INDISTINGUISHABLE TREES AND GRAPHS
STEPHAN WAGNER AND HUA WANG

ABSTRACT. We show that a number of graph invariants are, even
combined, insufficient to distinguish between nonisomorphic trees
or general graphs. Among these are: the set of eigenvalues (equiv-
alently, the characteristic polynomial), the number of independent
sets of all sizes or the number of connected subgraphs of all sizes.
We therefore extend the classical theorem of Schwenk that almost
every tree has a cospectral mate, and we provide an answer to a
question of Jamison on average subtree orders of trees. The sim-
ple construction that we apply for this purpose is based on finding
graphs with two distinguished vertices (called pseudo-twins) that
do not belong to the same orbit but whose removal yields isomor-
phic graphs.

1. INTRODUCTION

A number of graph-theoretical problems deal with the reconstruction
of a graph from certain given information. By a graph invariant, we
mean a map whose domain is the set of all graphs, and that is invariant
under isomorphism. Examples include:

e The (ordered) degree sequence,

e The characteristic polynomial and the spectrum,

e The chromatic number, the independence number, and the match-
img number,

to name but a few. In all these instances, knowledge of the specific
graph invariant is generally not sufficient to uniquely determine the
underlying graph. It is a classical result of Schwenk [13], for instance,
that a random tree almost surely (with probability tending to 1) has
a cospectral mate, i.e., a non-isomorphic tree with the same spectrum.
There are, however, many graphs that are uniquely determined by the
spectrum.

On the other hand, the famous reconstruction conjecture [6] states
that every graph of order at least three can be reconstructed from its
deck, i.e., the multiset of its vertex-deleted subgraphs. It has been
verified for various classes of graphs, among them trees.
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The question whether a graph invariant can be used to distinguish
between non-isomorphic graphs also arises outside of mathematics. In
chemistry, a number of graph invariants are used as molecular structure-
descriptors [I4] (and sometimes called topological indices in this con-
text). The question how well such an invariant discriminates between
non-isomorphic graphs has therefore been raised in the chemical liter-
ature as well (see for instance [10} [12]). The typical measure in this
context is the ratio between the number of possible values and the
number of non-isomorphic graphs in a certain class (e.g., trees of fixed
order n). A popular example of a graph invariant in chemistry is the
Wiener index [4], which is defined as the sum of all distances between

vertices:
W@ = > dvw).
{vw}CV(G)

Equivalently, one can consider the average distance, which is W(G)/ ('C;‘).

Let us have a closer look at graph invariants that are polynomials.
One of the best-known examples is the Tutte polynomial (see for in-
stance [I, Section 9.1]), of which the chromatic polynomial is a special
case. Other special values of the Tutte polynomial include the number
of spanning trees, the number of forests and the number of connected
spanning subgraphs. It can be defined via the rank polynomial or by
a deletion-contraction process:

e If G has no edges, then T'(G,z,y) = 1).

e If e is a bridge, then T'(G, z,y) = 2T (G \ e, z,y). If e is a loop,
then T'(G, z,y) = yT(G \ e, x,y).

o If e is neither a bridge nor a loop, then T'(G,z,y) = T(G \
e,x,y) + T(G/e,z,y). Here, G/e means the graph resulting
from contracting e (i.e., identifying its ends).

The characteristic polynomial of a tree is intimately tied to the number
of matchings — indeed, it is a well-known result that the characteristic
polynomial of a tree T" of order n is given by

O(T,x) =Y (=1)Fm(T, k)a"~,

k>0

where m(T, k) is the number of matchings of order &k in T'. This polyno-
mial is also called the matching polynomial (see for instance [3, Chap-
ter 4]) for general graphs, and it is related to the matching-generating
polynomial
M(T,z) =Y m(T, k)z".
k>0

In a similar fashion, one defines the independence polynomial [I1] of

a graph G by
I(G,z) =Y _i(G, k)",

k>0
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where i(G, k) is the number of independent sets of cardinality &k in
G. The Hosoya polynomial [7] is closely related to the aforementioned
Wiener index and given by

H(G,z) = Z W),

{ow}cV(G)

Clearly, one has H'(G,1) = W(G). Yet another similar polynomial,

S(T,x) = Z s(T, k)a*,

k>1

where s(T, k) is the number of subtrees of cardinality & in a tree T, oc-
curs in a paper of Jamison [§], who studies the average number of nodes
in a subtree of a tree that can be expressed as the logarithmic deriv-
ative S’(7,1)/S(T,1). Since the matching polynomial is not sufficient
to determine a tree, what about the independence polynomial or the
subtree polynomial? Indeed, Jamison poses the question (which still
seems to be open) whether two non-isomorphic trees of the same order
always have a different average number of nodes in a subtree. The aim
of this paper is to give a simple construction which shows that even
all three polynomials combined (plus possibly other information) are
insufficient to reconstruct a tree. Therefore, in particular, the answer
to Jamison’s question is negative: there are two non-isomorphic trees
T and T" for which S(T,z) = S(T",z), hence the average order of a
subtree is the same in 7" and T".

Before we prove this statement, let us first review the idea of Schwenk
in his proof of the aforementioned result on cospectral mates (see [2] for
an excellent treatment as well as other constructions yielding cospectral
graphs): the key is to take two trees T} and Ty with distinguished
vertices v; and v, such that the characteristic polynomials agree:

o(Th,z) = ¢(T3, v) and H(Ty \ vy, ) = ¢(T2 \ va, ).

Figure |1| shows an example. Let R be an arbitrary tree and w be a
vertex of R. We consider the two trees U; and U, obtained by taking
the union of 77 and R (7> and R, respectively) and identifying v; and
w (vy and w, respectively), an operation known as coalescence. Then,
making use of an identity for the characteristic polynomials of graphs
[2, Theorem 2.2.3], one obtains

d(Ur,2) = ¢(T1 \ v1,2)p(R, z) + ¢(Th, 2)p(R\ w, ) — ¢(T1 \ v1, 2)p(R\ w, )
= ¢(Ty \ v, 2)p(R, x) + ¢(To, ) (R \ w, z) — ¢(T3 \ v2, 7)p(R \ w, 7)
= ¢(U27x)7

i.e., U; and U; have the same characteristic polynomial, regardless of
the choice of R. Schwenk’s theorem is now a result of the fact that a
random tree of order n almost surely contains any given rooted subtree
as n — oo (and thus almost surely 77, rooted at vy, which can be
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replaced by T5, rooted at vy, to obtain a non-isomorphic tree with the
same characteristic polynomial). In the following, we show that this
applies to the independence polynomial and the subtree polynomial as
well, and provide a common construction to find such pairs of trees
(and other graphs).

. I I
U1 %)

F1GURE 1. Construction of cospectral trees

2. PSEUDO-TWINS

Consider the pair of rooted trees of order 11 shown in Figure [2] below:
it is obvious that the two are isomorphic as trees, but not as rooted
trees. What is more striking, however, is the fact that the two remain
isomorphic as forests if the roots are removed. This fact was was also
exploited by Godsil and McKay [5] in their construction of cospectral
trees whose complements are still cospectral. The pair is the smallest
example of its kind. Let us first give a name to such pairs:

Definition 1. Let G be a graph and v, w be two vertices such that G\ v
and G\ w are isomorphic, but v and w do not belong to the same orbit
of the automorphism group Aut G. Then we call v and w pseudo-twins

SN
S

FIGURE 2. A pair of rooted trees.

If G is a tree, then rooting G at two pseudo-twins v and w yields
nonisomorphic rooted trees. The importance of such pseudo-twins for
our purposes comes from the following fact: let H be an arbitrary graph
and u a vertex of H. Let L, and L,, be the two graphs obtained from
G and H by identifying v and v respectively v and w as in Schwenk’s
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construction described in the introduction. Then L, and L, are not
isomorphic, but they are indistinguishable in many ways: it is obvious,
for instance, that they have the same degree sequence (since G \ v
and G \ w have the same number of edges, v and w must have the
same degree), and it is easy to see that they also have the same Tutte
polynomials, since the vertex where G' and H are “glued together” is a
cut vertex of the new graph, and one can easily show that T'(L,, z,y) =
T(Ly,z,y) = T(G,x,y)T(H,x,y), without any conditions on v and
w. As explained in the introduction, L, and L, also have the same
characteristic polynomial. We show that L, and L, coincide in many
other graph invariants as well. A number of such invariants will be
discussed below, but before we proceed with these graph invariants, let
us formulate the non-isomorphism of L, and L,, as a theorem:

Proposition 2.1. Suppose that G is a connected graph with two dis-
tinguished vertices v and w, and that H is another connected graph of
order > 1 with a distinguished vertex w. We obtain the graphs L, and
Ly, as the coalescence of G and H by identifying u and v respectively
u and w. If L, and L., are isomorphic and one of the following two
conditions holds:

o |H| = 1G],

e (7 is a tree,
then v and w belong to the same orbit of AutG.

Remark 1. This proposition is not as trivial as it seems, and indeed
it is wrong if no additional conditions are imposed. Figure [3 shows a
graph G with the property that an edge can be attached to two vertices
that are not members of the same orbit, creating isomorphic graphs.

Proof. Let ¢ : V(L,) — V(L) be an isomorphism, and let v' = ¢(v)
be the image of v (identified with w). If v = w, then it is easy to
see that the isomorphism also yields an automorphism of G that maps
v to w: in this case, we view both L, and L,, as the coalescence of
a multiset of rooted graphs whose roots are identified. Some of these
rooted graphs form H, rooted at u, the others form G, rooted at v,
and G, rooted at w respectively. Hence there is an automorphism of GG
that maps v to w.

If v' # w, let us now assume that |H| > |G|. Since v is a cut vertex
of L,, v has to be a cut vertex of L,,. If v/ is in G \ w, then one of the
components of L, \ v' contains H as a subgraph, while all components
of L, \ v have cardinality < |H| — 1, a contradiction. Hence v’ has to
be in H.

Let X1, Xs,..., X, be induced subgraphs of L,, such that X;\w, X5\
w, ..., X, \w are connected components of L,, \ w and that their union
is G. Likewise, let Y7,Y5, ... Y, be induced subgraphs of L, such
that Y7 \ o/, Yo \ v/,..., Y, \ ¢/ are connected components of L, \ v
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FIGURE 3. A counterexample to Proposition if no
additional conditions are imposed.

and their union is ¢(G). Finally, let Z be the graph that remains if
Xi\w, ..., X;\w, Y1\, ..., Y \v are removed from L, (see Figure ).

FiGURE 4. Ilustration of the proof of Proposition [2.1

Then the union
U=7ZUXUXoU---UX,,
rooted at ¢/, is isomorphic to H, rooted at u. Likewise,
Uy=ZUYUY,U---UY,,

rooted at w, is also isomorphic to H, rooted at u. Let us now define
ends: by a (A, a)-end with respect to a vertex b in a graph B, we mean
an induced subgraph A’ of B with a distinguished vertex a’ such that
there is an isomorphism from A to A’ that maps a to @/, and such that
A"\ d' is a component of B\ &' that does not contain b. Since Uy, rooted
at v’, is isomorphic to Us, rooted at w, U, has to contain the same
number of (X;, w)-ends with respect to w as there are (X;,w)-ends in
Uy with respect to v’ for any ¢ € {1,2,...,s}. Any such ends inside Z
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are ends with respect to v/ in Uy as well, so the only possibility is that
the set {(Xi,w), (Xs,w),...,(X,,w)} of rooted graphs is isomorphic
to the set {(Y1,v'), (Ya,v'),..., (Y, v')}, which means that G, rooted
at w, is isomorphic to ¢(G), rooted at v’, and so v and w belong to the
same orbit of Aut G.

Now suppose that |[H| < |G|, but that G is a tree, and that v and w
are not in the same orbit of Aut G. In this case, v" must be in G \ w
by the same argument as above. H has to be mapped to a subset of
G by ¢, and so H has to be a tree as well. Similar to the ends in
the previous part of the proof, we now look at isomorphic copies of H
(rooted at u) as induced rooted subtrees in L, and L,. No two such
copies with distinct roots can overlap, since they would have to contain
each other’s roots, and if this was the case, L, would have to be the
union of the two copies. But then |L,| < 2(|H| — 1), in contradiction
with the assumption |H| < |G].

Now let v1 = v, v = v = ¢(v). We already know that v is in G\ w,
so v3 = ¢(vg) is well-defined, since we can restrict ¢ to G. Moreover, vy
has to be the root of a copy of H, and so this also holds for v3. Since
copies of H with distinct roots do not overlap, vs cannot be in the
H-part of L, so ¢(v3) is again well-defined. We repeat the argument
to obtain a vertex vy = ¢(v3), etc. The sequence vy, vy = ¢(vy),v3 =
¢(vg), . .. must ultimately reach w. If not, it would have to return to v,
which is impossible since the degree of v in L, differs from the degree
in L,,. If we remove the subtree that is isomorphic to H from each of
the vertices v = vy, v9,v3,...,v, = w in L, and L,, (in the case of vy,
only in L,; in the case of vy, only in L,,), we obtain a tree K" on which
¢ becomes an automorphism.

To complete the proof, it remains to prove the following lemma:

Lemma 2.2. Suppose that there is an automorphism ¢ of a tree K that
maps v; to viy1, 1 =1,2,..., k—1. Then there exists an automorphism
T of K that maps vy to vy, and fizes the set {va,vs,. .., vk_1}.

Proof. Let us assume that K has a single centroid z, the case of a
double centroid being similar. Then z has to be a fixed point of ¢. Let
y be the first common vertex of the paths from v; to x and from v, to
x, respectively. Then y has to be a fixed point of ¢ as well, and since
¢(v9) = w3, y also has to be on the path from vs to z, etc. Regarding K
as a rooted tree with root z, y is a common ancestor of vy, v, ..., U,
and the subtrees rooted at vq,vo,..., v, are all isomorphic as rooted
trees. We prove the result by induction on the distance between y and
the vertices v;. If the distance is 1, then the statement is trivial (the
automorphism that swaps v; and v, and the subtrees rooted at these
two vertices has the desired property).

Now consider the subtrees of K that are rooted at the children of
y. All subtrees that contain some of the v; have to be isomorphic as
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rooted trees, and they (and possibly others) are somehow permuted by
¢. Let £ > 0 be minimal with the property that ¢(v;) = vy, is in the
same subtree as v. If v; and v, are in the same subtree, then k = 1
mod ¢, and ¢’ is an automorphism that maps v; to vy, Ves1 t0 Varyt,
etc., so we can apply the induction hypothesis to this subtree.
Otherwise, let Ry and R, be the subtrees that contain v; and vy
respectively. There is an automorphism v of K that swaps these two
subtrees and leaves everything else fixed. We can further choose ¢ in
such a way that it acts like ¢ on R; and like ¢ on R,. For some
r > 0 and A > 0, this automorphism maps vy, Vy11, Vori1, -, Vhrit
t0 Vpi1, Uprgvit1, Uopabatls - Unrior1 = Vg, in this order. Here, r is the
smallest positive integer < k such that ¢"(vy) = v,11 is in the same sub-
tree as vy (if such an r exists; if not, then this remains true with h = 0,
and the automorphism v already has the desired property). Note that
@" maps vy t0 V41, Upy1 t0O Ugy1, ete., so we can apply the induction
hypothesis to find an automorphism 7; that only acts on the subtree R;
and maps v; to vp,41 while leaving the set {v,41,Varg1, .-, V—1)r41}
fixed (if h = 0, we may simply choose 71 to be the identity). Now
we can combine 7; and ¥ to an automorphism that acts like ) o 71 on
R; and like 77! 0 4p™! on R, (leaving the other subtrees fixed). This
automorphism 7 has the desired property. [ |

Returning to the proof of Proposition [2.1, we now have an iso-
morphism on K that maps v = v; to w = v, and keeps the set
{vg,v3,...,v5_1} fixed. It therefore extends to an automorphism of
G (once the copies of H that were deleted are added again) that maps
v to w, which finally proves the statement. ]

F1GURE 5. Construction of pseudo-twins I.

Having proven this result, the question remains how one can con-
struct graphs with a pair of pseudo-twins. Figures [f to [7] give three
examples of possible constructions with the additional advantage that
they yield trees if the “building blocks” are trees; parts of the same
shape (and with the same letter) indicate isomorphic copies of the
same graph, the two pseudo-twins are denoted by v and w.
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F1GURE 6. Construction of pseudo-twins II.
B i i B
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FicUure 7. Construction of pseudo-twins III.

It is not necessary (though unavoidable for trees) that the pseudo-
twins are cut vertices of the graph. Indeed, a simple way to construct
such graphs is as follows: let G be any graph with two pseudo-twins v
and w, and let H be any other graph. Take the graph join G' = GV H
(i.e., the graph that results from the union G U H by connecting every
vertex of G to every vertex of H). It is clear that v and w are still
pseudo-twins of G’, but no longer cut vertices (see Figure [§ for an
example based on the trees in Figure [2).

(% w

FiGUre 8. Construction of pseudo-twins IV.

Finally, a graph can have more than one pair of pseudo-twins, and a
simple way to achieve this is to extend one of the three constructions
above, see for example Figure [9 in which v, w; are pseudo-twins as
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well as vy, wo. It remains an interesting question, though, whether one
can characterize exactly all graphs that have a pair of pseudo-twins.

F1GURE 9. Construction of pseudo-twins V.

3. INDISTINGUISHABILITY

Let us now look at some graph invariants whose (even combined)
knowledge is not sufficient to reconstruct a graph, and see how the
construction of pseudo-twins proves this fact:

Theorem 3.1. Let v and w be pseudo-twins of a graph G, and let L,
and L., be defined as in the previous section by taking the coalescence
with another graph H. Then

e L, and L, have the same number of matchings of any given
cardinality (and thus in particular the same matching number),

e L, and L, have the same number of independent sets of any
given cardinality (and thus in particular the same independence
number),

e L, and L, have the same number of connected subgraphs (in-
duced or non-induced) of any given order. In particular, if G
and H are trees, then L, and L, have the same number of sub-
trees of any given order.

e L, and L., have the same characteristic polynomial and there-
fore the same eigenvalues.

Proof. The four parts are all very similar and are based on recursive
formulas for the stated invariants.

e Let us start with the number of matchings. A matching in L,
consists of a matching in G and a matching in H, with the
additional requirement that the identified vertex u = v is not
covered in both. Let m(G, k) denote the number of matchings
of cardinality k£ in G. It is then easy to see (by means of the
inclusion-exclusion principle) that

m(Ly k) = Y [m(Gjym(H \ k= ) +m(G\ v, j)m(H.k - j)

J=0

—m(G\ v, j)m(H \u,k = j)|.
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Since G \ v and G \ w are isomorphic, it follows immediately
that m(Ly, k) = m(L,, k).

e An independent set in L, consists of independent sets in G and
H, with the additional requirement that either both contain
u = v or both do not contain the identified vertex. Thus if
i(G, k) denotes the number of independent sets of cardinality k
in GG, we have

k

i(Ly, k) :Z[ (G\v,7)i(H\ u,k—j)

Jj=0

+ (Z(Ga]) _Z(G\U7j))(Z<H7k_]) _Z(H\u>k_])) :

The same argument as before shows that i(L,,, k) = i(Ly, k).

e Let ¢(G, k) denote the number of (not necessarily induced) con-
nected subgraphs of order k£ in GG. Since a connected subgraph
in L, can either contain v or not, we obtain

c(Ly, k) =c(G\v,k)+c(H\ u, k)

k
+ > (e(G,4) = e(G\ v, ) (c(H k= G+ 1) = e(H \ u, k — j + 1)),
j=1
so that once again ¢(Ly, k) = c(Ly, k) for all k. The above
formula remains correct if the connected subgraphs are required
to be induced.

e Let ¢(G, x) denote the characteristic polynomial of G. Now the
same identity [2, Theorem 2.2.3] that was used in the introduc-
tion to construct cospectral trees can be used again, and we
obtain

P(Ly, x) = ¢(G, 2)p(H\u, 2)+¢(G\v, 2)p(H, ) —xp(G\v, 2)¢(H \u, x),
from which the statement follows immediately again.
[

Remark 2. Note the common form of the recursive relations for the
four different parameters: the conclusion of Theorem[3.1 holds for any
graph variant with the property that its value for the coalescence of
two graphs G and H, where v in G and uw in H are identified, can be
determined from invariants of G, H, G\ v and H \ u only.

Remark 3. Theorem can be generalized further to double coales-
cences: if Hy and Hy are two arbitrary graphs with distinguished ver-
tices uy and us respectively, then the graph L, obtained by identifying u,
and v as well as uy and w is indistinguishable (in the sense of the the-
orem, i.e., matching polynomial, independence polynomial, ... agree)
from the graph L, obtained by identifying u; and w as well as us and
.
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The construction of pseudo-twins can be made in such a way that
distance-based graph invariants are taken into account as well. Suppose
that v and w are vertices of G such that the number of vertices whose
distance from v is k equals the number of vertices whose distance from
w is k for any £k > 1. Then L, and L,,, constructed as before, have
the property that the number of pairs of vertices whose distance is k is
the same in L, and L, for any £ > 1. For the number of pairs within
G or within H, this is trivial, and for pairs including one vertex of G
and one vertex of H, this follows from the choice of v and w, since
any shortest path has to pass through v in L, and through w in L,
respectively in this case.

FiGURE 10. Construction of pseudo-twins VI.

It is not difficult to construct a graph with two-pseudo twins that
satisfy this additional condition, see Figure 10| for an example of a tree
with this property. It follows that L, and L, also agree in a number of
distance-based graph invariants: the simplest of these is probably the
diameter, another is the Wiener index that was mentioned in the intro-
duction, and more generally the Hosoya polynomial. Generalizations
of the Wiener index are included as well, such as

WAG) = Y dw,w),

{v,w}CV(G)

which gives the A-th moment of the distance upon division by (‘(2;') (see
[4] and the references therein). Another instance is the hyper- Wiener
index [14]: for two vertices v, w of a tree T, let n(v, w) be the number of
vertices for which the unique path to w passes through v (this includes
v itself). Then it is easy to prove that

WW(T) = Z n(v, w)n(w,v) = Z d(v,w)(d(;,w) i 1).

{v,w}CV(T) {v,w}cV(T)

The right hand side makes sense for arbitrary graphs (see [9]) and
defines the hyper-Wiener index. It can readily be seen that L, and L,,,
as constructed above, have the same hyper-Wiener index.
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4. THE SPECIAL CASE OF TREES

Recall that a random tree of order n contains any given rooted sub-
tree with probability tending to 1 as n — oo. Applying this to any
tree with two pseudo-twins that also satisfies the additional condition
on distances discussed in the preceding section (such as the tree in
Figure , we immediately obtain the following result:

Corollary 4.1. Almost every tree T' has a mate T' such that T and T’
have

the same degree sequence,

the same number of matchings of any given cardinality,

the same number of independent sets of any given cardinality,
the same number of subtrees of any given order,

the same eigenvalues,

the same number of vertex pairs whose distance s k, for any

fixed k.

As mentioned earlier, the second and fifth item in this list are inti-
mately related, since the coefficients of the characteristic polynomial of
a tree are exactly given by the number of matchings of different cardi-
nalities. The list can probably be extended to other graph invariants.

This corollary also shows that the answer to Jamison’s question men-
tioned in the introduction (do two non-isomorphic trees of the same
order always have different average subtree order?) is negative, and
that actually almost every tree T" has a mate T” of the same order such
that the average subtree orders of T and T” coincide.
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