THE DISTRIBUTION OF ASCENTS OF SIZE ¢ OR MORE IN
PARTITIONS OF n
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ABSTRACT. A partition of a positive integer n is a finite sequence of positive integers
a1, ag, ..., ag such that a; +as+---+ar = n and a;11 > a; for all i. Let d be a fixed
positive integer. We say that we have an ascent of size d or more if a;,41 > a; + d.
We determine the mean, the variance and the limiting distribution of the number of
ascents of size d or more in the partitions of n.

1. INTRODUCTION

A partition of a positive integer n is a finite sequence of positive integers a1, as, ..., a
such that a; +as + -+ 4+ ax = n and a;,.1 > a; for all i. We say n is the size of the
partition, a; is the ith part of the partition and we call p(n) the number of partitions
of n.

For instance the 11 partitions of n = 6 are 6, 15, 24, 33, 222, 123, 114, 1113, 1122,
11112 and 111111, i.e., p(6) = 11.

We define an ascent of size d or more whenever a;,1 > a; + d. In this paper we aim to
look at the distribution of the number of ascents of size d or more in the partitions of
n. The case for d = 0, equivalent to the number of parts in partitions of n, was first
studied by P. Erdds and J. Lehner in [5]. Henceforth we will restrict our attention to
the case where d > 1.

In Section 2, we find an expression for the mean number of ascents of size d or more
in the partitions of n. For this, we use a generating function and Ferrer’s diagrams. If
a, is the number of ascents of size d or more in a random partition of n, we find that

p(n)

In Section 3, we proceed to find the variance V(«,,), where for d > 1

- o | 2
= ;(2 +Dpn—d(3+0) + s gp(n —d(3 + 2)) + E(an) — E(ay)?.

In Section 4, we find an asymptotic expression for the mean and prove that as n — oo

Von 3 1
E(ay) ~ Yt =
(an) md  7w*d 2
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In Section 5, we find the following asymptotic expression for the variance:

Von(dw>—6) 3 18
Viam) ~ 2d?73 + 2dn? 2t

Finally, in Section 6, we show using the saddle point method that asymptotically this
number of ascents follows a normal distribution with mean and variance found in Sec-
tions 4 and 5 respectively.

2. GENERATING FUNCTION: FERRERS’ DIAGRAMS

In this section, we find a connection between partitions with an ascent of size d and
partitions with a part of multiplicity d. To show this, we first need to consider the
Ferrers graphical representation of a partition, which is a collection of lattice points
where each row of dots corresponds to a part of the partition, as seen in [1].

For instance, the Ferrers graphical representation of the partition of 13, 1+2+5+5 is

1 °

2 ° °

5 ) ° ) ° )
5 ) . ) ° )

4 3 2 2 2

If we add up the number of dots in each column, we obtain another partition called
the conjugate of the original partition. In our example, the conjugate of 142+5+5 is
44+3+2424-2.

The partition 1424-5+5 has an ascent of size 3 between the parts 2 and 5. This, in
turn, is reflected in the conjugate with a part of multiplicity 3. The part 2 is repeated
3 times.

The idea can be generalised, i.e., the conjugate of a partition with an ascent of size d or
more has a part with multiplicity of at least d. Let us look at the generating function
where z marks the size of the partition and v marks the parts with multiplicity of at
least d.

- _ i L di
_H(11—zi +“1_zz‘) (2.1)
= P(2) H (14 (u—1)2%) (2.2)
where P(z) = [ =5 = > p(n)z"
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As usual, to obtain the number of parts with multiplicity of at least d, we differentiate
with respect to u and put v = 1, to obtain

Zd

1 — 24"

%amﬂhﬁ:mazyﬁzm@

However, this is perhaps not totally correct! Let’s look at, for instance, the partition
of 9, 4+5.

(2.3)

5 ° ° ° ° °

2 2 2 2 1

It has no ascent of size d = 3 or more, but its conjugate does have a part 2, of
multiplicity of 4 which is greater than 3. The above formula fails when the partition
has a first part of size greater or equal to d, here the first part 4 > 3 = d. For
convenience, we will count a first element that is > d as an ascent as well (one could
argue that this is an ascent from 0), which simplifies the calculations. Asymptotically,
this does not make a difference, except for the case d = 1; but even in this case the
difference is marginal. Hence the final number of ascents is

(P = s S 2.40)

n>0
=Y p(n—md). (2.5)
m>1
The expected number E(«,,) of ascents per partition of n of size d or more is the number
of ascents obtained in (2.5) divided by the total number p(n) of partitions of n, hence:

Theorem 1. The expected number of ascents per partition of n of size d or more is

nglp(n — md)

E(an,) =

> 1. .
() ford>1 (2.6)
Wilf in [9] studied the number of distinct part sizes in partitions, this corresponds to
ascents of size d or more when d = 1. Knopfmacher and Warlimont in [7] studied
details of gaps in partitions which is equivalent to ascents of size 2 or more. Also
Corteel et al. in [3] have investigated various questions relating to distinct part sizes
and multiplicity of parts in partitions.

3. VARIANCE OF THE NUMBER OF ASCENTS OF SIZE d OR MORE IN THE
PARTITIONS OF n

Again we shall use the generating function found in Section 2. Differentiating

1_Zid Zid
Gd(z,u):H(l_zi +u1—zi) (3.1)

i>1
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twice with respect to u and setting v = 1, we obtain

92
%Gd(z,qﬁ u=1
_ H 1 d_* _y2d L2 LAd 4 3d L6 4
L 1— 2t 1 — zd 1—zd 1—2zd
i>1
A sd o\ 2 »2d
o () -1
>0
Hence
. 82 223(1
g Gz ) ;p (1— 29)(1 — 224)
. 1 1
_ [.n—3d N\
- [Z ]Ep@)z ((1 . zd)2 + 1 . sz)
i>0
_ [Zn—3d] Zp<])2] (Z(Z + 1)sz + Z Z2id>
>0 i>0 i>0
—Zz—l— (n—d(3+1)) —|—an— d(3 + 2i)). (3.2)
i>0 i>0
It follows that the variance is
1 n 0? 0 9
V(O{n) = M ([Z ]%Gd(z U) —1 +[ ]8qu(Z U) ul) — E(Q{n)
1
= i+ Dpn—dB+1i)+—— pn—d3+2i)+E(a,) — E(a,)?,
p(mizzo( )p( (3+1)) p(”)izzo( ( )) +E(an) — E(ay)

so we have the following theorem:

Theorem 2. The variance of the number of ascents per partition of n of size d or
more is for d > 1

V(ay) = ﬁ Z(i + 1)p(n —d(3+1)) + ]ﬁ Zp(n — d(3 4 20)) + E(ay) — E(ay,)?.

4. ASYMPTOTIC EXPRESSIONS FOR THE MEAN

It is of interest to see how the expected value E(«,,) grows asymptotically as n — oo,

where
Z; p(n —md)
m>1
Ela,) = — for d>1.
(@) p(n)
Let n =r(mod d) for d > 2 and set r =0 if d = 1. Then
n—d—r
d
Z p(n —md) = p(md + ).

m>1 m=0
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We use the asymptotic estimate for p(n)

2n 1 72 —|— 7T2 _9
pln) =" <4\/_n o T O )) ’ (4.1)

which can be found by expanding the dominant term of Rademacher’s series represen-
tation (see [2] for instance) for p(n).
By means of the Euler-MacLaurin summation formula we have the following result

) ]ﬁ anP~3 a?

Thus, working up to order O(\/Lﬁ),

[/ 2(md+r 2(md+r)
s I A e E D

43 md+r B V2 288(md+ r)3/?
1 eV 2 g g2 erV )
43 md(1+-2)  288y2x (md)*2(1+ L)%/
1 VI3 O+ 194 g2 oV (1+21:1d)

T 4/3 md(l+ L) 288v2r (md)P(1+ L)

L eV (1+—W )(1_L>_72+”2 ¢’ Q?d(lju—w )(1——?”
4[ Cmd 6md md 288v/2 7 (md)3/? 6md 2md
Thus

using (4.1)

p(md+1) ~

p(md+r) ~

eV 5 (1+ r )_ 72 + 72 e”\/@
4f Comd 6md 28827 (md)3/?

We now sum over m from m = 1 as the m = 0 term is insignificant. For the accuracy

that is required we shall only take the terms that have f =1or 3/2and a =7 %d in

(4.2), the expansion of

n—d—r n—d—r n—d—r
2md 2 4 T 2md

1 ‘e 3 Tr e’ T2+ 7 e 3

~N — =+ — R
4v3d mzzl m 12v/2 d3/2 mzzl m#?  288\/2 7 d3/? mzzl m?/2

1 = _Ww[\/é(1+d2—*;j)+<3 1>1+%

wd~/n 2d 2
d+r 3(d+r)
PN AL [W“ e~ ]

n

wdn m2d n3/2

24T _pas [VB(14+ S 6 1\ L+ %0
24w ewﬁeﬂ%[\/_( n)+< +§)—. (4.3)

288+/2 wdn m2d n3/2
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We are ready to divide by p(n) using

1 4 2 2
~ v3n 1+ M . (4.4)
p(n) e’ 2?71 72\/ 2nm
We also estimate
e Ve by 1-— M (4.5)

Von

Thus, keeping only the terms involving \/n and constants we obtain after multiplying
(4.3) by (4.4) and substituting (4.5)

n—d—r

mX::lp(md—l—r) Von 72+ 72 3 1 d+r r T2+72

p(n) " rd * 24 72d +7T2d+§ d +E_ 2472 d
von 3 1
rd wd 2

So, finally

Theorem 3. The expected number of ascents of size d or more in the partitions of n
18

B Von 3 1
(O{n)’\-’ﬁ m—i as n — oQ.

5. ASYMPTOTIC EXPRESSIONS FOR THE VARIANCE

Theorem 4. For d > 1 the variance for the number of ascents of size d or more
satisfies

V(a,) \/671(al7r2—6)+ 3 18
Q) ~ — .

2d?73 2dn?  d?mt
Proof. Since the sums in the variance include terms of magnitude np(n) we require
more precise asymptotic estimates than in the case of the mean in order to correctly
compute the constant term in the variance. For the number of partitions p(n) we use

the asymptotic estimate
o 1 72 + w2 432 + 72
n)=¢e"Vvs — + +On5/2)
p(n) <4\/§n syt aroasyame O )

which can be found by further expanding the dominant term of Rademacher’s series
representation for p(n).

(5.1)

Via the Euler-Maclaurin summation formula we get the more precise asymptotic for-

mula for ) eﬁ;’
1<k<n
3 Maweﬁa 2 a2+85—4+a4+966(25—1)
== kb anb~3 202 nf 2403 nf+s

e [ B(a* —1928% +48) o8 — 460803 (483 + 482 — 3 — 1) 52)
1204 nf+! 576005 nf+3 ' '
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For the first sum in the variance
Z p(n —d(3 + 2i))
>0

we can use the same asymptotic estimates as used to find the mean to obtain

\/7\/— 3 »
o1 dm 2d7r2 ’

For the other sum in the variance the more precise asymptotic estimates (5.1) and (5.2)
are required. For

6 = ﬁZ(H Dp(n — d(3 + 1)) = Z%n) 3 (# —m) p(dm +7)

where n — d(3+14) =r (mod d) with 0 < r < d — 1, we eventually obtain
6n_ V6 (3 — 2dr?) \/n N 1rtd? — 3(24d + 1)72 + 108

d?m? d?m3 12d?7?

We must also compute a more precise estimate for the mean value

V6y/n N 3 1 N 2rtd? — 372 + 216
dr | dr? 2 24v/6d\/nm3

The 1/4/n term above is needed in order to find the constant term in E(c,)?.

This gives for the variance the estimate

Y (5.3)

Sg

E(ay,) =

Von (dr? —6) 3 18

V(o) =51+ 52+ E(av,) — E(an)z ~ 24273 + 2dr?  d2rt

as claimed.

6. LIMITING DISTRIBUTION

In this section, we are going to show that the number of ascents of size at least d in
a random number partition asymptotically follows a normal law. The proof will run
along the same lines as in Hwang’s paper [6]. However, since our setting is less general
than Hwang’s, some of his methods can be replaced by simpler ones. In order to make
this paper self-contained, we are going to give almost all details. Again, we start with
the generating function

Ga(z) == Gy(z,u) = H M

Then we know that
1 i ) )
Qn(u) == [2"]|G4(2) = %/ 25 "¢ MG g(z0e™, u) di

for an arbitrary positive real number z; < 1. We are going to consider the integrand’s
logarithm

Zlog 1L+ (u—1)2%) Zlog (1—27) —nlogz.

Jj=1 Jj=1
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In order to apply the saddle point method, we have to determine 2 in such a way that
. -1

/( ) i dj(u B 1)’28[]'71 + - .]ZO n 0 (6 1)
R A R PR A R S

We write e for 2y, which yields the equation
= dj(u—1)e” je b = dj(u—1) g
Zl+(u—1 —diB 21—635 ;u—1+edj5+;eﬂ'ﬂ—l_n'

Next, we want to apply the Euler-Maclaurin summation formula. To this end, we use
the following integral representation of the second-order polylogarithm Lis(x) (which

can be written as ), -, i—; for x| < 1, see [8]):

o vHet v

or v > —1. In the special cases v = —1 and v = 0, we obtain = and 1 respectively.
P . P y

Lemma 1.

In the following, we write v for v — 1. Furthermore, we fix a real number § > 0
and assume § < u < §~'. Thus, “uniformly” is supposed to mean “uniformly for
§ <u <5 or “uniformly for § —1 < v < 61 —17. We have, by the Euler-Maclaurin
summation formula,

e.9] . 2

J m 1
—=——-—40(1
Zeﬂﬁ—l 65 25 W)

j=1

and
= djv L
St = o)
pcll +e dB?
the latter holding uniformly in v. Hence, we can write equation (6.1) as
72 Lig(1 — u) 1
—— | 5" O
( 5 g > s 5 +0s(1) =
which means that the solution to this equation is 2y = e™?, where
b 1
= — — — +05(n7%?).
b vno 4dn +O0s(n ")
b = b(u) is used as an abbreviation for %2 - w in this and the subsequent

formulas.
In a similar manner, we have

o0 2
- Zlog(l —e P = g_ﬁ + %log (%) + O(f)
=1

and

> j2e*75 2 1
; A-cop a5 ap OV



THE DISTRIBUTION OF ASCENTS OF SIZE d OR MORE IN PARTITIONS OF n 9

as well as
- . Liy(— 1
Zlog(l + ve” 9Py = _Li(zv) 1 log(1 4+ v) + Os(5)
= dg 2
and
N 2e~ 48 2 Liy(—v)
J-e 2
— == 210
— (14 ve~4P)? 33 +Os(B),

uniformly in v. Thus we have

:ZIOg(l—i-(u ‘W Zlog 1—e" Jﬁ)—knﬁ
i—1

J<7T—2 — M) [ - log (2ﬁ > +nf + Os(f)

6 d

b —
_ Qb\/_+ log (ZWu\/ﬁ) + Os(n 1/2)
and
"(e”) = d2 Alu—Der @20 dj(u—D)e” TP j2enUT0 e UTIRN

g (e = o (u—1)e"4P)2 1+ (u—1)e 48 (I—e P2  1—ep

= n+i @j?(u = 1)e”” B dj(u—1)e~ %P8 + jle I8 B je I8

— (1t (u—De @) T4 (u—1ed8 " (1—c9)?2 1—e

20 2n3/2
-5 +05(87°) = —5— + Os(n).

It is also not difficult to show that ¢”’(e™”) = Os(n?). All the estimates hold uniformly
in u.

Now we need a uniform estimate of G4(z) when z is away from the saddle point. We
set z = zpe' and use the abbreviation w = 1 — u. Then we have

2 dj 2 j 2
‘Gd(zo) “TI 1 — w2z 1—2
Ga(2) 1 1 —wz9 o 1— 2]
12 L
: 1— w2y 1 — 27
ZHmln 1L, T —wd H ——
jz1 j>1 0
> Hmin 1, wz(; ‘ Zj
S 1 —wz 1—2)
— T min (1, (1= wzp)” (1 — 25) + 22(1 — cos(tj))
j>1 (1 — wz)? + 2wz (1 — cos(tj)) (1— 22

B 2wz (1 — cos(t])) - 223 (1 — cos(tj))
_g <1+max (0, (1w )) <1+ 1 )
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. -1 ,
H | + max 2wz€)(1 — cps(tj)) L+ 223 (1 — Cqs(t])) '
= (1—2)? (1—2z)?
. —1 .
H |+ max [ 0, 2wz (1 — cps(tj)) |+ 223(1 — cqs(tj)) |

< (1—z)? (1—2)?

Vn<j<2y/n

Since za/ﬁ — e we know that 2} is bounded below for \/n < j < 2y/n. This bound
Let A = A(9)

v

holds uniformly in u again. Consequently, the same is true for (122(]})2.
0

be some lower bound for (12 e . For w < 0, we obtain
20
Gd(Zo) 2 .
] el TI a0 - cos(t),
¢ NN
and for w > 0, we obtain
227 (1—cos(t5))
Galz0) | S L+ =g
Gd(z> - 2wzé‘(1fcos(tj))

Vn<i<2y/n L+ (1—2])2

(1 — w)=23 (1 — cos(t}))

- H 1+ (125"
2z0

(1_w)2% (1 — cos(tj))
> I |1+ (=)
2z0
Vn<ji<2y/n L+ 2w (1—2])2
(1—-w)A :
> 1+ -——(1-— t .
> II (1+ g costai)
Vn<ji<2y/n

It follows that there exists a constant B = B(d) such that

Ga(z0) | .
’d(d > J[ 1+ B -cos(t)))
Gd(z) -
N2 NG
holds uniformly in u. Now it is easy to estimate this product. If n=>/7 < [t| < 5 s W

have n=3/1 < |tj| < 7 for all y/n < j < 2¢/n. Then we may make use of the 1nequahty
2 >1—cosu > 2“ (0 <u <) to deduce

I1 <1 +B(1— cos(tj))) > ]I (1 + 01t2j2> > (1 4 Cyt2n)Vi+o)
Vr<j<2ym Vr<j<2yn
for some constant C; = C4(9). Furthermore, there is a constant K = K (0) such that
1+ u > ef* holds for all 0 < u < Cy7?/4. Since we have Cit?n < Cy7?/4, it follows
that

H <1 + B(1 — cos(tj))) > CIREPH0(En) 5 (Cat?n®?
NN
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holds for some constant Cy = Cs(8). So if n=>/7 < |t| < #ﬁ, we obtain the estimate

‘Gd(zo)
Ga(z)

which grows faster than any power of n. For #ﬁ < |t| < 7, we consider the set

C C
T2t2n3/2 £2,1/14

>e > ez : (6.2)

{Vn <j<2vn:|tj —2kn| <n V' for some integer k}|.

There are at most @ + 1 possible values for k, since we have |t|\/n < [tj| < 2|t|/n.

2n*|t1|/ 2 41 different values of j belonging to any given

k. Hence the cardinality of this set is at most

on~1/12 n|t n|t n
so that we obtain the estimate

H <1 + B(1 — cos(tj))) > (14 B(1 — cos n71/12))\/ﬁ/2+o(n5/12)

Furthermore, there are at most

NN
= (1+ Bn~Y0/2 4 O(n~/3))Vr/2+00™)
— exp(Bn'/? /44 O(n'/4))
and finally, for all 57~ < t] <,
Gale) |, s usonsy 5 o 63
Ga(z) | — -

if C is chosen appropriately. Now we are ready to apply the saddle-point method: we
have

1 n . . 1 7T .
Qn(u) / Zo_”e_thd(zoe”) dt exp(gd(zoe”)) dt.

:% - :% -

This integral is split into two parts, one of which is negligible. In fact we have, by the
previous estimates,

1y [m ) 1
- i dt‘ < —
zw‘ /n o exp(ga(zoe™)) dt| < o /

(" Ga(z0€")
——| dt
exp(gd(zo)) Gd<ZO)

1
< 5 exp(ga(=0)) exp(~Con'/1/2),

5/7

™

. | exp(ga(z0€™))| dt

2w n—5/7

and an analogous estimate holds for the integral between —m and —n~=°/" as well. Thus
we are left with the integral between —n =7 and n~>/7. The Taylor expansion of g,(z)
around z gives us

94(2) = ga(z0) + 9" (20)(z — 20)* + Os(n*(z — 20)*).
For z = zpe™ with —n =57 <t < n=%7 we have

2=z = zo(it + O(t%)) = (1+ O5(n™"72)) (it + O(n™"7)) = it + Os(n™""™)
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and hence

"
Z _
9a(2) = ga(z0) — #ﬁ + Os(n=Y7). (6.4)
Now we can consider the remaining part of the integral: we have

n—5/7 n=5/7 .

1 ‘ 1 _ _d"CGo) e
5 exp ga(z0e™) dt = == exp(ga(20))(1 4 Os(n 1/7))/ e Ut
2m _n—5/7 2 _n—5/7
where
/OO e TEVE gt < /oo =I5 gy
n=5/7 n—5/7

11/14

n—5/7 b
1
_ (bn’n/m + 05(71’11/14)) exp <_En1/14 + 05(n1/14)>

= Oy (exp (—03n1/14))

holds uniformly in u for some positive constant C5 = C3(J). Therefore,

n=5/7 [e’e] [e’e) 7
g’ (Zo) 2 g (o) 2 _ 97 (20) 42
/ e Edt —/ e Cdt —2/ e” 2 Ut
—n—5/7 —00 —5/7

_ 2m B 1/14
= 7o) + O (exp( Csn ))

=\ S+ 0s(n ),

So this part of the integral is given by

—5/7
L[ it ] — b —1/7
% [ eXp(gd<Zoe )) dt = p—yD (1 + O(g(n )) exp gd<ZO)

- 27:/% -n”t - exp(20v/n) (1 + Os(n”Y7)).

The remaining part of the integral is, as we have seen, negligible. Hence the asymptotic
formula

Qn(u) = % +n”" - exp(2b(w) V) (1 + O5(n 7))

holds uniformly in u. Now, let «,, again be the number of ascents of size d or more in a

random partition of n, and set M, (t) = E(e(®n—#2)t/7n) swhere t is real and p,, o, are

given by y,, = ¥ and o2 = %ﬁ Then we have

_ Qn(eom)
Mn e :U'nt/Un
(t) = Qu(1)

_ Yoeetre) (<= 2 (s = T2) Vi) (1 Ost )

T On 20,
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It is easy to compute the Taylor expansion of b(e) around 0:

dn? —
_ V6 V6, Vel —6)
T 2dm 8d?m3

2+ O(t%),

b(u)
from which we obtain
M, (t) = /2 (L+0 (n Y7+ (Jt] + [t[*)n %))

—-1/12

uniformly in t as tn — 0. By Curtiss’ theorem [4], the distribution of «,, is

asymptotically Gaussian: the normalised random variable w,, := #~=£= satisfies
1 x
Pl <a) =5 [ e Rdt+ol) (6.5)
™ — o

uniformly for all # as n — oco. Now, take 7' = n'/'2/(logn). By Markov’s inequality,
we have

P(w, > x) = P(e* > ) < e M,(t)
— ot tt?/2 (1 +0 (n—1/7 + (|t + |t|3)n_1/4))
for arbitrary t. Specialising ¢ = x, we obtain
Plw, > z) < e /2 (1+0 (n_1/7 + ]T|3n_1/4))

for every 0 < x < T, which simplifies to

P(w, > ) < e /2 (1+0((logn)™%)). (6.6)
An analogous inequality holds for P(w, < —x). If z > T, we take t = T and obtain

P(w, > 2) < e ™2 (14 0((logn)™)) . (6.7)
Summing up, we have the following theorem:

Theorem 5. «,,, the number of ascents of size d or more in a random partition of

n, asymptotically follows a Gaussian distribution with mean E(ay,) ~ p, = % and
variance V(a,) ~ 02 = %. The normalised random wvariable w, = O“”U;n“”
satisfies
1 [* 2
Plw, < z) = — 24t + o(1
(wn < ) 2w[m€ +o(1)
uniformly for all x as n — oo. Furthermore, the exponential bounds
e/ (1+ O((logn) ™)) 0 < <n'/?/(logn),

Plw, > z) < {

o—nt/12z/(2logn) (14 O((logn)™3)) = >n'12/(logn)

hold as well as the analogous inequalities for P(w, < —x).
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