EXTREMAL PROBLEMS FOR TREES WITH GIVEN SEGMENT
SEQUENCE
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ABSTRACT. A segment of a tree T' is a path whose end vertices have degree 1
or at least 3, while all internal vertices have degree 2. The lengths of all the
segments of T' form its segment sequence, in analogy to the degree sequence.
We address a number of extremal problems for the class of all trees with a
given segment sequence. In particular, we determine the extremal trees for
the number of subtrees, the number of matchings and independent sets, the
graph energy, and spectral moments.

1. INTRODUCTION

So-called topological indices are graph invariants that map a graph to a real
number, usually serving as descriptors of the graph structure. Throughout the
years numerous topological indices have been introduced, motivated by various
applications. To give one example, the Wiener index of a graph G is defined as the
sum of all distances between pairs of vertices in G:

W(G) = Z dG(uv U))

{uv}CV(G)

where dg(u,v) (or simply d(u,v) when there is no ambiguity) is the distance be-
tween u and v. Several further examples will be given later.

Particular attention has been given to extremal problems. Here, the general
question is: given a family of graphs, what can be said about the maximum and
minimum values of a given graph invariant and the graphs for which these are
attained? To give a simple example, it is known that the maximum and minimum of
the Wiener index are attained by the path and the star respectively (see |8, Equation
(3)]) if the family of all trees is considered.

A recent paper by Lin and Song [19] considered the family of all trees with a
given segment sequence, and this family will also be the main object of study in our
paper. Let us first define the concept of a segment sequence. We write P(v,w) for
the unique path between two vertices v and w of a tree T', and E(P(v,w)) for its
edge set. A segment of a tree T is a path P(v,w) in T with the property that each
of the ends (v and w) is either a leaf or a branching vertex (vertex whose degree
is at least 3) and that all internal vertices of the path have degree 2. The segment
sequence of T is the non-increasing sequence of the lengths of all segments of T', see
Figure [1| for an example. If (I1,1s,...,1;,) is the segment sequence of a tree, then
the number of edges is [; + I3 + ... + [,,, and consequently the number of vertices
Lh+l+...4+1, +1.

Segments can be thought of as building blocks of a tree, and there are, for
example, several formulas that allow for the efficient calculation of the Wiener index
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based on segment lengths, see [8, Section 5]. This was also one of the motivations
to study extremal problems for trees with given segment sequence.

Starlike trees play a special role in this context. For a given segment sequence
(l1,1a, ..., L), the starlike tree S(l1,la,...,ly) is the tree with exactly one vertex
of degree > 3 formed by identifying one end of each of the m segments. It was
shown in [19] that S(l1,l2,...,l;,) minimizes the Wiener index among all trees
with segment sequence (I1,l2,...,1n).

To find the tree with segment sequence (11,12, ..., ;) that mazimizes the Wiener
index turns out to be somewhat more complicated, and it leads naturally to the
notion of quasi-caterpillars. A quasi-caterpillar is a tree with the property that all
its branching vertices (vertices of degree greater than 2) lie on a path, see Figure
It was shown in [4] that the tree maximizing the Wiener index among all trees
with a given segment sequence is necessarily always a quasi-caterpillar, answering a
question that was posed in [19]. Some further properties of the maximizing quasi-
caterpillar were determined in [4] as well.

FIGURE 1. A quasi-caterpillar with segment sequence (5,5,3,3,2,2,2,2,1,1,1,1,1,1).

Similar questions on trees with given number of segments were also discussed
in [19]. It was shown that, among trees with m segments, the Wiener index is
minimized by the balanced starlike tree ST(n,m), defined as the unique starlike
tree S(ly,...,l,) of order n that satisfies |l; — ;| <1 for all 4,5 € {1,2,...,m}.

Again, the maximization problem is slightly more complicated and was settled in
[4]. For given n and m, we define trees O(n, m) (for odd m) and E(n,m) (for even
m) respectively. The graph O(n,m) is obtained from a path vgv; ... v, of length
{=n— mT“ by attaching a total of mT’l leaves to vertices v1,va, ...,V (m—1)/4
and vg_1,V¢-2,...,V_[(m—1)/4], see Figure 2| (left) for the case n = 11, m = 7.
Note that O(n,m) has exactly m segments.

Likewise, E(n,m) is a tree with n vertices and m segments (m even) obtained
from a path vovy ... v of length £ =n — % — 1 by attaching a total of % leaves to
vertices v1,v2, ..., V| (m—2)/4] and Vg_1,V¢_2,. .., V_[(m—2)/4], Where two leaves are
attached to vertex vy (so that it becomes the only vertex of degree 4), see Figure
(right) for the case n =11, m = 8.

N .11,

FIGURE 2. The trees O(11,7) and E(11,8).

It was proven in [4] that O(n,m) (if m is odd) and FE(n,m) (if m is even) always
have the greatest Wiener index among trees with n vertices and m segments.
2



The main aim of this paper is to prove several similar results for other graph
invariants. The first of these invariants, and the one we will study most thoroughly,
is the number of subtrees of a tree T, denoted by F(T). The study of extremal
problems involving F'(T) started in |23]/24]. The star was found to have the greatest
number of subtrees, while the path has the least number of subtrees. Special
families of trees have been considered as well, notably trees with given degree
sequence [4422/3031], but also others (trees with given number of leaves, bipartition,
domination number, etc.) [16].

It is known that a not yet fully understood relation between F'(T) and the Wiener
index W(T) exists. Indeed, for the family of all trees and many special families of
trees (e.g. trees with given degree sequence), it is known that the extremal structure
that minimizes F(T) also maximizes W (T) and/or vice versa. The correlation
between various graph invariants was studied in [25], and F(T) and W(T) were
found to be strongly negatively correlated.

Just like the number of subtrees, most of the other invariants we study in this
paper are also based on counting certain substructures. For a rooted tree B,
let m(B, k) be the number of matchings of B with cardinality k¥ and M(B,z) =
Y isom(B, k)z* for any real x (the matching generating polynomial). The Hosoya
index Z(T), which is simply the total number of matchings, is given by

Z(T) = M(T, 1). (1)

The graph energy En(T) is defined as the sum of the absolute values of the eigenval-
ues of a graph. It is strongly related to the Hosoya index by virtue of the remarkable
identity [17]
2 [ dx
En(T) = p /0 ﬁlogM(T, z?). 2)

The Merrifield-Simmons index o(G) is defined as the total number of indepen-
dent sets of GG, in analogy to the Hosoya index. Indeed, the Merrifield-Simmons
index and the Hosoya index do not only have similar definitions, they are also
known to be correlated in a similar way as the Wiener index and the number of
subtrees [25].

Extremal problems for the Merrifield-Simmons index and the Hosoya index have
been studied vigorously; see [27] for a survey on such questions. Specificlally, several
families of trees have been studied in this regard. It is fairly easy to see that the
star and the path are extremal again, and extremal structures are also known for
instance for trees with given diameter [5/15,[18}/20,21], number of leaves |20,[28],
maximum degree [12,26] and degree sequence [2]. The same can be said of the
graph energy, see the recent book [17] and the references therein.

Our last section will be concerned with the number of walks, which is connected
to the spectrum. For a graph G on n vertices with eigenvalues A1, ..., A,, the k-th
spectral moment is defined as

C(k,G) = ixf,
=1

which is also equal to the trace of the k-th power of the adjacency matrix. It is
well known [6] that it coincides with the number of closed walks of length k. If G
is a tree (or any other bipartite graph), then C(2k + 1,G) = 0 for every integer k.
Finally, the Estrada index of G is defined as



which can be rewritten as

k
pp(c) =y “0) 3)
k>0

by expanding the exponential function into a power series. See [10] for a survey
on the Estrada index. Recent extremal results on the Estrada index of trees under
various side conditions can be found in [9,/14,[29]. The approach to the Estrada
index via the number of closed walks was recently used in [3] to study trees with
given degree sequence, and it will be important in this paper as well.

Before we start with the presentation of our results, let us give a brief outline
of this paper. First, we consider subtrees of trees. In Section [2] we first show
that the starlike trees maximize the number of subtrees of any order, a rather
strong statement that implies the same result for the total number of subtrees.
By comparing extremal starlike trees associated with different segment sequences
(analogous to what has been done for degree sequences), we show that, among trees
with a given number of vertices and segments, the number of subtrees of any given
order is maximized when the Wiener index is minimized. In Section |3} we consider
the corresponding minimization problem. We will show that the extremal trees,
given the segment sequence, are always quasi-caterpillars. Moreover, we prove that
E(n,m) and O(m,n) minimize the number of subtrees among trees with a given
number of vertices and segments. These results further confirm the interesting
negative correlation between the number of subtrees and the Wiener index that
was also observed in several other papers.

Thereafter, we focus on the Merrifield-Simmons index (number of independent
sets) and the Hosoya index (number of matchings). Once again, starlike trees are
found to be extremal. The graph energy, although defined in terms of eigenvalues,
is closely related to the Hosoya index in view of the relation , hence it is discussed
together with those two invariants.

In our final section, we study walks in trees with a given segment sequence or
number of segments, and obtain further analogous results. Since walks are closely
related to the graph spectrum, we will be able to deduce some results on invariants
such as the Estrada index, which are defined in terms of the spectrum, as corollaries.

2. MAXIMUM NUMBER OF SUBTREES

In this section, we consider the general question of maximizing the number of
subtrees of any given order among trees on n vertices with given segment sequence
or number of segments. For a positive integer k, let ng(7T) denote the number of
subtrees of order k in T, and let ny (T, v) denote the number of subtrees of order k
in T containing vertex v. We first establish the following lemma.

Lemma 2.1. Let v and w be vertices of a tree T, such that each internal vertex of
the unique path P, ., joining v to w has degree 2 as a vertex of T'. Let wy,ws, ..., w;
be the neighbors of w that are not on the path P, ,,. Define

T =T — ww; — wwy — - -+ — ww; + vw; + vws + - - + vy,
as in Figure[3 Then
(1) = ni(T)

for every positive integer k < |T|, with equality if and only if v or w is a leaf of T
(in which case T and T' are isomorphic) or k € {1,2,|T|}.

Proof. Let T, and T,, be the connected components of T'— E(P, ,,) that contain v

and w respectively. All subtrees that contain no edge in T, or no edge in T, are

preserved by the operation that yields 7”. A subtree S of T that contains edges of
4
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FIGURE 3. Generating T” from T.

both T, and T}, has to contain the entire path P, ,,, including v and w. It is clear
that the vertices of S still induce a tree in T”. Thus the desired inequality follows
immediately.

Conversely, if k is greater than 2 but less than |T|, then there are subtrees of
T’ with k vertices that contain v and edges of both T, and T,,, but not w. These
subtrees have no corresponding subtrees in 7', so the inequality is strict for these
values of k. ]

Theorem below is an immediate consequence of Lemma [2.1

Theorem 2.2. Among all trees with segment sequence (l1,...,ly,), the number of
subtrees of order k is mazimized by the starlike tree S(ly,...,ly). The starlike tree
is the unique tree with this property for k ¢ {1,2,l; +1lo+ -+ + 1, +1}.

Proof. Tt k € {1,2,1; + s + - - - + L, + 1}, then there is nothing to show, since all
possible trees have the same number of subtrees with k vertices. Hence assume that
2<k<li+la+--+1l,+1 Let T be a tree with segment sequence (ly,...,0x)
that maximizes ny (7). It suffices to show that T" has exactly one branching vertex

(if m > 3).
Otherwise, let v and w be any two branching vertices with no branching vertex
on the path P, .. Applying Lemma immediately yields a contradiction. [ ]

As a next step, we compare the extremal trees for different segment sequences.

Definition 1. Given two non-increasing sequences 7 = (ly,-+ ,lm) and 71 =
(4, ,1.), 7 is said to majorize T, denoted T AT, if
k k m m
Sy U forkef1,2,...,m—1}, and dli=> 1
i=0 i=0 i=0 i=0

We extend the definition to sequences that are mot necessarily of the same length
by assuming that the shorter sequence is padded with zeros at the end.

Let us first formulate and prove a technical lemma on subtrees of paths, which
in turn implies a second lemma on trees obtained from merging a given tree with a
path.

Lemma 2.3. Let vq,vs,...,v, be the vertices of a path P, (in this order). For
every positive integer k < n, we have

(P, v1) < np(Pp,v2) < -0 < (P, vy 21)-

5



Proof. Note that every subtree of a path is again a path; if it has k vertices, then

it comnsists of vertices v;, vi41, ..., Vi+k—1 for some i. It follows easily that
J J <k,
nk(Pnﬂ)j): k E<ji<n—-k+1,
n—j+1 j>n—k+1,
if k< %, and
J j<n—k+1,
ng(Pp,vj)=<n—k+1 n—k+1<j<k,
n—j+1 j>k,
if k > 5. The stated inequalities follow in both cases. [ ]

Lemma 2.4. Let T be a tree and v one of its vertices. Let P(n,{,T,v) denote
the graph obtained by identifying v with the £-th vertex of an n-vertex path (¢ €
{1,2,...,n}), see Figure . The following inequalities hold for all positive integers
k:

nk(P(na 1aT’U)) < nk(P(anaT’v)) << nk(P(nv [g]vTv ’U)) (4)
{ T !
VU1 Vp =V Un

FIGURE 4. Ilustration of Lemma [2.4]

Proof. Note that the number of k-vertex subtrees using only edges of the path or
only edges of T is the same for all trees of the form P(n,¢,T,v). Thus it remains
to consider those subtrees that use edges of both 7" and the path, whose vertices we

denote by vy, v, ..., v, as in the previous lemma. The number of k-vertex subtrees
of P(n,¢,T,v) that contain edges of the path and T is given by

k—1

Z Ny (Pr, ve)ngs1—r (T, ),

r=2
so the claim follows immediately from Lemma [2.3 ]

Theorem 2.5. Given two segment sequences T and 7' such that 7/ <7, we have
i (S(7)) < ni(S(7))
for every positive integer k.

Proof. The inequality is trivial for k € {1,2}. Hence we assume that k > 3 for the
rest of the proof. We also assume that the two sequences have the same length,
padding the shorter sequence with zeros if necessary.

For any two segment sequences 7 and 7' with 7/ <7, there exists a sequence of
segment sequences 7" = (lgi), o lg)) for 1 <4 < r, with

S C DG I PR (S D D

where two consecutive sequences 7(9 and 70+ differ at exactly two entries, say
the j-th and k-th entry, with j < k, in such a way that lg“‘l) = lg»l) + 1 and
6



l,(cHl) = l,(;) — 1. One possibility to construct such a sequence of segment sequences
is as follows: to get from 7/ = 7(1) to 7(2), we can take j and k to be the first and
last index where 7 and 7/ differ; then we repeat the procedure with 7(2) and 7, etc.

Hence we may assume that 7" and 7 only differ in two entries, and that the
difference is 1 for both of them. Suppose that the segment lengths in 7 that are
replaced to obtain 7’ are p and ¢ respectively, where p > g + 2. The new segment
lengths in 7" are p — 1 and ¢ + 1. Together, two segments of length p and ¢ in S(7)
form a path of p+¢q+1 vertices. The starlike graph obtained from S(7) by removing
the two segments is denoted by S, and the center vertex by v. Note that S(7) and
S(7') are isomorphic to P(p+q+1,¢g+1,S,v) and P(p+ ¢+ 1,q+2,S,v) in the
notation of Lemma so the desired inequality is in fact a special case of . ]

It is easy to see that among all segment sequences of at most m segment lengths
with fixed sum of lengths, the unique segment sequence (I1,...,1y,) with |l;—=;| <1
for all 1 < 4,5 < m is majorized by every other segment sequence. From Theo-
rems 2.2 and we immediately obtain the following:

Corollary 2.6. Among all trees of order n with at most m segments, the number
of subtrees of any fized order is mazimized by the balanced starlike tree ST (n,m).

Likewise, among all segment sequences with maximum segment length L, the
sequence (L,1,1,...,1) is clearly majorized by any other segment sequence, which
gives us another corollary. Let us write B(n, L) = S(L,1,1...,1) for the “broom”,
the starlike tree of order n with one segment of length L and n — L — 1 segments
of length 1.

Corollary 2.7. Among all trees of order n whose longest segment consists of L
edges, the broom B(n, L) has the greatest number of subtrees of any fized order.

3. MINIMUM NUMBER OF SUBTREES

In this section, we consider the minimization problem for the number of subtrees.
The results we obtain parallel those for the Wiener index in [|4] and are slightly less
precise than those in the previous section.

We will only consider the total number of subtrees, denoted by F(T'), rather than
the number for each fixed order k. We start with the following technical lemma,
which is a slight variation of Lemma 3.3 of [24], but follows from exactly the same
arguments. It provides some information on how the number of subtrees behaves
as branches are moved. In order to formulate it, we have to define one additional
quantity: Fr(v) is the number of subtrees of T' that contain the vertex v.

Lemma 3.1. Given a tree R with vertices x and y, and two rooted trees X andY
(with roots x' and y', respectively), let T be obtained by identifying the root of X
with x and the root of Y with y, and let T' be obtained by identifying the root of X
with y and the root of Y with x. If

Fr(x) > Fr(y) and Fx(2') > Fy(y),

then
F(T") < F(T).

Proof. Note that the number of single-vertex subtrees and the number of subtrees
that only contain edges of R, only edges of X, or only edges of Y is the same in
both trees; likewise, the number of subtrees that contain edges of both X and Y
(thus necessarily also edges of R) is the same in both trees. We have to compare
the numbers of other subtrees.
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FI1GURE 5. Ilustration of Lemma [B.1]

e Subtrees that contain edges of X and R, but no edges of Y: such subtrees
necessarily contain z’, so their number is (F;(R) —1)(Fy(X)—1) in T and
(Fy(R) — 1)(Fy(X) — 1) in T".
e Subtrees that contain edges of Y and R, but no edges of X: such subtrees
necessarily contain y’, so their number is (F,(R) —1)(F,(Y) —1) in T and
(Fp(R) —1)(Fy(Y)—1)in T".
So we find that the difference between F(T') and F(T") is
F(T) = F(T') = (Fo(R) — Fy(R))(For (X) = 1) + (Fy(R) — Fo(R))(Fy (Y) — 1)
= (Fu(R) — Fy(R))(Fu (X) — Fy (Y)),
which is positive by our assumptions. This completes the proof. [ ]

3.1. Trees with given segment sequence. Let us first show that the minimum
number of subtrees among all trees with a given segment sequence is always attained
by a quasi-caterpillar. Some further properties of such extremal quasi-caterpillars
will be provided before the analogous problem is considered for trees with a given
number of segments.

Theorem 3.2. If a tree T minimizes the number of subtrees among all trees with
the same segment sequence, then it must be a quasi-caterpillar.

Proof. Let T be such an optimal tree (i.e., T minimizes the number of subtrees),
and let P be a path with the greatest possible number of segments on it. Clearly,
the two ends of P have to be leaves; we will denote the ends of P by vy and vy

and the branching vertices on P by v1,vs,...,vk—1 (in the order of their distances
from vg). For each ¢ (1 < ¢ < k — 1), let the neighbors of v; that do not lie on P
be v;1, ..., vy, and let Tj; (1 <j <1;) denote the component containing v; after

removing the edge between v; and v;;.

In each of the subtrees T;;, consider the branching vertex (or leaf if there is
no branching vertex) closest to v; and call it u;;. Finally, we write S;; for the
component containing u,; in T' — E(P(v;, ui;)) (Figure @

If S;; is a single vertex for every ¢ and j, then T is a quasi-caterpillar, and we
are done.

Otherwise, let S = S;,j, be such that Fg, . (u,j,) is maximal, i.e.

Fsiojo (uiojo) > Fsij (U’U)
for every pair (,j) with 1 <i<k—-1,1<j <.

Let T<;, and T, denote the components of T'— E(P(v;,, v;,+1)) containing v;,
and v;,41 respectively. The subtrees T;, and T%;, are defined analogously; note
that T<;y = Twjyt1 and Ts;, = T>;,4+1. Suppose, without loss of generality (which
is possible by symmetry), that

Fr_, (vig—1) = Fr_, (Vigt1)- (5)
8
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Moreover, we can assume that Fis(uq,;,) > Fs,; (ui;) for all i > ig and all j. Other-
wise we can simply consider, instead of S, a subtree S;; with Fi,; (ui;) = Fs(t4,5,)
for which the index i is maximal; note that still holds in this case.

By our choice of the path P = P(uvg,vx) as a path with the greatest possible
number of segments on it, ig # k — 1, i.e., v;, cannot be the last branching vertex
(since then there would be a path through w;,j, rather than vy that contains more
segments). Thus v;,41 is still a branching vertex, not a leaf.
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FIGURE 7. The branches that are switched.

Hence we can consider the subtree T;,11,1 consisting of the path from v;,411
to u;y+1,1 and the subtree S’ = S; 411 (Figure [7). We distinguish two cases,
depending on the lengths of the paths P(v;,, wiyj,) and P(vig+1, Uig+1,1), which we
denote by p and p’ respectively:

(1) If p > p', let T” be obtained from T' by switching T, j, and Ty 41,1
(2) If p < p', let TV be obtained from T by switching S and S’

It is easy to see that in either case T” has the same segment sequence as T'.

e In the first case, let R be the tree obtained from T" by removing Tj,;, and
Tio+1,1- The number of subtrees of R that contain v;,, but not v; 41, is
Fr_, (viy) - d(vig, vig+1), since any subtree of R<;, containing v;, can be
augmented by up to d(v;,,vi,+1) — 1 vertices on the path between v;, and
Vig+1. oimilarly, the number of subtrees of R that contain v;,4+1, but not
Vigs 18 FRryy 1y (Vig+1) - d(vig, Vig+1). Since we have

FRgiO ('Uio) > FR<iO (Uio*l) = FT<i0 (fvio*l) > FT>i0 (vio+1) > FR2¢0+1 (vi0+1)
by our assumption , it follows that

Fr(vi,) > Fr(vig+1)-
9



Likewise, let X be the tree obtained from Tj,;, by adding the vertex v;,
and the edge connecting it to v;,;,, and let Y be the tree obtained from
Tio+1,1 by adding the vertex v;,+1 and the edge connecting it to v 41,1.
We have

Fx (viy) = p+ Fs(tiyjo) > P 4 Fsr(ig11,1) = Fy (vigt1)-

Now Lemma [3.1] implies that F(T") < F(T), a contradiction.

e In the second case, we apply a similar argument, now to the tree R’ that
is obtained from 7" by removing Sj,;, and Sj,4+1,1, except for the vertices
Uipjo a0d Ujo+1,1- A similar argument as before shows that

Fri(uiyjy) > Fr(Wig+1,1)-

Together with the inequality Fs(u;y ,) > Fs(tio+1,1), Lemma implies
again that F(T") < F(T), and we reach the same contradiction as before.

In both cases, we see that T cannot be optimal, which completes our proof. m

3.2. Further characterization of the optimal quasi-caterpillar. Let the lon-
gest path of a quasi-caterpillar containing all the branching vertices be called the
backbone; all segments that do not lie on the backbone (and thus connect a leaf
with a branching vertex) are called “pendant segments”. Let a segment sequence
(lh,la,...,Ly,) be given; we know from Theoremthat the minimum of the number
of subtrees can only be attained for a quasi-caterpillar. In the following we present
some further characteristics of extremal quasi-caterpillars.

Theorem 3.3. A quasi-caterpillar T that minimizes the number of subtrees among
trees with segment sequence (l1,la, ..., l,) must satisfy the following:

(1) If the number of segments is odd, all branching vertices have degree exactly
3. If the number of segments is even, all but one of the branching vertices
have degree 3. The only exception must be a branching vertex of degree 4,
which must be the first (or last) branching vertex on the backbone. This also
means that the number of segments on the backbone is k = |(m+1)/2], the
number of pendant segments is k' = [(m — 1)/2].

(2) The lengths of the segments on the backbone, listed from one end to the
other, form a unimodal sequence r1,ra,...,7k, i.€.,

ri<re <<y 2> 2T

for some j € {1,2,... k}.

(3) The lengths of the pendant segments, starting from one end of the back-
bone towards the other (ordered in the same direction as the r;’s), form a
sequence of values s1, 82, ...,Sk—1 such that

rL>82>8 228 < <sp <1
for some h € {1,2,...,K'}.

Proof. (1) Let the backbone be the path P(vg,vr) between leaves vy and vy with
branching vertices vy, vg, ..., vx—1 (in the order of their distances from vy). We also
define T, T, T<;, T>; in the same way as before.

First we claim that there is no branching vertex of degree greater than 4. Oth-
erwise, let v; be a vertex of degree at least 5 with neighbors v;1, vi2, v;3, ... not
on P(vg,vi). Finally, let Tj1,Tio, Ti3 be the pendant segments at v; containing
Vi1, Vi2, Vi3 respectively.

Suppose, without loss of generality, that

Fr_,(vi-1) > Fr_,(vit1).
10



It follows that
Fqut—Tn—Tiz (Uz) > FT>1:(Ui+1)7 (6)

since for every subtree of T.; that contains v;_1, there is a corresponding subtree
of T<; — Tj1 — T2 that contains v;, obtained by adding the segment between v;_;
and v;.

Let T" be obtained from T by detaching T;; and Tjs from v; and reattaching
them to v;41. Note that 7" has the same segment sequence as T, even if ¢ = k — 1.
Let R be obtained from 7" by removing T;; and Tj5. It follows from @ that

Fr(vi) > Fr(vit1),

by a similar argument as in the proof of the previous theorem. Thus we can apply
Lemma where we take X to be the tree consisting of T;;, T2 and v;, and Y to
be a single vertex. We find that the tree T’ has a smaller number of subtrees than
T, which contradicts our assumption on 7.

Now we know that all branching vertices are of degree 3 or 4. We can repeat the
same argument as before with a vertex v; of degree 4 (moving only one segment
instead of two) to obtain a contradiction, unless v; = v; or v; = vx_; (in which case
we would have to move a single segment to the end of the backbone, which changes
the segment sequence). Thus the only branching vertices that could possibly have
degree 4 are vy and vg_1.

Now assume that both v; and v_; are vertices of degree 4. Let S and S’ be two
segments attached to v; and vi_1 respectively, other than those connecting them
to other backbone vertices. Moreover, let R be obtained from T' by removing S and
S’ (Figure [8). Suppose, without loss of generality, that

Fr(v1) < Fr(vk—1).

FIGURE 8. The segments S and S’ and the rest of the tree (denoted R).

Let the lengths of S and S’ be s and s’ respectively, let x be the length of the
segment between vy and vy (note that x > s by definition, since the path from vg
to v was assumed to be longest possible), and let finally R’ be obtained from R
by removing the segment from vy to v;. Once again, we construct a tree 7" with
the same segment sequence as T', but fewer subtrees: this tree 7" is obtained from
T by removing both S and S’ and attaching them to vy. Clearly, 7' and T have
the same segment sequence.

Now we determine the change in the number of subtrees. Note that the subtrees
that lie entirely in R or one of the segments S and S’ (excluding their endpoints in
R) remain the same. In 7', the number of subtrees containing vertices of R as well
as either S or S’ (but not both) is

S - FR(Ul) + s - FR(’kal)-
11



In 77, this number is
(8 =+ S/) . FR<’00).
The number of subtrees of T' that contain vertices of R, S and S’ is
58 - Fr(vi,vp-1),

where Fr(v1,vk—1) is the number of subtrees of R containing both v; and vg_1,
thus the entire path P(v1,vr—_1). On the other hand, the number of such subtrees
in T is

s-8 - Fr(vo).
Finally, observe that Fr(vg) = 2 + Fg/(v1) and Fr(v1) = (v + 1)Fr/ (v1). Putting
everything together, we see that

F(T)—F(T'")=s-Fr(v1) + 8 - Fr(vg_1) — (s +5') - Fr(vo)
+s-8 - Fr(vi,vg_1) —s-8 - Fr(vo)
> (s+ 8 )Fr(v1) — (s + 8" )Fr(vg) — s8' Fr(vg)
=(s+8)(x+1)Fr(v1) — (88 + s+ 8)(x+ Fr(v1))
= (sz+ s’z — 88')Fri(v1) — x(ss’ + s+ &').

Recall that > s. Moreover, one can easily obtain a lower bound for Fr/(v;):
every subpath of the path from v; to vy that starts at vy is counted by Fgrs(v1).
The length of this path is at least 1+ d(vg_1, vg), which is greater or equal to 1+ s’
by the same argument that gave us the inequality z > s. Thus there are at least
2 + s’ such subpaths. Since v; was assumed to have degree 4, it also has at least
one more neighbor that neither lies on the backbone nor on S. It can be combined
with any of the aforementioned subpaths of P(v1,vk) to yield a subtree of R’ that
contains v1. Consequently, we have Fr/(v1) > 2(2+ s) and thus

F(T)—F(T') > (sx + s’z — 88')Fr/(v1) — z(ss’ + s+ &)
> sxFri(v)) —x(ss + s+ )
>2s2(2+8") —x(ss’ +s+5)
= x(ss' +3s —s') > 3sz > 0.

We see that F'(T) > F(T"), so we have a contradiction once again. Thus there is
at most one vertex of degree 4, and it has to be either v; or vy_1, if there is such
a vertex at all. This happens if and only if the number of segments is even, since
the total number of segments is 2k — 1 if all branching vertices have degree 3, and
2k if there is a single vertex of degree 4.

(2) Consider the segments P(uvg,v1), P(v1,v2),..., P(vg_1,vx) on the backbone, let
71,72, .. .,T, be the lengths of these segments, and let M be the maximum length
of a backbone segment. Let j be the smallest index such that r; = d(vj_1,v;) =
M > rjt1 = d(vj,vj41). Such an index always exists (if necessary, after reversing
the backbone) unless all segments on the backbone have the same length. In this
case, however, there is nothing to prove.

Moreover, let T<;_1, T; and T>;,1 denote the components containing v;_1, v;
and v;4q respectively in T — E(P(vj_1,v;41)) (Figure [9). Consider the tree R
consisting of the path from v;_; to vj41 and the tree T;. We have

Fr(vj—1) = rj + (L+rj40) Fr; (v) <rjpn + (L4 15)Fry (v5) = Fr(vj41),
and it follows that
FT§]>1 (Uj—l) > FTZJ‘+1 (Uj+1)a
for otherwise interchanging T'<;_; and 7% ;; will decrease the number of subtrees
(by Lemma [3.1]).
12



FIGURE 9. The subtrees T<;_1, T and T>;1.

Consequently, we must also have
FTgi71 (Uifl) > Fng71 (Ujfl) 2 FTZJ‘H (vj+1) > FT21+1 (vi+1)

for any ¢ > j, implying that r; > r;41 by the same argument. It follows that
Tj > Tj41 > -+ > 1. Similarly, one can show that 7 < --- <7y,

(3) The two inequalities r; > s and sx—1 < 7y follow from the definition of the
backbone as longest path.

For the rest of the proof, we only consider the case that all branching vertices
have degree 3, the other case being similar. Let S; denote the pendant segment at
v;, and s; its length. T<; and 7>, are defined in the same way as before, and U<;
and Us; are obtained from them by removing segment S; (excluding v;).

Let p be the minimum length of all pendant segments, and let h be the smallest
index such that s, = p < sp+1 (again, such an index exists, if necessary after
reversing the backbone, unless all pendant segments have the same length).

In the tree R obtained by removing S;, and Sjy1 from T, we have

Fr(vn) = Fr(vny1) = mhe1Fuc, (0n) — rhy1 Fus, oy (Vnt1)-

Thus Fy_, (vn) > Fus,,, (Vht1), for otherwise Fr(vs) < Fr(vp41), and interchang-
ing S, and Sp41 would decrease the number of subtrees by Lemma [3.1] Thus, for
any ¢ > h,

FUgi(Ui) 2 FTgh (vh) > FUgh(vh) > FUzh+1 (Uthl) > FT21'+1 (vi+1) > FU21'+1 (vi+1)7

which implies that s;11 > s; by the same argument. It follows that s, < sp11 <
-+ < 8g_1. Similarly, one can show that s; > --- > sp. [ |

3.3. Trees with a given number of segments.

Theorem 3.4. Among all trees of order n with m segments, O(n,m) (E(n,m))
minimizes the number of subtrees if m is odd (even).

Proof. We only consider the case of odd m, the other case is similar. Let 7' be an
optimal tree, given the number of vertices and segments.

From Theorems and it is clear that T" has to be a quasi-caterpillar, and
that every branching vertex has degree 3. Let the backbone be the path P(vg, vg),
and let v1,v9,...,v5_1 be the branching vertices on the backbone. Note that the
total number of segments is m = 2k — 1. Moreover, let a and b be the lengths
of P(vg,v1) and the other pendant segment ending at v1, and let R be the path
formed by these two segments. Finally, X is obtained from 7" by removing the two
segments (except for the vertex vy).

Suppose that min{a,b} > 1, and let w be a vertex in R that is adjacent to a
leaf. We have

Fr(v1) = (a+1)(b+1) > 2(a +b) = Fr(w),
so by Lemma the number of subtrees decreases if we move X from v; to w
(which amounts to replacing the two segments by segments of length 1 and a+b—1
respectively). This contradicts our choice of T, so min{a,b} = 1. By the results
13



of the previous section, we know more specifically that the pendant segment at vy
(and by the same argument, the pendant segment at vg_1) has to have length 1,
and by statement (3) of Theorem all pendant segments have length 1. In other
words, T is a caterpillar.

From the (partial) characterization of trees with given degree sequence that
minimize the number of subtrees (see |30]), we also know that the degrees of the
internal vertices along the backbone have to be decreasing at first, then increasing,
i.e., the sequence of degrees has to be of the form 3,3,...,3,2,2,...,2,2,3,3,...,3.
It only remains to show that the number of vertices of degree 3 on the two sides
is as equal as possible (difference at most 1). Let us rename the vertices on the

backbone as follows: ug = vg,u1,ua, ..., U,_r = Vg; this includes all vertices, not
just the branching vertices. Assume that there is a leaf attached to uq,uso, ..., u;
and Up_g—1,Un—k—2,...,Un—k—y, Where 2 +y =k —-1. f k-1 =n—-k -1

(equivalently, n = 2k = m + 1), there is nothing to prove, as there is only one
possibility left for T': all vertices on the backbone have to have degree 3. Otherwise,
assume that |z — y| > 1; without loss of generality, z > y + 1. If we move the one
leaf from u, t0 Up—k—y—1, the number of subtrees decreases by a simple application
of Lemma (taking R to be the path formed by uy, Ugpt1, ..., Un—k—y—1 and the
leaf adjacent to u,), so we reach yet another contradiction. Thus |z —y| < 1, which
means that T is isomorphic to O(n,m). |

4. ENERGY, HOSOYA INDEX AND RELATED GRAPH INVARIANTS

In this section, we focus on two invariants based on counting independent sets
(Merrifield-Simmons index) and matchings (Hosoya index). In view of the connec-
tion between energy and matchings of trees, we can treat the energy along with
these two. As it turns out, the starlike trees encountered in Section [2] are extremal
again: they maximize the number of independent sets and minimize the number of
matchings as well as the energy.

We first require the following lemma, a modified weaker version of the exchange
lemma that can be found in [12}/13].

Lemma 4.1 (cf. [12[13]). Suppose that a tree T can be decomposed as follows:

where s,t > 1. Define the trees T,, and T, as follows:
T, =T —ww; —wwy — -+ — WWs + VW1 + vW32 + - -+ + VW,
and
Ty =T —vvy —vvg — -+ — VU + WV + WU2 + -+ - + WV
Then we have
o(T) < max{o(Ty),0(Tw)}
and
M(T, z) > min{M(T,, z), M(Tw, x)} (7)

for every positive real number x.
14



We observe that analogous statements hold for the matching number v and
the independence number «. Recall that the matching number is the greatest
cardinality of a matching, and the independence number is the greatest cardinality
of an independent set.

Lemma 4.2. For T,T,,T,, as in Lemma[{.1, we have
v(T) > min{v(T,),v(Tw)} (8)
and
a(T) < max{a(T,),a(Ty)}- (9)
Proof. First, is actually a consequence of the previous lemma. If v(T) < v(T,)
and v(T) < v(Ty), then
M(T, x) ) m(T, v(T))z ™)

lim ——22 = | =
w00 M(Ty, z) w00 m(Ty, (1)) @)

and analogously

contradicting .

To prove @, we observe that every independent set of T is either an independent
set of T, or an independent set of Ty,: if v is not contained in it, it is an independent
set of T}, and if w is not contained in it, it is an independent set of T,,. If both v
and w are contained in it, it is an independent set of both T, and T,. [ ]

Remark 1. By the Kénig-Egervdry theorem, the sum o(T) + v(T) only depends
on the number of vertices of T, so the two statements of the lemma are actually
equivalent.

If a tree T has two vertices of degree at least 3, then we can apply Lemma [4.1] to
obtain a new tree T” (either T, or T,,) with the same segment sequence and more
independent sets. The same is true for the number of matchings, and by Lemma [4.2
also for the independence number and matching number (in the latter cases not
necessarily with strict inequality). Iterating the argument, we necessarily arrive at
a tree that has only one vertex of degree 3 or greater, since the number of such
vertices decreases with each step. For any given segment sequence, there is only
one such tree, namely the starlike tree S(l1,...,.L,). Thus we have:

Theorem 4.3. If T is a tree with segment sequence (11, ..., ly), then
o(S(,..lm)) = o(T), a(Sly,...,ln)) > a(T), and v(S(l1,...,lm)) < v(T),
and M(S(l1,...,ln),z) <M(T,z) for every positive real number x.

Since the Hosoya index Z(T') equals M(T,1) and the energy En(T) is equal to
the integral in , we obtain the following corollary immediately:

Corollary 4.4. If T is a tree with segment sequence (ly,...,ly), then
and
En(S(l1,...,lm)) < En(T).

Unfortunately, there is no majorization result analogous to Theorem for
independent sets and matchings. Given segment sequences L = (Iy,...,l,) and
H = (hq,...,hy) such that L majorizes H, it is not always true that M(S(L), z) <
M(S(H),x), nor is it always true that M(S(L),x) > M(S(H), z). The same applies
to the Merrifield-Simmons index o, see for instance the following examples:

0(5(2,2,4)) < 0(5(2,3,3)) and ¢(S5(1,2,3)) > 0(5(2,2,2)),
15



M(S(2,2,4),z) > M(S(2,3,3),2) and M(S(1,2,3),z) < M(5(2,2,2),x).
Nevertheless, the extremal tree with given number of segments can be determined
using established tools: it is no longer the balanced starlike tree, but rather the
broom, which consists of a star and a path attached to the center. The following
classical lemma, which parallels Lemma [2.4] is needed for this purpose:

Lemma 4.5 ([11,2632]). Let G be a connected graph with at least two vertices,
andv € V(G). Let P(n,k,G,v) denote the graph obtained by identifying v with the
k-th vertex of an n-vertex path (k € {1,2,...,n}), as in Lemma . The following
inequalities hold:

M(P(n,1,G,v),z) > M(P(n,3,G,v),x) > --- > M(P(n,2| 22| + 1,G,v), z)
> M(P(n,2|%],G,v),x2) > --- > M(P(n,4,G,v),z) > M(P(n,2,G,v),x)

for all positive real numbers x, and

o(P(n,1,G,v),z) < o(P(n,3,G,v),z) < - < o(P(n,2[ 22| + 1,G,v),z)
<o(P(n,2\%],G,v),z) <--- <o(P(n,4,G,v),z) <o(P(n,2,G,v),x).

Remark 2. The first inequality even holds for all coefficients of M(.,x) (albeit not
necessarily with strict inequality), as shown in [11).

Suppose that a starlike tree S(ly,l2,...,1,) with m segments has at least two
segments whose lengths are greater than 1, and let us denote these lengths by a
and b. Replacing them by segments of length 1 and a + b — 1 amounts to moving
the graph formed by the remaining segments along a path of length a + b, as in
Lemma As the lemma shows, M(.,z) is decreased by this move for every
positive z, while ¢ is increased. The following result is therefore immediate:

Theorem 4.6. If T is a tree with exactly m segments and n vertices, then we have

M(T,z) > M(S(n —m,1,1,...,1),z)

) ) )

for all positive real x, and
o(T) <o(S(n—m,1,1,...,1)).

Remark 3. Lemma also shows that M(S(n—m,1,1,...,1),x) is decreasing in
m, while o(S(n—m,1,1,...,1)) is increasing in m. One can therefore also replace
“exactly m segments” by “at most m segments” in the formulation of the theorem.

Finally, we also have the following corollary, in analogy to Corollary (1.4}

Corollary 4.7. If T is a tree with at most m segments and n vertices, then
Z(T) > Z(S(n—m,1,1,...,1))

and
En(T) > En(S(n —m,1,1,...,1)).

5. MAXIMUM SPECTRAL MOMENT AND ESTRADA INDEX

We follow similar ideas as in [7] to show that starlike trees also maximize the
spectral moments. The approach is based on walk enumeration. Let C,(k;T)
denote the set of closed walks of length k in T" which start from w. Since there is
no closed walk of odd length in a tree, we only need to consider even lengths.

Lemma 5.1. Suppose that a graph H contains a path P whose endpoints are a
vertex w of degree 1 and an arbitrary vertex v, and whose internal vertices all have
degree 2. In other words, H is of the following form:
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Then there is an injection
& :Cyw(2k; H) — C(2k; H)
for any integer k > 0.

Proof. Let the vertices on the path P be ug,uq,...,u;, where ugp = v and u; = w.
To any walk W = wuj,,uj,,...,u;, of length r that only uses vertices of P, we
associate the “mirrored” walk

{p(W) = Ul—jos Ul—j19 -y Ul—j,.-

The map £p is clearly an involution on the set of walks in P that bijectively maps
walks starting at w to walks starting at v. Moreover, it maps closed walks to closed
walks.
Now let us define a map € : Cy,(2k; H) — C,(2k; H):
e For a walk W € C,,(2k; P — v) (i.e., a closed walk of length 2k starting at
w that never reaches v), we set (W) = {p(W).
e Now let W = zg,21,...,20 € Cu(2k; H) be a closed walk starting at w
that reaches v at some point. Let ¢ be the smallest index such that z; = v.
Then we set

g(W) = Z;, Zi+1, ey ZQkfl,fp(Zi,Zifl, e ,Zo).

In words, we remove the initial part up to the first time that v is reached,

reverse its direction (turning it into a walk from v to w that does not visit

v again), then take its mirror image (which yields a walk from w to v that

never visits w again) and append it at the end, which is possible since

22k — W.
It is easy to see that £ is indeed injective: if W’ = £(W) lies entirely in P and never
visits w, then we have W = ¢~Y(W') = Egl(W’) = {p(W'), ie., the preimage
is obtained by reflection. Otherwise, W' = {(W) = 2y, 21, ..., 2, has to visit w
at least once, and we can consider the largest index j such that zé = w. The
walk 2%, 2 .q,..., 25, must be the final part that is appended at the end of the
construction of . The original walk W must therefore be

!/ / / !/ !/ /
Ep(20s 2ok —15 -+ -5 2) 215 22y - 5 2

]
Next we provide a generalization of Lemma 2 in [7], which parallels our Lemma

Lemma 5.2. Let v and w be vertices of a graph G that consists of two connected
graphs Gy and G, and a path P, ., joining two vertices v and w in G, and Gy
respectively. Let wi,wa, ..., w; be the neighbors of w that are not on the path P, .,
and define

G =G — ww; —wwy — -+ — ww; + vwy + vwy + -+ + vwy,
as in Lemma[2.d], cf. Figure[3 Then
C(2k,G) < C(2k, &)

for every integer k > 0. The inequality is strict if kK > 2 and both G, and G,
consist of more than one verter.
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Proof. Let H be obtained from G by removing G,,, except for the vertex w. Note
that H has the required shape for Lemma Define £ as in that lemma; with
some minor abuse of notation, we suppress the dependence of £ on k.

We only have to compare the number of walks using edges of both G, and
G . Let the set of closed walks of length 2k with this property in G be denoted by
C'(2k,G); C'(2k, G") is defined analogously. We define an injection n : C'(2k, G) —
C'(2k,G") as follows.

Given a walk

W = Wo, W1,y ...,W2k,

split it into walks that alternatingly lie entirely in G,, and H. Those pieces that
lie in G,, are kept the same, while the pieces in H are closed walks starting and
ending at w; they are mapped by £ to walks starting and ending at v that take
their place in (WW). The only possible exception are the first and last piece; if they
lie in G, they are kept as well. If however they lie in H, we have to combine them
to a closed walk first: let these pieces be wg, w1, ..., wj, and wj , wj 41, ., Wak

respectively, where necessarily w;, = w;, = w. The walk
wjl,wj1+1, ey, W2 = Wo, W1y - - - ,’LUJ'O

must then be an element of Cy,(jo + 2k — j1, H), so £ maps it to a closed walk

Zj1azj1+17 ey B2k = R0y R1y e ey Zjofl, Zjo
with z;, = z;; = v. Now we split it into the two walks z;,,2j,4+1,..., 22 and
20521, - - > Zjg—1, %4, and replace wq, wa, ..., w;, and w;, , w;, 41, ..,ws by them to

complete the construction of n(W).

Since ¢ as constructed in Lemma [5.1]is injective, so is 7, which proves the desired
inequality. The inequality is strict if £ > 2 and both G, and G, contain at least
one edge, because then C'(2k, G') contains walks that do not use edges of P, ,, while
(W) uses at least one edge of the path P, ., for any given W. [ |

Now we obtain the main theorem of this section:
Theorem 5.3. If T is a tree with segment sequence (l1,...,ly,), then

for any integer k > 0.
Furthermore, the inequality is strict if T # S(l1,...,ln) and k > 2.

Proof. This follows from Lemma [5.2] in exactly the same way as Theorem fol-
lowed from Lemma 2.1 [

In view of the formula that relates the Estrada index to spectral moments,
it follows immediately that the same conclusion holds for the Estrada index:

Corollary 5.4. If T is a tree with segment sequence (ly,...,ly), then
EE(S(ly,...,lm)) > EE(T).
Furthermore, the inequality is strict if T # S(l1, ..., lm)-

In order to compare trees with different segment sequences, we make use of the
following lemma taken from [1], which is analogous to Lemma and Lemma

Lemma 5.5. Let T be a tree and v one of its vertices. Let P(n,¢,T,v) denote
the graph obtained by identifying v with the {-th vertex of an n-vertex path (¢ €
{1,2,...,n}), as in Lemma[2.4} The following inequalities hold for all k > 1:

C(2k,P(n,1,T,v)) < C(2k,P(n,2,T,v)) < --- < C(2k,P(n,[5],T,v)). (10)
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The following majorization theorem now follows in exactly the same way from Lemmal5.5
as Theorem 2. followed from Lemma B4

Theorem 5.6. Given two segment sequences T and 7' such that T/ <7, we have
C(2k,S(7)) < C(2k,S(1"))
for every integer k > 0.

Once again, we obtain a number of corollaries. It was already shown in [1] that
the balanced starlike trees ST'(n, m) maximize all even spectral moments and thus
the Estrada index among all starlike trees with a given center degree (equivalently,
number of segments). Combining Theorem and Theorem we get the fol-
lowing (in analogy to Corollary :

Corollary 5.7. If T is a tree with at most m segments and n vertices, then
C(2k,T) < C(2k,ST(n,m))
for every integer k > 0, and hence
EE(T) < EE(ST(n,m)).
Similarly, the analog of Corollary reads as follows:

Corollary 5.8. If T is a tree of order n whose longest segment consists of L edges,
then
C(2k,T) < C(2k, B(n, L))

for every integer k > 0, and hence

EE(T) < EE(B(n, L)).
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