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1 What

This mini-course aims at providing an introduction to the world of Mahler’s measure, motivated by Lehmer’s problem.
We will start by looking at the univariate case, and then move to the multivariate setting, focusing in the last part on the
fascinating relations between Mahler measures and special values of L-functions.

Let us be more precise. Formulated almost a century ago in the seminal paper [13], Lehmer’s question still remains
one of the most challenging unsolved tasks in number theory. The main protagonist featured in this problem is Mahler’s
measure, an invariant initially studied by Pierce [17] and Lehmer [13] for univariate polynomials, whose definition was
later generalised by Mahler [14] to the multivariate setting.

Despite the extensive efforts of many researchers, Lehmer’s problem remains open to this day, even if some steps
towards its solutions have been made by Dobrowolski [10] and Smyth [23]. Much more recently, Dimitrov [9] provided
an ingenious solution to a related problem, formulated by Schinzel and Zassenhaus [22].

In a slightly different direction, Boyd [2] proposed a strategy to solve Lehmer’s question based on the limit relations
between the Mahler measures of univariate and multivariate polynomials. These relations were later made more precise
in the work of Lawton [12], which we generalised to sequences of multivariate polynomials in a recent work written
jointly with Brunault, Guilloux and Mehrabdollahei.

The peculiar role played by multivariate Mahler measures in Boyd’s approach towards Lehmer’s problem prompted
Smyth [24] to compute the explicit values for the Mahler measures of some simple linear forms in two and three variables.
Perhaps surprisingly, he found out that these Mahler measures were related to the values at s = 2 of a Dirichlet L-
function, and at s = 3 of Riemann’s ζ-function. The study of Mahler measures of linear forms was further continued by
Cassaigne and Maillot [15, § 7.3], who connected them to the Bloch-Wigner dilogarithm [26], and thus to the world of
hyperbolic geometry. More recently, Rodriguez-Villegas, Toledano and Vaaler [19] provided explicit formulas for these
linear Mahler measures, and Borwein, Straub, Wan and Zudilin [1] linked linear Mahler measures to the densities of
uniform random walks in the plane.

Going back to the 1980s, the remarkable identities proved by Smyth prompted Boyd [3] to carry out extensive numer-
ical computations on Mahler measures for families of polynomials in two variables, looking for identities between them
and more complicated L-functions. Some of these identities, relating Mahler measures of bivariate polynomials to the
special value at s = 2 of L-functions associated to elliptic curves, were linked to modular forms in the work of Rodriguez-
Villegas [18], and proved much more recently using a clever idea of Rogers and Zudilin [20, 21], later generalized in the
work of Brunault [5, 6] and in the PhD thesis of Wang [25].

Finally, a fascinating link between the numerical identities provided by Boyd’s work and the deep conjectures of
Beilinson concerning special values of L-functions was found by Deninger [8]. His approach, however, did not manage
to give a conceptual explanation for the identities proved by Smyth, which started the whole story! Some ideas towards
such a conceptual explanation were put forward by Maillot [4, § 8] and Lalín [11], and are the subject of recent joint work
with Brunault (see [16, Chapter 5] for a summary).

2 When

The mini-course will consist of six lectures of one hour each, and will take place between the 28th and the 30th of March,
2022.
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3 Who

The lectures will be accessible to master and doctoral students with an interest in number theory and algebraic geometry.

4 Where

The lectures will take place in the Mathematics Department of Stellenbosch University (South Africa).

5 How

The main reference for this mini-course will be the recent book [7] by Brunault and Zudilin, and occasional references
may be made to the works mentioned in Section 1.

The following provides a tentative schedule for the topics covered in each lecture, which may be changed according
to the interests of the participants:

1. Mahler measures of univariate polynomials, Jensen’s formula and Lehmer’s problem;

2. Partial results towards Lehmer’s problem: the theorems of Smyth, Dobrowolski and Dimitrov;

3. Lehmer’s problem and limits of multivariate Mahler measures;

4. Mahler measures of linear forms: explicit formulas, asymptotics and conjectures;

5. Mahler measures and elliptic curves: an introduction to the Rogers-Zudilin method;

6. Mahler measures as periods: Beilinson’s conjectures and exact polynomials.

Given the amount of material to be covered, the lectures will mainly strive to convey the key points of the proofs
involved, while skipping some technical parts.
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