ftw

I



which lets us define the section note it depends on g

S ELM PCM

FfM I E I A Bj M I IMAI

Claim The above constructed map S ELM PIM

is a section of p PLM ELM

pos id
Proof By construction we have

M xI Bf IM I
f

I I
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Since p is a fibration we formally know that the

fiber of each point in the consented component of its is
homotopy equivalent to Ilm A stronger statement is

in fact true
Yim't.rs

Claim Two pseudo isotopes Da and Da are in



the same fiber of p if and only if there is an isotopy
I such that D I D2
Proof Since D and Dr are on the same fiberof

p we must have

Tao D T2 Dj E AzulDidoDe ITT

which implies that Diop is level preserving and hence

an isotopy We take I Dj Da

We can now state the main results undelying
Cerf's approach to the pseudo isotopy problem

Proposition Let D MI MI be a pseudo isotopy
Then there is a path of elements f e Elm Osset

connecting p D Iz D to the projection its MxI I

if and only if there is a one parameter family of

pseudo isotopies conneiting D to an isotopy

Proof e This direction is easy If there is a

path y in PCM from D to an isotopy ply is



a path in ELM connecting p D to T2

3 For this direction we will use the section

S ELM I PCM If there is a path f in Elm

connecting p D T2 D with T2 then rly is a

path of pseudo isotopes from a pseudo isotopy

D that lies on the same fiber as D to an isotopy K

As we have seen D DOI for some isotopy I

Using the contractibility of the space of isotopes
there is a path from D to D I Composing the two

we get a path of pseudo isotopes from D to k which

finishes the proof

Theorem If it FIM Elm i.e if every
path in 5 M with end points in Elm deforms relative

to its endpoints to a path in Elm then every

pseudo isotopy of M deforms through pseudo isotopies

to the identity In particular in this case any
diffeomorphism y M M pseudo isotopic to the identity
is isotopic to the identity

Proof Elm is contractible it FIM Ecml 5



To Elmi and the result then follows from

the above Proposition

Cerf's theorem Suppose that Is M 0 and the
dimension of is at least 5 Then it FIM ELM

i e every path in 5 M with end points in ECM

deforms relative to its end points to a path in ECM

Corollary For any simply connected M of dimension at
least 5 any pseudo isotopy of M is connected via

a path of pseudo isotopies to an isotopy and hence

the identity



Morse theory

We have reduled the pseudo isotopy problem to a

statement about the relative fundamental group of

the pair 151Mt EMll This is still quite hard

5 m might be contractible but that doesn't help

too much with the pair 5 MI EMil FIM is

quite complicated but thankfully there are subspaces

5 lml F'IMI F M that we can explicitly
understand with the properties

5 m is dense in FIMI

Maps I 5 CMI054mi is dense in Maps I FIMI

Maps I 5 CMI V5 MIURA is dense in Maps If FIMI

Using those results we will be able to substitute FIM
for 5 m 5 MIV54MIUF'M and explicitly study

this space

FIM
This is the space of excellent Morse functions on M



Def Let f M IR be a smooth function and

PEM a critical point Recall this means that forsome

and hence any coordinate chert x2 exit around
p

g p
O A critical point p is called non degenerate or

of Morse type if the Hessian off at p
is non singular i.e Jet tf

dxidyp

O

A smooth real valued function f is called Morse if
all its critical points are of Morse type
A Morse function is called excellent if its critical
values are pairwise distinct

Theorem The spate of excellent Morse functions
5 IM is an open and tense subset of FIM ColmR

in the C infant 2 topology

I also promised an explicit understanding of FIM

Morse lemma if p is a nondegenerate critical point
of f F a coordinate chart ientered at p s t

fly xn flo yet y t it t ty



for some Oei en called the index of p

Proof sketch

Step 1 Pick any coordinate systemaround p
We will find functions fi f sit

f Xs x flo t ÉXifiles Xs

By the fundamental theorem of celialus we have

f x x flo t fi flexin ith It

By the Chair rule we have

f x x if lol t f If If ltxsritxnl xi.tt

I flol t I Xi f If tx tx dt

Using that p is a critical point If 101 0
and hence

fi o O so we can repeat this process and find

functions hi sit fly X flol tf tix hi Xs in



The proof proceeds by diagonalizing this quadratic form in
a nhbd of p using non degeneracy


