MAXIMUM WIENER INDEX OF TREES WITH GIVEN
SEGMENT SEQUENCE

ERIC OULD DADAH ANDRIANTIANA, STEPHAN WAGNER, AND HUA WANG

ABSTRACT. A segment of a tree is a path whose ends are branching vertices
(vertices of degree greater than 2) or leaves, while all other vertices have degree
2. The lengths of all the segments of a tree form its segment sequence.

In this note we consider the problem of maximizing the Wiener index among
trees with given segment sequence or number of segments, answering two ques-
tions proposed in a recent paper on the subject. We show that the maximum
is always obtained for a so-called quasi-caterpillar, and we also further char-
acterize its structure.

1. INTRODUCTION

The Wiener index of a graph G is defined as the sum of all distances between

pairs of vertices in G:

W(G) = Z da (u’ U)
{uv}CV(G)

where dg(u,v) (or simply d(u,v) when there is no ambiguity) is the distance be-
tween u and v. Introduced in 1947 [18], the Wiener index has received much
attention in the past decades, and several variants and generalizations have been
proposed as well. Extremal problems in particular have been studied extensively.
Here, the general question is: given a family of graphs, what can be said about the
maximum and minimum values of the Wiener index and the graphs for which these
are attained? It is very well known that the maximum and minimum are attained
by the path and the star respectively (see |2, Equation (3)]) if the family of all
trees is considered. Much further work has been done, however, on characterizing
the trees that maximize or minimize the Wiener index under various additional
conditions: given maximum degree [4}/14,/17], degree sequence [13L[15{16}|19], diam-
eter |11],/12,[17], independence or matching number [1}3,/10], and many more [5-8].
Here, we will specifically be interested in the family of trees with a given segment
sequence, as studied in a recent paper by Lin and Song [9).

A segment of a tree T is a path in T" with the property that each of the ends
is either a leaf or a branching vertex (vertex whose degree is at least 3) and that
all internal vertices of the path have degree 2. The segment sequence of T is the
non-increasing sequence of the lengths of all segments of T, in analogy to the degree
sequence. There are several formulas that allow for the efficient calculation of the
Wiener index based on segment lengths, see [2, Section 5]. To give one example,
let us denote the length of a segment S by /g and the number of vertices in the
two components that result when all internal vertices and edges of S are removed
by n1(S) and na(S) respectively. Then (see [2, Theorem 10])

W(T) =3 tsni(S)na(S) + é 3 ts(ts — 1)(3n — 205 + 1),
S S
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where both sums are taken over all segments of T'. This relation between the Wiener
index and segments was also the motivation for considering extremal problems
based on segments. Specifically: given the segment sequence of a tree, what are the
maximum and minimum values of the Wiener index, and what are the corresponding
extremal trees?

For a given segment sequence (I1,12,...,Ly), the starlike tree S(l1,la,...,ly) is
the tree with exactly one vertex of degree > 3 formed by identifying one end of
each of the m segments. It was shown in a recent paper [9] that S(l1,l2,...,ln)
minimizes the Wiener index among all trees with segment sequence (I1,1la,...,Ly,).

This leaves the natural question which trees with segment sequence (I1, 1, . .., )

mazximize the Wiener index. The answer to this question seems to be much more
complicated, but the authors of |9] presented a conjecture. Specifically, they asked
for the following:

Question 1.1. Define a quasi-caterpillar to be a tree with the property that all its
branching vertices (vertices of degree greater than 2) lie on a path (see Figure .
Does the tree mazimizing the Wiener index among all trees with a given segment
sequence always have to be a quasi-caterpillar?

FIGURE 1. A quasi-caterpillar with segment sequence (5,5,3,3,2,2,2,2,1,1,1,1,1,1).

Also in [9], the tree with minimal Wiener index among all trees with given
number of segments is characterized. Again, we are interested in the analogous
question for the maximum, for which a conjecture was presented in [9] as well.

For given n and m, we define trees O(n,m) (for odd m) and E(n,m) (for even
m) respectively. The graph O(n,m) is obtained from a path vgv; ... v of length
{=n— mT“ by attaching a total of mT’l leaves to vertices v1,va, ..., V| (m—1)/4
and vg_1,V¢-2,...,V_[(m—1)/4], see Figure [2| (left) for the case n = 11, m =7
Note that O(n,m) has exactly m segments.

Likewise, E(n,m) is a tree with n vertices and m segments obtained from a
path vovy ... ve of length £ = n — 3 — 1 by attaching a total of 7 leaves to ver-
tices v1,v2, ...,V (m—2)/4] and V¢_1,Ve_2,...,V¢_[(m—2)/4], Where two leaves are
attached to vertex vy (so that it becomes the only vertex of degree 4), see Figure
(right) for the case n =11, m = 8.

| | ] 1]

FIGURE 2. The trees O(11,7) and E(11,8).



Question 1.2. Do O(n,m) (if m is odd) and E(n,m) (if m is even) always maz-
imize the Wiener index among all trees of order n with m segments?

In this note positive answers are provided to both questions. We also present
some further characterization of the extremal quasi-caterpillars.

2. TREES WITH GIVEN SEGMENT SEQUENCE

In this section, we answer Question affirmatively. The main theorem reads
as follows:

Theorem 2.1. If a tree T maximizes the Wiener index among all trees with the
same segment sequence, then it must be a quasi-caterpillar.

Proof. Before we start with the actual proof, let us fix some terminology and no-
tation. We will call a tree with maximum Wiener index among all trees with the
same segment sequence an optimal tree. We also write P(v,w) for the unique path
between vertices v and w in a tree T (which does not necessarily have to be a
segment).

Now let T' be an optimal tree, and let P be a path with the greatest possible
number of segments on it. Clearly, the two ends of P have to be leaves; we will
denote the ends of P by vy and v and the branching vertices on P by vi,va,...,V5_1
(in the order of their distances from wg). For each i (1 < ¢ < k — 1), let the
neighbors of v; that do not lie on P be v;1,...,v;,, and let Tj; (1 < j <1I;) denote
the component containing v;; after removing the edge between v; and v;;.

In each of the subtrees T;;, consider the branching vertex (or leaf if there is
no branching vertex) closest to v; and call it u;;. Finally, we write S;; for the
component containing u;; in T'— E(P(v;, u;5)) (Figure [3).
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If S;; is a single vertex for every 7 and j, then T is a quasi-caterpillar, and we
are done.

Otherwise, let S = S;,;, have the greatest number of vertices among all S;;
(1<i<k 1<j<l). Let T<;, denote the component containing v;, in 7' —
E(P(viy,vig+1)) and Ts;, the component containing v;,4+1 in 7' — E(P(vig, Vig+1))-
The subtrees T<;, and T>;, are defined analogously. Suppose, without loss of
generality, that

|T<i0| > |T>i0 ‘ (1)
Moreover, we can assume that |S| > |9;;| for all ¢ > iy and all j; for if not, we could
consider a subtree S;; with |S;;| = |S| for which the index ¢ is maximal instead of

S itself, and still holds.
By our choice of the path P = P(vg,vg) as a path with the greatest number of
segments on it, ig # k — 1, i.e., v;, cannot be the last branching vertex (since then
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there would be a path through w;,;, rather than vj that contains more segments).
Thus v;,41 is still a branching vertex. Consider the subtree T;, 41,1 consisting of
the path from v;,4+1 to u;,11,1 and the subtree S = S; 41,1 (Figure [4).
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FIGURE 4. The branches that are switched.

Consider two cases, depending on the lengths of the paths P(v;,,uiyj5,) and
P(viy41, Uig+1,1), which we denote by p and p’ respectively:
(1) If p > p', let T" be obtained from T' by switching T;,j, and T{;,41),1-
(2) If p < p/, let T' be obtained from T by switching S and S’.
It is easy to see that in either case T’ has the same segment sequence as T. Let
us determine how the Wiener index changes through these operations.
e In the first case, the changes from T to T’ are:

— the distance between any vertex in T;,;, and any vertex in T<;, — Tjj,
increases by d(vi,, Vig+1);

— the distance between any vertex in T;,;, and any vertex in T%;, —
T(iy+1),1 decreases by d(vi,, Vig41);

— the distance between any vertex in 7\;,41),; and any vertex in T<;, —
Ty, decreases by d(vig, Vig+1);

— the distance between any vertex in T{;,1),1 and any vertex in T%;, —
Tlig41),1 increases by d(viy, Vig+1);

— the distances between vertices of T;,;, and the vertices on the segment
between v;, and v;,+1 change, but the total contribution to the Wiener
index remains the same; the same is true for T 41,1.

— all distances between other pairs of vertices stay the same.

Consequently, the total change is

W(T")=W(T) = d(viy, vig+1) (| Tiojo| = [ Tlio+1),1]) (I T<io = Tinjo | = | T>i0 — T(io+1),11)-
Note that
IT<iy — Tigjol > T<iol > [T5io] > |T>iy — Tig 1.1

and that |S| > |S’| by the assumptions on S = S, ;, that we made, so
|Tiojo| > |T(ig+1),1] - Thus W(T") > W(T'), a contradiction.

e In the second case, we only need to consider the change of distance between
vertices in S and S’ and the rest of the tree. In the same way as before, we
obtain

W(T/) _W<T) = (d(vim Ui0+1) +p/_p) (‘S| - ‘S/D (|T§i0 _Tiojo | - ‘T>io _T(io+1),1 |)7

which is again positive, and we reach another contradiction.

b

In both cases, we see that T cannot be optimal, which completes our proof.



3. FURTHER CHARACTERIZATION OF THE EXTREMAL QUASI-CATERPILLAR

Let the longest path of a quasi-caterpillar containing all the branching vertices
be called the backbone; all segments that do not lie on the backbone (and thus
connect a leaf with a branching vertex) are called pendant segments. Let a segment
sequence (l1,ls,...,ly) be given; we know from Theorem that the maximum of
the Wiener index can only be attained for a quasi-caterpillar. In this section, we
present some further characteristics of extremal quasi-caterpillars. The technical
details are somewhat similar to the proof of Theorem [2.1] and we skip some details.

Theorem 3.1. A quasi-caterpillar that mazximizes the Wiener index among trees
with segment sequence (I1,la, ..., 1) must satisfy the following:

(1) If the number of segments is odd, all branching vertices have degree exactly
8; If the number of segments is even, all but one branching vertices have
degree 3. The only exception must be a branching vertex of degree 4, which
must be the first (or last) branching vertex on the backbone. This also means
that the number of segments on the backbone is k = | (m+1)/2], the number
of pendant segments is k' = [(m —1)/2].

(2) The lengths of the segments on the backbone, listed from one end to the
other, form a unimodal sequence r1,72,...,7k, i.€.,

ri<ro <o <1p > 2Ty
for some j € {1,2,...,k};

(3) The lengths of the pendant segments, starting from one end of the backbone
towards the other, form a sequence of values s1, 8o, ..., Sk such that

81283228 <o < Sy
for some j' € {1,2,... K'}.
Proof. We provide justification for each of the above claims as follows:

(1) Let the backbone be the path P(vg, vx) between leaves vy and vy with branching
vertices v1,va,...,vg—1 (in the order of their distances from vp). First we claim
that no branching vertex is of degree greater than 4. Otherwise, let v; be of degree
at least 5 with neighbors v;1, vi2, vs3, ... not on P(vg,vx). Let Te; (T;) denote
the component containing v;—1 (v;41) in T — E(P(vi—1,v:+1)) as before, and let
T<; = T<iy1 and T>; = 15,1 be defined as in the proof of Theorem @ as
well. Finally, let T;1, T2, T;3 be the pendant segments at v; containing v;1, vi2, v;3

respectively.
Suppose, without loss of generality, that
‘T<i| > |T>i|7
so that

T<i = T = Tig| > |T54-

Let T” be obtained from T by detaching T;; and Tjs from v; and reattaching
them to v;41. Note that 7' has the same segment sequence as T, even if i =
k — 1. The same argument as in the proof of Theorem shows that W (T") —
W(T) = d(vi,vit1) (|Tia| + |Tizl) - (|T<i — Tin — Tiz| — |T>4]) > 0, and we reach a
contradiction.

Now we know that all branching vertices are of degree 3 or 4. We can repeat the
same argument as before with a vertex v; of degree 4 (moving only one segment
instead of two) to obtain a contradiction, unless v; = v; or v; = vi_; (in which case
we would have to move a single segment to the end of the backbone, which changes
the segment sequence). Thus the only branching vertices that could possibly have
degree 4 are v; and vi_1.



Now assume that both v; and vg_; are vertices of degree 4. Let S = T}; and
S’ = Tyx_1,1 be two segments attached to v; and vy_1 respectively, and let R be
obtained from 7' by removing these two segments (Figure. Suppose, without loss
of generality, that
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FIGURE 5. The segments S and S’ and the rest of the tree (denoted R).

Let T" be obtained from T by removing both S and S’ and attaching them to
vg. Evidently, 77 and T have the same segment sequence. Let us again see how the
Wiener index changes:

e the distance between any two vertices in S, any two vertices in S/, or any
two vertices in R does not change;

e the total distance between all vertices in S and all vertices in S’ decreases
by d(v1,vr—1)[S5"];

e the total distance between vertices in S and P(vg,v;) does not change,
while the total distance between vertices in S and the rest of R increases
by d(vo,v1)(|R| — d(vo, v1) — 1S

e if S’ is moved to vy, the total distance between vertices in S’ and R increases
by d(vk—1,vk)(|R| — d(vk—1,v) — 1)|S’| as before;

e moving S’ further to vy changes the total distance further by

S Y dwov) = > d(wv)
veEV(R) veV(R)

Since the backbone is the longest path that contains all the branching vertices, we
have |S| < d(vo,v1) and |S’| < d(vg—1,vk). Moreover, we trivially have

|R| > d(vo,vk) + 1 = d(vo,v1) + d(v1, vk—1) + d(vk—1, vk) + 1.
Thus the total change is

W) = w(T) =51 Y dwov)— Y dlvess,v))

vEV(R) veV(R)
+d(ve—1,ve) (|1R] = d(vk-1,vk) = 1)|5'|
+ d(vo, v1)(|R] — d(vo,v1) — 1)|S| = d(v1, ve-1)|S||S"|
> d(v—1,vx) (d(vo, v1) + d(v1, vE-1)) S|
+ d(vo, v1) (d(v1, vg—1) + d(vk—1,vk))|S| = d(v1,ve-1)|S]|S|
> d(vi,v-1) (18" +|SI* — |S]]8"])
> 0.



Consequently W(T") > W(T), a contradiction. Thus there is at most one vertex of
degree 4, and it has to be either vy or vgp_; (if there is such a vertex at all, which
happens if and only if the number of segments is even).

(2) Consider the segments P(vg,v1), P(v1,v2), ..., P(vk_1,vk) on the backbone, let
71,72,...,T% be the lengths of these segments, and let M be be the maximum length
of a backbone segment. Let j be the smallest index such that r; = d(vj_1,v;) =
M > 141 = d(vj,vj41). Such an index always exists (if necessary, after reversing
the backbone) unless all segments on the backbone have the same length. In this
case, however, there is nothing to prove.

Moreover, let T<;_1, T; and T>,11 denote the components containing v;_1, v;
and v;11 respectively in T — E(P(vj_1,v;41)) (Figure @ We must have |T<;_1| >
|T> 11|, for otherwise interchanging T'<;_; and T>;;; will increase the Wiener
index by

(T = 1D)(rj = rj1) (1T 41| = [T<j-1]) > 0.

FIGURE 6. The subtrees T<;_1, T and T>;1.

Consequently, we must also have
T<io1] > [T<j-1] > [T>j41] > [T>i41]

for any ¢ > j, implying that r; > r;y1 by the same argument. It follows that
Tj > Trjp1 > -+ . Similarly, one can show that ry < --- <.

(3) We only consider the case of an odd number of segments in T (the even case
can be argued in exactly the same way). Then all branching vertices have degree
3. Let S; denote the pendant segment at v; (1 <i <k’ =k — 1), let s; denote the
length of S;, and let x4 be the minimum length of all pendant segments.

Let j' be the smallest index such that s;; = p < sj.41 (again, such an index
exists, if necessary after reversing the backbone, unless all branching segments
have the same length), and let T<;» and T>;/4+1 denote the components containing
vjr, and vj41 respectively in T — E(P(vjr, v + 1)).

Then we have |T<;s —Sj/| > |T>;/41 — Sj 41|, or interchanging S;» and Sjq will
increase the Wiener index by

d(vjr,vjr1) (8541 — 85) (I Tsjr41 — Sjrga| — [T<jr = Syr]) > 0.
Thus
|T<i — Sil > |T<jr| > |T<jr — Sjr| > [T>jr41 = Sjrsa| = [Toig1| > [ T>iv1 — Sigal

for any ¢ > j’, which implies that s; ;1 > s; by the same argument. It follows that
sj < 5541 < ---. Similarly, one can show that s; > --- > s;.
]



4. TREES WITH GIVEN NUMBER OF SEGMENTS

In this section, we answer Question affirmatively by proving the following
theorem:

Theorem 4.1. Among all trees of order n with m segments, O(n,m) (E(n,m))
mazimizes the Wiener index if m is odd (even).

Proof. We only consider the case of odd m, the other case is similar. Let 7' be an
optimal tree, given the number of vertices and segments.

From Theorems [2.1] and it is clear that T has to be a quasi-caterpillar, and
that every branching vertex has degree 3. Let the backbone be the path P(vg, vg),
and let vy, v9,...,v5—1 be the branching vertices on the backbone. Note that the
total number of segments is m = 2k — 1. Moreover, let a and b be the lengths of
P(vg,v1) and the other pendant segment ending at v, and let 7’ be the tree that
remains when those two segments (including v;) are removed.

Suppose that min(a,b) > 1. If we replace the two segments by segments of
lengths 1 and a + b — 1, the Wiener index increases by (a — 1)(b — 1)|7”], and we
reach a contradiction to the choice of T

Thus the pendant segment at v; (and by the same argument, the pendent seg-
ment at viy_1) has to have length 1, and by statement (3) of Theorem alll
pendent segments have length 1. In other words, T is a caterpillar.

From the (partial) characterization of trees with given degree sequence that max-
imize the Wiener index (see [13| Theorem 3.3]), we also know that the degrees of the
internal vertices along the backbone have to be decreasing at first, then increasing,
i.e., the sequence of degrees has to be of the form 3,3,...,3,2,2,...,2,2,3,3,...,3.
It only remains to show that the number of vertices of degree 3 on the two sides
is as equal as possible (difference at most 1). Let us rename the vertices on the

backbone as follows: ug = vg, u1,us, ..., Uy_r = vg; this includes all vertices, not
just the branching vertices. Assume that there is a leaf attached to wq,us, ..., us;
and Up—k—1, Un—k—2,- -, Un—k—y, Where z+y =k —1. If k —1=n—k—1 (equiv-

alently, n = 2k = m + 1), there is nothing to prove, as there is only one possibility
left for T all vertices on the backbone have to have degree 3. Otherwise, assume
that |z — y| > 1; without loss of generality, z > y + 1. If we move the one leaf from
Uy t0 Up—g—y—1, the Wiener index increases by 2(z —y — 1)(n — 2k), and we reach
yet another contradiction. Thus |z — y| < 1, which means that T is isomorphic to
O(n,m). [ ]

5. CONCLUSION

We found that a tree maximizing the Wiener index, given the segment sequence,
has to be a quasi-caterpillar, and we managed to characterize the structure some-
what further. A complete characterization of the extremal trees seems difficult,
as it is for the problem of maximizing the Wiener index of trees given the degree
sequence. For the problem of maximizing the Wiener index among trees with a
given number of vertices and segments, however, we did prove such a complete
characterization.

It is quite probable that similar results hold for other graph invariants (in par-
ticular, distance-based invariants), and we think that it would be worthwhile to
further pursue this line of research.
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