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Abstract

We consider self-similar graphs following a specific construction scheme: in each
step, several copies of the level-n graph X,, are amalgamated to form X, ;. Exam-
ples include finite Sierpinski graphs or Vicek graphs. For the former, the problem
of counting perfect matchings has recently been considered in a physical context

by Chang and Chen, and we aim to find more general results. If the number of
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amalgamation vertices is small or if other conditions are satisfied, it is possible to
determine explicit counting formulae for this problem, while generally it is not even
easy to obtain asymptotic information. We also consider the statistics “number of
matching edges pointing in a given direction” for Sierpinski graphs and show that it
asymptotically follows a normal distribution. This is also shown in more generality

in the case that only two vertices of X, are used for amalgamation in each step.

Key words: Perfect matchings, self-similar graphs, exact enumeration, asymptotics

1 Introduction

The enumeration of perfect matchings belongs to the classical counting prob-
lems in graph theory. In view of its applications to the dimer problem in
statistical physics, the enumeration of perfect matchings is particularly well-
studied for square and hexagonal lattices—this line of investigation has been
started by Kasteleyn’s fundamental work (see [5]), and there is a vast variety of
subsequent papers on the enumeration of perfect matchings and the equivalent
problem of counting domino and lozenge tilings; [7] provides a good survey of
this topic. Some other papers deal with perfect matchings in trees, cacti and

other families of graphs, see for instance [3,6].

For basically the same class of graphs, it was shown in [9] that remarkable
explicit formulee can be given for the problem of counting spanning trees. It

turns out that there are explicit formulae for the number of perfect matchings
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in some special cases as well, and these cases will thus be of particular interest

in this paper. Section 4 deals with these special cases.

We will also consider the statistics “number of edges in a fixed direction” for
random perfect matchings, which is particularly natural in the aforementioned
special case of the Sierpinski gasket. A normal limit law for this quantity with

explicit mean and variance will be proved in Section 5.

2 Construction

In order to define the graph sequences we are going to investigate, the following

essential ingredients are needed (cf. the construction in [8,9]):

e An edgeless graph G with § > 2 distinguished vertices given by n: @ — VG
e ={1,...,0}).
e s > 2 substitutions, defined by injective maps o; : © — VG fori € S =

{1,...,s} such that VG = U, 0;(O).

Now, for any (multi-)graph X and any injective map ¢ : @ — VX, a new
multigraph Y together with an injective map ¢ : ©® — VY is constructed as

follows:

For each i € S let Z; be an isomorphic copy of the (multi-)graph X, so that
the vertex sets VZ,,..., VZ,, and VG are mutually disjoint. The isomorphism
between X and Z; is denoted by (; : VX — VZ,. Let Z be the disjoint union of

G and Zy, ..., Z, and define the relation ~ on VZ as the reflexive, symmetric,
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and transitive hull of

U{@ratetn  jeefcvzxvz.
i=0
Then the multigraph Y is defined by its vertex set VY = VZ/~ and edge
(multi-)set
BY = {{{v). lwl} : (v} € B2},
where [v] denotes the equivalence class of a vertex v. The map ¢ : @ — VY

is defined by ¥(i) = [n(i)] € VY. We call () (and ¢(O)) the distinguished

vertices (or boundary vertices) of X (and of Y, respectively).

If the pair (Y, ¢) is constructed as above from (X, ¢), write (Y, ¢) = Copy(X, ¢).
Since we fix G, n, and {o; : i € S}, the dependence on these items is sup-
pressed. Note that Y is the amalgamation of s isomorphic copies of X (thus
we need the additional condition that VG = U;_, 0,(©), which means that

there are no isolated vertices): for i € S define Z; by
VZ, — {[v] e vzi} and EZ — {{[v],[w]}  {o,w} € Ez}
Then Z; is isomorphic to X and the isomorphism is given by
G: VX = VZ, v [G0)]

The subgraph Z; is called the i-th part of Y. On the i-th part of Y distinguished

vertices are given by

O —VZ,  jr Gle) = o))

In the following, we will be interested in sequences of graphs obtained by
iterating this construction, i.e. X is some initial graph with distinguished

vertices given by a map ¢g, and (X, ¢,) = Copy(X,_1, pn_1). We will also



s1 need some symmetry condition in the following sections: it will be assumed
s that the graphs X, are strongly symmetric with respect to the boundary
53 pn(©), i.e. the automorphism group of X, acts like the alternating group
s« or the symmetric group on ¢, (0). If this condition is satisfied, then we have

ss  the following simple yet important property:

ss Lemma 1. For any two subsets K, Ky C © with |K;| = |K3| and any non-

s» negative integer n, there is an automorphism 7 of X, such that 7(p, (k7)) =

58 W((pn(KQ)).

so 2.1 FExamples

s In this subsection we present some examples of self-similar graphs illustrating

&1 the construction. Note that all examples satisty the symmetry condition.

Xo
3
(=)
G \0-2 ‘:\0-5\‘\
(:/j% \)l// b'?; \\( 06 \ nﬁn n n n n
1 5 6

Fig. 1. An example of a sequence of finite self-similar graphs.
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2.1.1 An example with two distinguished vertices

Let 6 = 2 and s = 6 and define G by VG = {1,2,3,4,5,6}. Furthermore,

define the maps 7 and o; by the following table:

i|m(i)|o1(i)|o2(i) |o3(i) |oa(i) |05 (1) |o6 (i)

s With these definitions we build a sequence of finite self-similar graphs X,, by
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setting Xo = Ky and (X,,, ¢,) = Copy(X,_1, ¢n_1) (Figure 1).

AN

Fig. 2. The first few finite 2-dimensional Sierpinski graphs.

2.1.2  Finite Sterpinski graphs
Fix some d € N and let s = 0 = d + 1. Define the edgeless graph G by
VG:{mENngl Pyt Tot . T :2}

and the map n: @ — VG by n(i) = 2e;, where e; is the i-th canonical basis
vector of R™™. Tn addition, set o;(j) = e;+e; € VG fori € S and j € O (note
that © = S = {1,...,d + 1}). It is easy to see that | VG| = (d + 2)(d + 1).
The usual finite d-dimensional Sierpinski graphs are then obtained by setting
Xo = K441 and iterating (X,,, ¢,,) = Copy(X,_1, on_1) for n € N. See Figure 2

for the case d = 2.
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2.1.3 Finite Vicek graphs

Fix some integer 6 > 2 and set s = 6 + 1. Recall that © = {1,2,...,0} and
define VG = © x O. Then define the maps n and o; by n(i) = (i,1) and
| ities,
0i(j) =
(j,2) ifi=s=0+1
With this data the finite Vicek graphs are defined as follows: the initial graph
X is the complete graph Ky, and X, is defined by (X,,, ) = Copy(X,—1, Yn_1),

as always. Figure 3 shows the first few Vicek graphs for 6 = 4.

Xo X1 Xo

Fig. 3. The first few finite Vicek graphs.

3 Perfect Matchings

A matching is a set of disjoint edges of a graph, a perfect matching is a match-
ing which covers all vertices of a graph. Let a graph X with 6 distinguished
vertices (defined by an injective map ¢ : © — VX as in the previous section)
be given such that X is strongly symmetric with respect to ¢(©). We denote
the set of matchings by M(X) and define Mg (X) to be the set of all perfect
matchings of X \ ¢(K) for any set K C ©. Then, in view of strong symme-
try, the size of Mg (X) only depends on the cardinality of K, and we may

define my(X) = |Mg(X)| for any set K of cardinality |K| = k. Note that
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m(X) =0 if k # | VX| mod 2.

Now, if Y = Copy(X), we want to express the values of my(Y") in terms of the
m;(X). To this end, note that every matching M in Mg (Y') induces matchings
on all parts Z; of Y. For each 4, let M, be the restriction of M to the i-part
Z;: M; = M N EZ;. The matching M; has to cover all vertices of Z; except
possibly some of the distinguished vertices of Z;. Hence (;*(M;) belongs to
M, (X) for some set L;. Moreover, for each v € VG \ n(K), there is exactly
one i = p(v) such that the vertex [v] € VY is covered by an edge in the part

Z;.

Conversely, let a set K be given. Define amap p : VG\n(K) — S such that v €
0 p(0)(O) for all v, and choose a perfect matching M; in X \ p(©\ a; " (p~1(i)))
for each i € S (i.e. in the preimage of Z;, reduced by all vertices which are
not covered within Z;), if possible. Then U5, ¢;(M;) is a matching in Mg (Y).
So we have established a bijective correspondence between Mg (Y') and all
possible tuples (p, M, ..., M). Here, M; is a matching in M, for some set
L; of cardinality 0 — |p~1(i)|. Hence, the formula

my(Y) = ; H1 Mo |p=1(3) (X) (1)
holds, where the sum is over all possible functions p which satisfy the above
condition, and K is an arbitrary set of size k. The following simple lemma is

an immediate consequence:

Lemma 2. For every 0 < k < 0, there exist nonnegative integer coefficients

a(k,v) such that

0
mi(Y) = > _a(k,v) [ my(X)7,

Jj=0

where the sum is over all (0+1)-tuples v = (v, ..., v4) of nonnegative integers
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such that

9 0
dvj=s and > jvj=s0 — | VG| + k.
=0

J=0

Proof. We only have to check that in Equation (1), the identity

SN0~ 1o (0)]) = 0~ | VG| + b

i=1

holds. Then, the lemma follows easily from (1). However, this is equivalent to

dom(p)| = Yl ()] = | VG|~ &

which is obviously true. ]

In the following, some examples for the resulting recurrences are provided and
analyzed. The special cases # = 2 and # = 3 have particularly nice properties

yielding explicit formulee, and so we are going to deal with them first.

Note that the number of vertices in X,, satisfies a first-order linear recurrence,

namely

|VX,| = s|VX,_1| + | VG| — s6.

Hence there are three possibilities, depending on s and § = s — |VG|:

e | VX, | is even for all n > 0, so that my(X,,) can only be positive if k is even.
This happens if s and ¢ are both even or if s is odd and §, | VX | are even.

e |VX,|is odd for all n > 0, so that my(X,) can only be positive if k is odd.
This happens if s is even and § odd or if s, | VX | are odd and § even.

e |VX,| is alternately odd and even, and my(X,) behaves accordingly. This

happens if s, are both odd.
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4 The special cases of two or three distinguished vertices

In the cases 8 = 2 and # = 3 it is possible to derive exact formulee for the
quantities my(X,), as will be exhibited in this section. Specifically, we have

the following theorem:

Theorem 3. Assume that | VX, | is always even or always odd for n > 0 and

0 = 2 or @ = 3. Then there are constants Cy, v, 7, and 3, so that
mi(X,) = Cyn ™M/ 5
holds for all n > 0 and all £.

Now assume that | VX, | is alternately odd and even for n > 0. If § = 2, then
my(X,,) is eventually 0 for all k. If 6 = 3, then my(X,,) is given by the formula

above for every other n depending on parity.

The proof of this result is provided in the following two subsections. Note
that v > 0 can be arbitrarily close to 0 as well as arbitrarily close to oo, see

Example 4.3.3.

4.1 Two distinguished vertices

Since we are mostly interested in counting perfect matchings, we deal with
the case when | VX,,| is always even first. Then Lemma 2 shows that there are

coefficients a, b such that

mo(Xn) = amo(Xy—1)" ma(X,-1)°"",

mZ(Xn) = me(anl)Vil mQ(anl)87V+17

10
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where v = %| VG|. Note that no symmetry condition at all is necessary to
obtain this recursive relation. It also follows that a is precisely the number of
perfect matchings in Copy (K3, ¢) (¢ being the trivial map from {1,2} to the
vertices of K3) and that b is the number of perfect matchings in Copy(Ks, )\

¥({1,2}). Dividing the two equations yields

m0<Xn) a mO(Xn—l)

ma(X,) b ma(Xn1)

which shows that
ma(X,) = Q () mo(X.,),
where @) = % We use this in the formula for mg(X,,) to obtain
v (s—v)(n—-1) s
mo(X,) = a Q" () mo(Xn-1)
with the explicit solution
mO(Xn) = CO P)/Tn ﬁs") mZ(Xn) = CY2 V(Til)n ﬁs"’

where the constants Cy,Cs,vy,7, and 3 are given as follows:

1= T=EL G= @)

Co=0CpQ, B= Co_1 mo(Xo).

The case when | VX, | is always odd is less interesting. We already know that
mo(X,) = ma(X,) =0 for all n > 0. In view of Lemma 2, m;(X,) = 0 holds
as well for almost all n unless | VG| = s+ 1 (otherwise, there is no solution to
vy = s and vy = 2s — | VG| + 1). Then, however, there exists a constant a so

that my(X,) = am(X,_1)® with the simple solution

n

mi(X,) =aTs - (ml(Xo) aﬁ)s :

11
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Finally, we consider the case when the parity of | VX, | is alternating. In this
case, the quantities mo(X,,), m1(X,), and ms(X,,) are equal to 0 for almost all
n, which can be shown by similar arguments: first, note that either mq(X,) or
mo(X,,) has to be 0 for almost all n by Lemma 2 (there cannot exist solutions
to the systems v; = s, 1y = 2s — |VG| and vy = s, v; = 25 — |VG| + 2
simultaneously). Thus, suppose for instance that my(X,) = 0 for almost all
n and that | VG| = s (so that there exists vy with 1y = s = 2s — | VG|). But
then, my(X,) = 0 for almost all n, as there is no solution of the system vy = s,

0=2s—|VG|+1=s+ 1. The second case is treated similarly.

4.2 Three distinguished vertices

First, let us consider the case when | VX, | is always even again. Then, we have

mo(Xn) = amo(X,—1)" mao(Xn—1)*"",

ma(X,) = me(Xn—l)V_l m2(Xn—1)s_V+1

for some integer coefficients a,b, where v = $(|VG| — s). This system of

recurrences is basically the same as in the case 6 = 2.

The case when |VX,| is always odd is also completely analogous. We obtain

a system

mi(Xy) = amy(X,-1)” ms(X,-1)"",

mS(Xn) = bml (anl)yil mS(anl)57V+17
where v = 1(| VG| — 1). The solution follows again along the same lines.

Finally, let us consider the case when the parity of | VX | is alternating. Then

12



176 we obtain the system

mo(Xn) = aomy(Xp—1)" ms(X,—1)"",
mi(Xn) = ar mo(Xp—1)" ma(X,—1)° ",
ma(X,) = as m1<Xn71)V71 m3(Xn—1)37VH,

ma(Xn) = azmo(Xn-1)" ma(X,—1)* !

wr for certain integers ag, a1, a2, az, where v = | VG| and k = 3(| VG| — s — 1),

s We iterate this system once to obtain

mo(X,) = co mo(Xnﬂ)A mz(anZ)SQﬂ\v

ma(X,) = camo(Xp—2) ™ mz(Xn—z)SQ_Hl
1o for integer coefficients cg, co and A = v+ (k —1)s = %((s +1)|VG| - s* — 33).
1o Again, this system can be solved as in Section 4.1.
w 4.3 Fxamples

12 Let us now apply Theorem 3 to the examples of Section 2.1.

183 4.3.1 An example with two distinguished vertices

18a See Section 2.1.1 for the construction of this example. We have 6 = 2, s = 6,
s and | VG| = 6. Since 6 = s — | VG| = 6 and | VX| = 2, the number | VX,] is
16 always even. It is easy to see that the following system of recurrence equations

187 hOldSZ

mo(Xn) = m()(Xn_l)ng(Xn_l)g,

ma(Xn) = 2mo(Xp_1)*ma(X,_1)

13
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Now the results of Section 4.1 imply that
mo(X,) = 93(6"—5n—1)/25 and ma(X,) = o(3-6"+10n—3)/25

Notice that the quantity v equals % in this case.

4.8.2  Two-dimensional Sierpinski graphs

For the construction see Section 2.1.2. Here, we have s = 6 = 3, |VG| = 6
and thus § = s — | VG| = 3. Hence, the parity of | VX,| is alternating. The

following system of recurrences holds:

mo(Xn) = 2m1(Xn_1)3,
mi(X,) = 2mo(Xpn_1) ma(Xn_1)?,
mz(Xn) = le(Xn_l)z mg(Xn_l),

m3(Xn> - 2m2<Xn—1)37
which reduces to

mo(Xn) = 16 mo(X,_2)® ma(X,_2)°,

mo (Xn> =16 L (Xn_2>2 m2<Xn_2)7.

Since m1(Xo) = m3(Xo) = 1, we have my(X,) = mo(X,) and my(X,) =
ms(X,) for all n. Therefore, mo(X,,) is given by the closed formula

3" -1

mo(X,) = mo(X,) =2 2

for all odd values of n. Note that v = 1.

This result was also found by Chang and Chen in [1], where two-dimensional
Sierpinski graphs with a larger number b of subdivisions are considered as well

(see Figure 4 for the case b = 3; the above case of ordinary Sierpinski graphs

14
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Fig. 4. Sierpinski graph of level 1 and 2 with three subdivisions.
corresponds to b = 2). It turns out that v = 1 for arbitrary b. To this end, we

show by a simple bijection that my(X,,) = ma(X,,) and m;(X,,) = m3(X,,) for

all n, regardless of the number of subdivisions b.

Lemma 4. Consider the sequence X,, of two-dimensional Sierpinski graphs

with arbitrary number b of subdivisions. Then,
mo(Xy,) = ma(X,) and my(X,) = ms(X,)

for all n.

Proof. We construct a bijection between matchings covering the left and right
corners and those not covering these two corners. Given a matching of the first
kind, consider all edges between vertices of the first (bottom) and second row.
Each of these edges is replaced by an edge connecting the same second-row
vertex with its other first-row neighbor. The horizontal matching edges in the
first row are moved accordingly (it is not difficult to see that this is possible).
The result is a matching of the second kind, and the process is also reversible.

See Figure 5 for an example. ]

It follows immediately that v = 1 for an arbitrary number of subdivisions.

Furthermore, one has

mi(X,) = ms(X,) = my (X;)¢" D/

15
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Fig. 5. The bijection that proves Lemma 4.

for b = 0mod 4 or b = 1 mod 4 (so that |VX,| is odd for all n > 1), where
s = (bgl) For b = 2mod 4 or b = 3 mod 4, the formula is slightly more

complicated, but essentially the same.

Hence, the problem is reduced to that of counting perfect matchings in trian-
gular grids (see [7] in this regard). The asymptotic growth constants
5 log my(X5,)
ap = lim —————=
b n—00 ‘ VXn’
(where k is chosen appropriately such that my(X,,) is nonzero) can now be

determined explicitly for small b, see Table 1. For b < 5, these were given in

the aforementioned paper of Chang and Chen [1].

4.3.8  Ezxamples for small and large

We construct two families of self-similar graphs depending on a parameter
1 € N. Since 6 = 2 in both cases the methods of Section 4.1 apply, where 7 is
given by v = p in the first case and v = ! in the second case. For the first
family let s = 3p and | VG| = 2u+ 2 and for the second one let s = 3+ 2 and
| VG| = 2p+4. For both families the initial graph X is K. The constructions

are indicated in Figure 6.

16



ag = 3log 2 = 0.2310490602

az = 1log6 = 0.2559656385

ay = £ log 28 = 0.2776837092

a5 = 7 10g 200 = 0.2943509648

ag = 55 log (1386 - 2196*') = 0.3069389564

a7 = g5; log (16814 - 37004*7) = 0.3178972533

ag = 75 10g 957304 = 0.3279018162

ag = 5 log 38016960 = 0.3356450564

Q10 = 355 log (220240306 - 2317631400°°) = 0.3416156081

11 = o5 log (10032960146 - 216893681800%°) = 0.3474147262

a2 = % log 31159166587056 = 0.3530696544

Table 1

The values a4 for small b.

,//
/e
\
O\

\

e e

Fig. 6. Construction schemes for two families of self-similar graphs.

22 5 Statistics

233 Once it is possible to count perfect matchings, it is natural to consider certain
2. shape statistics. Let us exhibit this for a particular example first. Consider the
25 two-dimensional Sierpinski graph again, as in Section 4.3.2. An edge included

236 in a perfect matching can point in three different directions: up, down or

17
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horizontal. We are interested in the distribution of the number of edges in
a certain direction (by symmetry, the distribution is the same for all three
directions) in a random perfect matching of the level-n Sierpinski graph. In
Figure 7 below, there are 7 "up” edges, 9 "down” edges, and 5 horizontal edges
in the indicated perfect matching.

©3(3)

p3(1) ©3(2)

Fig. 7. An example of a perfect matching in a Sierpiriski graph of level 3.

In order to analyze this parameter, we slightly modify our definitions: we
consider univariate polynomials now, where the coefficient of z* gives the
number of perfect matchings with exactly & horizontal edges. Furthermore, we
need more different variables, since the symmetry is not as strong any longer.
For a subset K of {1,2,3}, we let mg(X,) = mg(X,,z) be the polynomial
that corresponds to perfect matchings of X, \ ¢,(K). Note that it is still
true that mg(X,,) = 0 if [K| = n mod 2. Furthermore, we have my(X,) =
myoy(Xy) and my 51(X,) = mya3y(X,) by symmetry. Finally, we obtain a

system of recurrences given in Table 2. The initial values are given by

m@(XO) =0, m{l}(XO) =1, m{2}<X0) =1, m{3}(X0> =,

2(Xo) =0, mps(Xo) =0, mps(Xo) =0, mpas(Xo) =1
Straightforward induction shows that m sy (X,,) = xmy 23 (X,) and my(X,,) =

18
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253
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256

mp(Xn) = 2my1) (Xn—1)mioy (Xp—1)myzy(Xn-1)
= 2m1y(Xn-1) myzy (Xn-1),
my (Xp) = m@(Xn—l)(m{1,2}(Xn—1)2 + m{1,3}(Xn—1)2),
mysy(Xn) = mp(Xn-1) (mg1,3)(Xn-1)? + ma3(Xn-1)?)
= 2my(Xp-1)my 33 (Xn-1)%,
m{1,2}(Xn) = M{1,2,3} (Xn-1) (m{l}(Xn—1)2 + m{2}(Xn—1>2)
= 2my1 2.3} (Xn—1)m1} (Xn-1)?,
my1 a1 (Xn) = my1 23 (Xn1) (mny (Xn—1)? + mzy(Xn-1)?),
my1,2,3(Xn) = 2mp o3 (Xn—1)my 33 (Xn—1)myo 33 (Xn-1)

= 2m{1,2}(Xn—l)m{1,3}(Xn—1)2,

Table 2

Recurrences for matching polynomials

xmy12y(Xy) (this can also be seen from the bijection used in the proof of

Lemma 4), which allows us to simplify a little further:

mp(Xn) = 2mpy(Xno1)?msy (Xano1),
_ 2 —2 2
muy(Xy) = m@(anl)(m{l,B}(anl) + 27 my(Xp1) )7
m{B}(Xn) = 2m@<Xn—1)m{l,3}(Xn—l)2>

my1 3} (Xn) = xilm{g)} (Xn,l)(m{1}<Xn,1)2 + mysy (Xn,1)2>.

Let us now consider the case when n is odd (so that a perfect matching exists),
the other case being analogous. Then, it is sufficient to consider mg(X,,) and

myi,33(Xy). Setting

a, = a.(x) = mp(Xari1),

b, = br(ﬂﬂ) = My1,3} <X2r+1)7
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258

259

260

261

262

263

264

265

266

267

and iterating the above recurrences yields
2

3 32 —2 2 2
Ay = 4ar71br71 (Q? arfl =+ brfl) )

2
b, =21 ta, b7, (4@72,_1133_1 + a2_1($_2a3_1 + b3_1> ),

with initial values mg(X;) = 2z and my 3(X1) = 1+ 2°. Now define the

quotient ¢, by

b,
r = qr\T) = .
@ = a:(r) =~
From the above equations, it follows that
a,1 = a; - 4a70q (1 + ¢7)? (2)

and ¢.+1 = f(q,), where f is the rational function

1 2t4

f(t):§+m-

The initial values are ag = 2z and ¢y = 5(1 + 2?). Note that £ < f(¢) < 2
for all ¢ € (0,00); furthermore, it is not difficult to show that |f(1 + u) —
1| < 2(r +1)"Y2if |u| < 2r~'/2, and so straightforward induction shows that
|g- — 1| < 2r=Y2 for all r, implying that ¢, tends to 1, uniformly in z. Taking
logarithms in (2) yields

(1 + ¢2)?

loga,+1 = 9loga, +1og16 — 6logx + log 1

Set ¢, = &,.(x) = log M and note that &, = O(r~/2). Hence,

r—1
loga, =9"logag+ 97 !(log 16 — 6log x + ¢;)
=0

r

=9"logag +

97> 97 e = 39 e
Jj=r

J=0

(log 16 — 6log )

_ Glogzr —log16
- 8

+9"G(x) + O(r™/?),
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269

270

271

272

273

274

275

276

277

278

279

where G(x) is given by

61 —logle & .
G(z) =logag — o8t 3 80 > 9777 e ().
§=0
From this we obtain
ar = my(Xopi1) = 272234 "0 (1 + O(r™1/?)) (3)

uniformly for > 0. Another simple induction shows that ¢,(1) = ¢.(1) =

q’(1) = 1 for all r. Hence, differentiating the explicit formula for log a, yields

1 r—1 ) r—1 ) 32r+1 1
a/r( ) —9" _§ 9r—1—j + 42 91”—1—] _ +
j=0 =0 4

and
"

al()  (aW\ i o e
L (Ml)) 0 65 9 1239 1,

which implies that the mean of the number of horizontal edges is exactly

Jj=0 Jj=0

a’(l) B 32r+1 + 1

T

a,(1) 4

(one third of the total number of edges in a perfect matching, as it was to be

expected), while the variance is

A1)  a() (a;<1>>2 L)

In the same way, one finds G'(1) = 2 and G”(1) = 0. Finally, let H, denote
the number of horizontal edges in a random perfect matching of Xs,.1, and

consider the normalized random variable

Hr — U, 32r+1 1 32r+1 -3
Nr = 7/4L, where Mty = ; and 0'3 =
o, 4 4

Its moment generating function is given by

t/or
E(etN’") _ 6_“"t/g" ]E(etH"'/a"') _ e_ﬂrt/m- Ay (6 )

a,(1)
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282

283

284

287

288

289

290

291

292

293

294

295

296

Making use of the asymptotic formula (3), we obtain

E (") = exp (—"”t Ly (Gl - G(1))> (14 0@~ %)

oy, 40,

prt 3t r / t / t? " t?
:eXp(— Y (G(1)0T+G(1)+G (1) 2

uniformly in ¢ on any compact subset of (—oo,00). Therefore, by Curtiss’
Theorem [2], the normalized random variable tends weakly to a normal dis-

tribution. Summing up, we have the following theorem:

Theorem 5. The random variable “number of horizontal edges in a random
perfect matching of X,,”, where n is odd, is asymptotically normal, with mean
3n+1 3n—3

== and variance .

Generally, if a sequence of graphs X, is constructed as described in this paper,
any edge in X,, can be “traced back” to an edge in X, and one can consider the
number of edges in a random perfect matching that can be traced back to one
specific edge in Xy. For # = 2, i.e. two distinguished vertices, it follows quite
immediately that the limit distribution is either normal (as in the example
above) or degenerate, which can be seen as follows. Note that no symmetry
condition at all was necessary, so we can consider polynomials mg(X,, z) and
ma(X,, ) instead of the ordinary counting sequences mg(X,) and ma(X,).
The solution is still the same—the polynomial mg(X,,z) can be explicitly

written as
mO(Xm $) = CO(I) ’YTn ﬁ(x)sn’
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207 where Cp(x) and ((x) are given by

Cofa) = (™77 Q(a)
5(2) = Gy ol Xo, ),
Q) = "2t

mo(Xo, .Z’)
208 with a,b,s,v,7, 7 asin Section 4.1. The normalized polynomial mq(X,, x)/mo(X,, 1)

200 is thus given by

n

- (60) (B

20 and now there are several ways to show asymptotic normality (unless the

s distribution is degenerate), for instance Hwang’s quasi-power theorem [4].

52 Generally, for > 3, it can be expected that the distribution is still asymptot-
53 ically normal or degenerate, but this seems to be difficult to prove, considering
3¢ that mere counting of perfect matchings becomes more intricate for 6 > 3 (see

s the following section).

s 6 The general case

so7  In this section, we consider the case of arbitrary 6. First, we use the exam-
w08 ple of higher-dimensional Sierpinski graphs to exhibit the problems arising in
500 the general case. Then, we consider Vicek graphs, for which it is still possi-
s ble to obtain explicit formulae. This is further generalized and discussed in

s Section 6.2.
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313

314

315

316

317

318

319

320

321

322

323

6.1 FEzxamples

6.1.1 Higher-dimensional Sierpinski graphs

For the construction see Section 2.1.2. Let us consider the three-dimensional
case: d = 3. Then s = 0 = 4, |VG| = 10, and § = 6. Since |VXy| = 4,
the number | VX, | is always even. A short calculation yields the following

recurrences:

mo(Xn_H) = 8m0(Xn)m2(Xn)3,
m2(Xn+1) = 4m0(Xn)m2(Xn)2m4(Xn) + 4m2(Xn)4,

m4(Xn+1) = 8m2(Xn)3m4(Xn)
The initial values are given by (mg(Xo), ma2(Xo), ma(Xo)) = (3,1,1).

It is obvious from the recurrences that

m4(Xn)
for all n. Furthermore, if we set
X, 243
0 = ma(X,) then o1 = M7

m4(Xn) ’

and so ¢, converges to v/3 at a doubly exponential rate, i.e. ¢, = v3+0(C?")

for some 0 < C' < 1. The same follows for the quotient

mo (Xn> Qn’
and so we have
8
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327

328

329

330

331

332

333

334

335

336

337

338

339

Using the same techniques as in the previous section, we obtain
mO(Xn> ~ Q- ﬁ4n7

where o = § and [ = 2.3582688182. 3 can also be expressed explicitly as

o) P
p=2- Tl
§=0

This constant, without the precise asymptotic behavior, was also determined

in [1].

Due to the fact that the polynomials in the recurrences are no longer mono-
mials, there is no explicit formula any more. The asymptotic behavior can
be obtained for Sierpinski graphs of higher dimension by essentially the same
ideas (compare again [1]), but the technical details become increasingly te-
dious, and it is not quite clear how a general result for higher dimensions

might be found.

6.1.2 Vicek graphs

See Section 2.1.3 for definitions. Here we have s = 0 + 1, | VG| = 62, § = 0,
|VXo| = 0. If 0 is even, then | VX, | is always even, too. So let us restrict to

this case. It is then easy to check that
my(X,) = mo(Xno1)" ™ ma(Xn_1) me_p(X_1)

for even k. We assume that 6 > 6, the other cases being degenerate and thus

easier. It is sufficient to consider the quantities mg(X,,), ma(X,), mg_o(X,),
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340

341

342

343

344

345

346

347

348

349

350

and mg(X,):

mo(Xn) = mo(Xn-1)"me(Xn-1),
ma(X,) = m0<Xn71)072m2<Xn71)2m972(anl)7
mo—2(X,) = mo(Xn_1)?ma(X,-1)"",

mg(Xn) = mO<Xn_1)m2(Xn_1)07

Using basic linear algebra it is easy to derive closed formulae from these re-
currences. Since the formulese are rather long, we will not state them here.

However, by taking logarithms we obtain x,, = A x,,_1, where

0 0 01 log mo(X,,)
6—2 2 10 log ma(X)
A= and T, =
2 60-100 log mg_o(X5)
1 g 00 log my(X,,)

The eigenvalues of A are s =0+ 1,1,1, —1 (taking algebraic multiplicity into

account), where the eigenvalue 1 has geometric multiplicity 1.

6.2 A special case

For simplicity we restrict to the case when VX, is always even for n > 0. As
in the cases 6§ = 2 and # = 3, there are also examples of self-similar graphs
with § > 4 (such as the Vicek graphs discussed above), where the recurrences

for my(X,,) have the special form

mak(Xy) = by [ mas(Xn—1)"",
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358
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360

361
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363

364

365

366

367

368

369

which leads to exact formule for the quantities mgy(X,). To this end, set

T = log Moy (X,,) and @, = (Ton, L1, ... ); then

Ty = Amn—l +c,

where A = (ag;)r; and ¢ = (logby)x. The recurrence equation above can be

solved easily by means of linear algebra:

Proposition 1. For even k the quantity log my(X,,) is given by the solution of
a linear recurrence equation. Moreover, s and 1 are eigenvalues of the matrix

A.

Proof. The first part is plain. Using the homogeneity of the recurrences A1 =
s1 follows (1 = (1,1,1,...)). The second restriction on the exponents of the
monomials in the system (see Lemma 2) implies that Af = 61 + f, where

f=1(0,2,4,...). Together with A1 = s1 we obtain

Of course a similar result holds when the parity of |V X,,| is odd or alternating.

6.3 Final Remark

As demonstrated, there so no hope for closed formulee in the general case.
However, the examples suggest that log mg(X,,) is always asymptotically equal
to the solution of a linear recurrence. Furthermore, it is likely that such a
solution contains only powers of the form 1™, (—1)" and s”. Note that this
was the case in all examples so far. Moreover, we have verified this conjecture

for a subclass where the structure of the self-similar graphs is “tree-like”, as
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for the Vicek graphs.
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