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1. Introduction and preliminaries

We work over a fixed field F. If G is a group, a G-graded F-algebra is an F-algebra A

which has a decomposition A = @ A, into a direct sum of F-subspaces such that
geG

AgAp C Agy, for any g, h € G. Two G-graded algebras A and B are isomorphic if there is
an algebra isomorphism f : A — B preserving degrees, i.e., f(44) = By for any g € G.
A general problem is to classify up to isomorphism all possible group gradings on a given

algebra A.
If 0 : H— G is a group morphism and A = h@ Ay, is an H-graded algebra, then A
c€H
also has a G-graded algebra structure, denoted by A?, defined by (A‘g)g = > Ap
heH,0(h)=g

for any g € G. In particular, if A is a G-graded algebra and 6§ : G — G is a group
automorphism of G, we can define a new G-grading A% on A. In this way the automor-
phism group Aut(G) acts on the set of isomorphism types of G-graded algebras. If A
and B are two G-graded algebras, we say that A and B are equivalent, and we write
A = B, if A and B are in the same orbit of this action, i.e., if there is § € Aut(G) such
that B =2 A% as G-graded algebras. A second problem is to classify up to equivalence
the gradings on a given algebra A; this second classification identifies (possibly non-
isomorphic) gradings which are obtained one from each other by “mixing” the degrees
by an automorphism of the group. It makes sense to identify such gradings, since from
the point of view of graded ring theory, if A is a G-graded algebra and § € Aut(G), then
the graded algebras A and A? essentially have the same properties.

Of particular interest is the case where A = M, (F) is a full matrix algebra. The
classification of all group gradings on A is a wide open problem. The case where F
is algebraically closed was solved in [1], [2], see also [6]. If F' is an arbitrary field, all
possible gradings were determined for s = 2 in [7], and for s = 3 in [3]. Among special
classes of gradings that have been investigated we mention gradings for which all usual
matrix units in M, (F') are homogeneous elements. Such gradings are called good gradings
(or elementary gradings in [1], [6]) and they play a key role in the general problem
of classification of all gradings on a matrix algebra; good G-gradings on M (F') were
classified in [4] by the orbits of a biaction of G and the symmetric group Ss on the set
G*.

Now we recall from [8, Section 14] the definition of cyclic algebras. Let F' C K be
a Galois extension of finite degree s > 2 such that the Galois group Gal(K/F) is a
cyclic group. Let o be a generator of Gal(K/F), and let a € F*. The associated cyclic
algebra (K/F,0,a) is the quotient of the Ore extension K[X, o] by the ideal generated by
the polynomial X® — a. Denoting by x the class of the indeterminate X in this quotient,
we have

(K/F,0,a)=K® Kz ®---® Kz* ™!,
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subject to the relations ©* = a and zb = o(b)x for any b € K. Let Cs = (w) be the
cyclic group of order s. It is clear that (K/F,c,a) as above has a Cs-grading, whose
homogeneous component of degree w’ is Kz for any 0 < i < s — 1. We denote this C-
graded algebra by D;(K/F,o,a). In Section 2 we classify graded algebras of this kind
up to isomorphism and up to equivalence. The cyclic algebra (K/F,o,a) is isomorphic
to M(F) if and only if a € Nk p(K*), where Ng/p is the norm associated with the
extension K/F; in this situation the grading of D;(K/F, o, a) induces one on M,(F). A
consequence of the results in this section is the following.

Proposition A. The equivalence classes of all Cs-gradings on Mg (F) arising from gradings
of type D1(K/F, o, a) are in bijection to the isomorphism types of cyclic Galois extensions
of degree s of F.

Now consider a cyclic algebra (K/F,0,a) and assume that F contains primitive roots
of unity of order s. By Hilbert’s Theorem 90, K is a splitting field of a polynomial of the
form Y — b for some b € F, see [9, pages 288-289]. If y is a root of Y* — b in K, then
K=F(y)=F®Fy®---®Fy* ! and there exists a primitive s-th root of unity € in F

such that o(y) = ey. Then (K/F,0,a) = ® Fy'z?, 2° =a,y° =0b, and zy = eyx.
0<i,j<s—1

This suggests a consideration of a more general construction as follows. Assume that
F contains a primitive root of unity e of order s. Let Cs x Cs = (w) x (p) be the
product of two cyclic groups of order s, and let a,b € F*. Define the Cy; x C; - graded
algebra Do (F, e, a,b) by generators x,y subject to the relations

z®=a, y° =0b, zy = eyx,

with grading given by Dy(F,e,a,b),ip = Fy'a? for any 0 < i,j5 < s — 1. The al-
gebras Dy(F,e,a,b), considered just as F-algebras, with no reference to the graded
structure, were introduced by Milnor [10] in algebraic K-theory, in his approach to
the K5 functor. More precisely, Da(F, €, a,b) is a central simple F-algebra, and the map-
ping taking a pair (a,b) to the class of Dy(F,e,a,b) in the Brauer group of F defines a
Steinberg symbol {, } : F* x F* — Br(F), and further induces a group morphism from
K5 F to Br(F); for this reason Dy(F,e,a,b) is called a symbol algebra.

Note that in other words, the algebra Ds(F,¢,a,b) is the quotient of the quantum
polynomial algebra F.[X,Y] (also known as a quantum plane) by the ideal generated
by X*® —a and Y* —b. If s = 2, then the algebras Ds(F, ¢, a,b) are just the quaternion
algebras, which play a key role in the theory of quadratic forms.

Clearly, Dy(F,e,a,b) is a graded division algebra, i.e., any non-zero homogeneous
element is invertible. Denote by K}, & F[Y]/(Y*® —b) its subalgebra generated by y, and
by Nk, ,r the associated norm. We collect the main results about these algebras proved
in Sections 3 and 4 in:
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Theorem B. Ds(F,e,a,b) is isomorphic to My(F) if and only if a € Nk, p(Kyp). The
isomorphism types of Cs x Cs - graded algebras of type Do(F, e, a,b) are in bijection to the
set U(Zs) x F*/(F*)® x F*/(F*)®, while the equivalence classes of such graded algebras
are classified by the orbits of a certain action of SLa(Zs) on F*/(F*)® x F*/(F*)*.
As for the Cs x Cs - graded algebras induced on My(F) from graded algebras of type
Dy(F,e,a,b), their isomorphism types are in bijection to U(Zs) x E(F, s), where E(F, s)
is the SLy(Zs)-subset of F*/(F*)® x F*/(F*)* consisting of all pairs (a,b) with the
property that a € Ng,  p(Kyp), while their equivalence classes are classified by the orbits
of E(F, s).

The result in the first sentence of Theorem B is not new. It was proved in [10, The-
orem 15.7]. The if implication was showed by using some properties of the Steinberg
symbol, while the only if one used linear algebra arguments, by regarding M;(F') as the
algebra of endomorphisms of a vector space V', and then by investigating when there are
two endomorphisms of V satisfying the same relations as « and y in the symbol algebra.
Another proof was given in [5, Corollary 4, page 82] by using considerations involving
Brauer groups. Our approach is different. We uncover the ring structure of Dy(F, ¢, a,b),
by showing that its basement is a direct sum of isomorphic cyclic Galois extensions of F',
and there is an invertible element whose inner action on these extensions permutes them
in a cycle, while the compositions of the isomorphisms in this cycle provide generators of
the Galois groups. Then we prove the first implication by investigating the dimension of
a non-zero left ideal. As for the other implication, we observe that K,/ F is a Hopf-Galois
extension over the dual of the group Hopf algebra F'Cs.

We give explicit presentations of the gradings on Mg(F') obtained in this way.

In Section 5 we classify all gradings on M,,(F'), where p is a prime number and F is an
arbitrary field, by any possible group. In brief, the classification is done in the following
theorem, showing that any grading is either isomorphic to a good grading, or it arises
from a cyclic algebra or from a symbol algebra. The complete and precise statement is
in Section 5.

Theorem C. Let p be a prime number. Then any group grading on the algebra M, (F') is
isomorphic to one of the following three types:

(I) A good grading;

(IT) A grading induced from Dy (K/F,0,1) for a Galois extension K/F of degree p and a
generator o of Gal(K/F). The equivalence classes of such gradings are in bijection
to the set of isomorphism types of Galois extensions of degree p of F';

(IITI) A grading induced from Ds(F,e,a,b) for a p-th root of unity € # 1, and elements
a,b € F* satisfying a certain condition. The equivalence classes of such gradings
are in bijection to the orbits of the action of SLa(Z,) on E(F,p). Gradings of this
type do not occur if F does not contain non-trivial p-th roots of unity.
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2. Gradings on cyclic algebras

Let FF C K be a cyclic Galois extension of degree s > 2, thus the Galois
group Gal(K/F) is isomorphic to Cs. Let o be a generator of Gal(K/F), and let a € F*.
We consider the Cs-graded algebra Dy (K/F,0,a) described in Section 1. Let Ny, de-
note the norm associated to the extension F' C K. We have Ng g (b) = bo(b) - -- 0571 (b)
for any b € K, in particular, Ng,p(b) = b° for any b € F'.

We first classify these Cs-gradings.

Proposition 2.1. Let F C K and F C E be cyclic Galois extensions of degree s, with
Gal(K/F) = (o) and Gal(E/F) = (1), and let a,b € F*. Then:

(1) Di(K/F,0,a) = Dy(E/F,1,b) as Cs-graded algebras if and only if there is an F'-
isomorphism ¢ : K — E such that T¢ = o, and a/b € Ng/p(E*) (= Ng/p(K)).
(2) D1(K/F,0,a) = D1(E/F,7,b) if and only if there is an F-isomorphism ¢ : K — E
such that a/b™ € Ng,p(K*), where m is an integer (relatively prime to s, and
®.

unique modulo s) such that o = 1™

Proof. (1)If f : D1(K/F,0,a) = D1(E/F,7,b)is an isomorphism of Cs-graded algebras,
then restricting f to the homogeneous components of trivial degree, we obtain an F-
isomorphism ¢ : K — E. Now x € Di(K/F,0,a),, so then f(z) € Di(E/F,7,b),,
showing that f(z) = dx for some § € E*. Apply f to xu = o(u)x, where u € K, and get
dxp(u) = p(o(u))dz, and then §7(p(u))z = ¢(o(u))dz. This shows that 7o = po.

On the other hand, if we apply f to ° = a and use the commutation relations in
Dy(E/F,1,b), we get 67(0) --- 75~ 1(8)2* = a, which rewrites as a/b = Ng,p(0).

Note that indeed Ng/p(E*) = Ng/p(K*), since for any § € E we have

Ng p(6) = 07(0)--- 71(4)
= 8(pae™ ) (0)(po®0™ 1) () - - (o™ )(6)
= (@7 (D)ol () (1 (8)) - o 71 (5)))
= o(Ng/r(e~1(0)))
= N/r(07(9)),

Conversely, if a/b = Ng/p(0), with § € E*, and there is an F-isomorphism ¢ :
K — FE such that 7¢ = @o, then it is a straightforward check that the linear map
f:D1(K/F,0,a) — D1(E/F,7,b) defined such that f(uz®) = p(u) ( II Tj((S)) z!

0<j<i—1
for any u € K and 0 <14 < s — 1, is an isomorphism of Cs-graded algebras.

(2) Assume that Di(K/F,0,a) = Di(E/F,7,b) and let 8 € Aut(Cs) be such that
there is an isomorphism of Cy-graded algebras f : D1 (K/F,0,a) — D1(E/F, T, b)e. The
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restriction of f to the homogeneous components of trivial degree is an F-isomorphism ¢ :
K — E. We have 0~ !(w) = w™ for some m relatively prime to s, and then f(z) = =™ for
some 0 € E*. Apply f to xzu = o(u)z, where u € K, and see that dx™¢(u) = p(o(u))dz™,
so then 7 (p(u))x™ = ¢(o(u))z™, showing that 7™y = ¢o.

Now apply f to z° = a, and get that (62™)® = a, so then

ST™(8)TAM(8) - T (8)a ™ = a (2.1)

As 7™ is a generator of Gal(E/F) and x® = b in Dy(E/F,7,b), the left hand side in
(2.1) is Ng/p(6)b™, showing that a/b™ = Ng,p(0) € Ng/p(E*) = Ng/p(K*).

For the converse, let § € E* with a/b™ = Ng/p(0). Let 6 € Aut(Cs) such that
6~ (w) = w™. Then the unique algebra map f : D1(K/F,0,a) — D1(E/F,,b)? whose
restriction to the trivial degree component is ¢ and such that f(x) = d2™, is an isomor-
phism of graded algebras. O

Corollary 2.2.

(1) The isomorphism classes of Cs-graded algebras of the type Di(K/F,o,a) are in
bijection to the set of triples (K, o, u), where K runs through the isomorphism types
of cyclic Galois extensions of degree s of F, o is an arbitrary generator of Gal(K/F),
and pn € F* [Ny p(K*).

(2) The equivalence classes of Cs-graded algebras of the type D1(K/F,0,a) are in bijec-
tion to the set of pairs (K, i), where K runs through the isomorphism types of cyclic
Galois extensions of degree s of F', and p € F* /N p(K*).

Proof. (1) It is clear that we can choose K in a set of representatives for the isomor-
phism types of cyclic Galois extensions of degree s of F. Next it suffices to see that
Dy(K/F,0,a) = D(K/F,7,b)ifand only if a/b € Ng,p(K*), i.e., a and b lie in the same
N /r(K*)-coset of F*, and there is ¢ € Gal(K/F) such that 7¢ = po. As Gal(K/F) is
abelian, the latter implies that 7 = o.

(2) Let K/F be a cyclic Galois extension of degree s, and fix some generator o of
the associated Galois group. If 7 is any other generator, and b € K*, then o = 7™ for
some m relatively prime to s, and D1 (K/F,7,b) = D(K/F,o,b™) by Proposition 2.1.
Thus we can only consider gradings of the type D;(K/F,0,a), with a € K*. Now
Dy (K/F,0,a) = D(K/F,o,b) if and only if there is m (relatively prime to s) such
that ™ = o, which means that m = 1 (modulo s), and a/b™ € N, p(K*), implying
that a/b € Ng/p(K*). O

It is known that D;(K/F,0,a) is a central simple F-algebra of dimension s?, and
Dy(K/F,0,a) = M(F) if and only if a € Ng/p(K*), see [8, Theorem 14.6 and
Theorem 14.7] for details. In fact, if @ € Ng,p(K*), then we have already seen in
Proposition 2.1 that Dy (K/F,0,a) = D1(K/F,0,1) as Cs-graded algebras, and on the
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other hand, there is an algebra isomorphism 7 : Dy (K/F,0,1) — Endp(K) such that
m(B) is the multiplication by g for any § € K, and w(z) = 0. Hence the Cs-grading of
Dy(K/F,0,1) induces a Cs-grading on Endp(K) via 7, and further a Cs-grading on the

matrix algebra M(F) via an algebra isomorphism Endg(K) & Mg (F). An immediate
consequence of Corollary 2.2 is the following.

Corollary 2.3.

(1) The isomorphism types of Cs-gradings on M (F') obtained as above from Cs-gradings
of type D1(K/F,o,a) are in bijection to the pairs (K, o), where K is an isomorphism
type of cyclic Galois extension of degree s of F, and o is a generator of Gal(K/F).

(2) The equivalence types of Cs-gradings on My (F) obtained from Cs-gradings of type
D1 (K/F,o0,a) are in bijection to the isomorphism types of cyclic Galois extensions
of degree s of F.

Remark 2.4. We discuss the possibility to obtain an explicit description of the C-
grading on M, (F’) induced from cyclic algebras via the isomorphism 7 : Dy (K/F,0,1) —
Endp(K) described above. A cyclic Galois extension K/F of degree s, with Gal(K/F) =
(o), has a normal basis, this is a basis of the form {w, o(w),0?(w),...,0° 1 (w)}, where
w is an element of K. Then the matrix of 7(z) in this basis is the permutation matrix
associated to the cycle (1 2 ... n), but in general we do not have an explicit form for
the matrices of the endomorphisms in 7(K). However, if we assume that F' contains
a primitive s-th root of unity e, then K is obtained by adjoining to F' an element y
such that y* = b, where b € F, and then a normal basis of K/F is zy,21,...,2s-1,
where z; = 1+ &'y + e2y? + -+ + 6= Vigs—1 for any 0 < i < s — 1. Now a simple
computation produces the matrix Y in this normal basis, and then the homogeneous
component of degree w’ of the Cs-grading induced on M,(F) is the subspace spanned
by X\, Y X% ..., Y !X forany 0 <i<s—1.

We note that one can also obtain explicitly an associated grading on M (F') by working
with the basis {1,y,...,y* '} instead of the normal basis {20, ..., zs_1}. We postpone
the details for the end of Remark 3.4, because such a grading will follow as a coarsening
of a Cy x (s - grading described there.

3. The graded algebras D2 (F, e, a,b)

If A is a finite dimensional commutative F-algebra, we denote by N4, p the associated
norm, defined by Ny/p(a) = det(mg) - 14 for any a € A, where m, : A — A is the
multiplication by a, det(m,) is its determinant, and 14 is the identity of A. If F' is
identified with its image inside A, we simply regard N4, r as taking values in F'.

In this section and in the next one we assume that F' contains primitive s-th roots of
unity. Consider now a Cs x Cy - graded algebra of the type Do(F, e, a,b), where ¢ is a
primitive s-th root of unity in F, and a,b € F*. It is known that Ds(F, ¢, a,b) is a central
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simple F-algebra, see [10, Theorem 15.1]. The aim of this section is to investigate the
ring structure of Dy(F, ¢, a,b), in particular to prove the first part of Theorem B, and to
give explicit presentations of the gradings induced on the matrix algebra Mg (F').

Denote Ky = FO Fy®--- @ Fys~! =2 F[Y]/(Y* —b), an F-subalgebra of dimension s
of Do(F,e,a,b). We have that Dy(F,e,a,b) = K@ Kpx®- - - Kpz® L. Let 0 € Autp(Kp)
such that o(y) = ey. As zy = eyx, we see that zu = o(u)z for any u € Kp.

Proposition 3.1. Ny, /p(u) = uo(u)--- 0% (u) for any u € K.

Proof. Let v = ag + a1y + -+ + as—19°~ ', with ag,...,as—1 € F, and let m, : K, —
Ky, my(v) = vu for any v € Kp. The matrix of m,, in the basis {1,y,...,y*7 1} is

ag bas_1 bas_o ... baj
a1 aon bagfl N b(l2
U= a2 ai ap e bag
As—1 Gs—2 Gs—3 cee ao
If we consider the matrix
1 y y2 ys—l
1 ey €2y2 . Es—lys—l
V=11 ey gly? oo g2 hysm
1 65_1y 62(5-1)y2 6(s—i)'2'ys—1
a direct computation shows that
Y uy uy? e uy® ! |
o(u) eo(u)y e20(u)y? . e o (u)y* 1
VU = | o2(u) e202(u)y eto?(u)y? o 2672 ()t |
O.sfl(u) Esflo,sfl(u)y 62(571)0571(u)y2 o 5(571)20571(u)y571

and equating the determinants, we see that det(V)det(U) = uo(u)---o*~(u)det(V).

As det(V) = [I  (gy —¢ely) = ys==D/2 ] (&7 — &%) (the first equality
0<i<j<s—1 0<i<j<s—1

follows from the Vandermonde determinant) is an invertible element of K} (since y is

invertible and the second factor is a product of nonzero elements of F'), we get that

Ng,/r(u) = det(U) =uo(u)--- 0% H(u). O

We prove now the if implication in the first sentence of Theorem B.
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Proposition 3.2. If a € Nk, /p(Ky), then Da(F,e,a,b) = My(F).

Proof. Let a = Ng,,p(v) = vo(v)---o° ! (v) for some v € Kj. Then v is invertible in
Ky, and aNg, /r(v™!) = 1. Now

(wa)  =v g 0T e
=vtlo(w o (v ) ot (w2
= N, /r(v " ")a
= 1’

1 -1

and (v 'x)y = ev"lyxr = ey(v'x), so replacing x by v~ x, we find that Dy(F,e,a,b) =
Dy(F,e,1,b) as F-algebras (however, this is not an isomorphism of graded algebras).
We will show that Do(F,e,1,b) = Mg (F). Let G be the subgroup of the automorphism
group of the F-algebra K, generated by o, thus G = {Id,o,...,0°"}. Then G acts
on Kj, and the subalgebra of invariants is F'. Thus K} is a left module algebra over the
group Hopf algebra FG, or equivalently, a right (FG)*-comodule algebra, with coaction
given by z — Z (2) ® pi, where (p;)i=o.s—1 denotes the basis of (FG)* dual to the
i=0
basis (0%);—0,s—1 of FG. Here (FG)* denotes the dual Hopf algebra of FG. We claim
that Kp/F is a right (FG)*-Galois extension, i.e., the map

B:Ky®r Ky = Ky @p (FG)*, B(z @ u) Zzo u) @ p;,

is bijective, see [11, Section 8.1]. As K, ®p K} and Kb®p (FG)* have the same dimension,

it suffices to show that g is injective. Let & = Z z; @yl € Ker(f). As
]_

s—1

BE) = zo' ) @ps
i,j=0
s—1
=D 5 e
i,j=0
we get that Z elyiz; = 0 for any i. Regarding these equations as a system in
j_
20,-..,2s—1, the matrix of coefficients is just the matrix V in the proof of Proposi-
tion 3.1, which we showed to be invertible. Consequently, zo = ... = z,_1 = 0 and

£E=0.
Now by [11, Theorem 8.3.3] there is an algebra isomorphism 7 : K * G — Endp(K3),
given by m(uc®)(v) = uoi(v) for any u,v € K, and 0 < i < s — 1. Here K * G is
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the skew group ring associated with the action of G on Kj. On the other hand, it
is clear that Do(F,e,1,b) & K x G, with 2 corresponding to 0. We conclude that
Dy(F,e,1,b) 2 My (F). O

Remark 3.3. The isomorphism between Dy(F,e,1,b) and Endg(K}) in the proof of the
previous Proposition could have been proved directly by considering the linear map
7 : Do(F,e,1,b) — Endp(K3) defined by #(ux?)(v) = uo’(v) for any u,v € Kj and
any 0 < ¢ < s — 1, and showing that this is an algebra morphism. Then 7 is injective
since Do(F,e,1,b) is a simple algebra, hence it is an isomorphism, since Dy(F,¢,1,b)
and Endp(K}) have the same dimension. We preferred the approach using Hopf-Galois
extensions since it shows that the algebra Dy(F, e, 1,b) is constructed over a Hopf-Galois
extension in a similar fashion to the way a cyclic algebra is constructed over a Galois
extension.

Remark 3.4. We can give an explicit description of the Cs x Cy - gradings induced on
the matrix algebra M, (F') from gradings of the type Do(F,¢,a,b) with a,b € F* and
a € Nk, /r(Kp). Indeed, let a = Nk, p(v) for some v = ag + a1y +---+ as_1y° ! € Ky,
where ag,...,as—1 € F. By the proof of Proposition 3.2, there is an isomorphism of
algebras (not of graded algebras) «' : Do(F,¢e,a,b) — Do(F,e,1,b) such that 7'(y) = y
and 7'(z) = vz. On the other hand, we have seen in Remark 3.3 that there is an algebra
isomorphism 7 : Dy(F,e,1,b) — Endp(Ky), 7(uz?)(w) = uo’(w) for any u,w € Kp.
Transfer by 77’ the Cs x Cs - grading of Dy(F,e,a,b) to a grading on Endg(K}), and
then to a Cs x C; - grading on M (F') by associating to an endomorphism of K} its matrix
in the basis {1,,...,y° " 1}. As (77')(y) (1) = ¢+ for any 0 < j < s — 1, we get that
the homogeneous component of degree w in this grading of Ms(F') is the 1-dimensional
space spanned by the matrix

0 0 0 b
1 0 0 0
Y=10 1 0 0
0 0 10

On the other hand,

(7)) (y") = 7 (vz)(y’)
= vo(y’)
= ey’

=clagy’ + - +las_1_jy Tt +las_jb+ -+ elag_1by 7!

for any 1 < j < s—1, and (77')(z)(1) = v, so the homogeneous component of degree p
of the same grading is the subspace spanned by the matrix
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ag  ebas_q1 €%bas_o ... lbay

aq eag e?bas_1 ... € basy

X = as eay e2ay ... & lbas
As—1 EAg—2 62(18_3 - 5571a0

We conclude that the homogeneous component of degree wip’ in the induced Cy x Cj -
grading on M (F) is FY'X7.

In the case where a = 1, we can take v =1,s0ap =1, a; = ... = as—1 = 0, and so
we have the matrices

0 0 ... 0 b 1 0 0 0
1 0 ... 0 0 0 0

Y=l0 1 ... 0 0], X=|0 o0 ¢ 0 (3.1)
0 0 ... 1 0 0 0 0 .. &1

Therefore we obtain a family of Cy x C - gradings on M (F') parametrized by b € F*.
For b = 1, the corresponding grading is the e-grading considered in [1, Section 4].

We end the remark by going back to Remark 2.4, and showing that in the case
where F' contains a primitive s-th root of unity e, an explicit form of the Cs-grading
on M;(F) induced from D;(K/F,0,1) can be obtained as a coarsening of the Cj x
Cy - grading described above. Indeed, there is b € F such that K = Kj, there is an
algebra isomorphism D;(K,/F,0,1) = Do(F,e,1,b), and the algebra isomorphism 7 :
Dy(K/F,0,1) — Endp(K) in Remark 2.4 is just the isomorphism 7 : Do(F,¢e,1,b) —
Endp(K3) discussed above. The Cy-grading induced on M (F') has the subspace spanned
by X4, YX? ..., Y5 1 X as homogeneous component of degree w® for any 0 < i < s—1,
where X and Y are the matrices in equation (3.1).

Now we consider the converse of Proposition 3.2. In the case where the polynomial
g =Y?* —bis irreducible over F, the converse holds, since K, = F[Y]/(Y* —b) is a field
which is a cyclic Galois extension of F. In the general case, by [9, Theorem 6.2, page
289, there exist ¢ € F* and a divisor d of s, say s = dr for a positive integer r, such
that Y¢ — ¢ is irreducible and b = ¢". Let A\ = £¢~¢, which is a primitive r-th root of
unity, and g; = Y% — A" c for any 1 <4 < r. Since A" = 1, there is no harm if we take
i modulo 7; we will regard ¢ in this way in the rest of this section. Then g = g1 --- g,
is the irreducible decomposition of g, and F[Y]/(g;), 1 < i < r, are all isomorphic
cyclic Galois extensions of degree d of F. Let m; : F[Y] — F[Y]/(g;) be the natural
projection. By the Chinese remainder lemma, there is an isomorphism of F-algebras
o FIY)/(Y® = b) = FIY]/(q1) x -+ x FIY]/(9,), o(F) = (m(F)s-.., 7 (f)), where f
denotes the class of f € F[Y]in F[Y]/(Y*® —b).

Denote K, = F[Y]/(g1) x---x F[Y]/(gr), and for any 7 let K; be the natural image of
F[Y]/(g;) and y; be the image of m;(Y") in Kj. Thus K| = K1 &---® K,, and K; has the
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basis ;, . . . ,y;-i, with relation yf“ = \i7ley;; K; is a field with identity 1x, = ﬁyf,
and it is a cyclic Galois extension of F' of degree d. The family 1x, = %y‘f,l Ky =
Lyd, ... 1k, = iy is a complete system of orthogonal idempotents of KJ.

Denote by 7 the algebra automorphism of F[Y] such that 7(Y) = €Y', which induces
the automorphism o of K, = F[Y]/(Y* —b); thus o(f) = a(f) for any f € F[Y]. We see
that o(g;) = A" 1g;41 for any i.

Lemma 3.5. For each 1 <3 <7 let h; = 0%1 11 (/\,Tl)\],l gj). Then m;(h;) =1 and

7j(hi) = 0 for any j # .

Proof. Let P(Z)= [] (Z—MNe¢)€ F[Z]. Then P\~ te) =1 ] (A1=N),

0<j<r-—1 0<j<r—1
G _ _ i#i-1
so P(Z) = (Z - X\")Q(Z)+ct I (A=t —=N) for some Q € F[Z]. For Z =Y4
0<j<r—1
and after dividing by ¢"=* ] (A"™! — M) we obtain h; = g;H(Y) + 1 for some
0<j<r—1
jFi—1

H € F[Y], which shows that 7;(h;) = 1. It is clear that m;(h;) = 0 for any j #i. O
Lemma 3.6. 5(h;) = h;41 for any i.

Proof. We have that

1

a(h;) = - - || a(g;
7hi) = G e ) L 7(9:)
1<j<r T
J#i J

1
— A (D ,
el I (A= N A H 9i

: 1<j<r
1sr et

1
T oL [ (V=) H 9i
1<j<r 1<j<r
% jFi+1

1
=T ] (N — A1) II 9

; 1<j<r
1<j<r 2T
JEiT1 JFiHL
= hi+1- O

The automorphism o of K}, induces an automorphism & = pop ™! of K;. Taking into
account Lemma 3.5 and Lemma 3.6, we see that

5’(:%) = 5’(7T1(Yhi), e ,ﬂ'T(YhH_l))



C. Boboc et al. / Linear Algebra and its Applications 688 (2024) 157-178 169

= ¢o(Vh)
= p(@(Yh)
= (¥ hit1)
=e(m(Yhit1), . - (Yhit1))
= EYi+1-
Then 6(52r-y!) = 5-¥%, and & induces an F-isomorphism between K; and K;41.
We conclude that we have algebra isomorphisms Ds(F,¢e,a,b) = Ky[X,0]/(X® —a) =

K|{[X,5]/(X® — a), and the latter one has a presentation with generators yi,...,yr,z,
subject to the relations

yiy; = 0 for i # j, yi™ = A" ley,,
1 d 1 d d
Eyl + EyQ + )\'f—lcyr = 17

S
TYi = €Yi+1X, T = Q.

Let us note that ¢"(y;) = €"y; for any 4, so the restriction of 6" to K; is an F-
automorphism of order d, thus a generator of the Galois group Gal(K;/F).

At this point, since F' embeds differently into Ki,..., K, and K, we will regard
Nk, /F,--. Nk, r and Ng; /p as taking values in K7, ..., K, and K, respectively, rather
than in F'.

Lemma 3.7. Letv=v;+---+ v, € Ké, where v1 € K1,...,v,. € K,.. Then

Nigy/p(v) = Nig, p(15(0r) -+ 5" (1)) + 6(Nig, /(016 (0,) -5 (12))
4o+ 6N (Ngy yp (016 (ve) -7 H(v2))).

Proof. For each i we have 6°(v) = 6%(v1) + -+ + &% (v,-), and 6 (v1) € Kjs1,...,5(v,) €
K (remember that we look at the indices ¢ modulo 7). As K; K; = 0 for ¢ # j, a product
of elements in K; is the sum of the products of the components in K7, respectively
Ko, ..., K,, of those elements. Thus the component in K; of v5(v)---5°1(v), denote it
by L, is

L= (v16"(v1) -+ 6" D (01)) - (6(0)5" (vy) -+ 67T (v,)) -
. (5171(1)2)5_27'71(,02) . &r(dfl)Jrrfl(vQ))
= Ng,/p(vi6(vy) - - &T_l(vg)).
On the other hand, Ng;/p(v) = a1k, = a1k, + - + a1k, for some a € F,

so L = a-1k,, and then o - 1g, = a-d(1lk,) = (L), and so on, which shows that
Nigyp(v)=L+6&(L)+--+6"HL). O
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Corollary 3.8. Let o € F'*. Then there exists v € K, such that NK{)/F(U) =a-lg; if and
only if there exists u € Ky such that Nk, jp(u) = o - 1, .

Proof. If NKé/F(v) = a-1g; for some v = vy +- -+, with v; € K;, then by Lemma 3.7
we have Ny, /p(u) = a - 1g,, where u = v16(v,) - - 6" ! (v2) € K.

Conversely, if Nk, /p(u) = a-1k, forsomeu € Ky, let v = ut1g,+---+1g, € K. The
same lemma shows that Ng;/p(v) = L4 6(L) +--- 46"~ (L), where L = Ng, /p(u) =
a - 1k,. Now we get that Ng; /p(v) =a-1g;. O

Lemma 3.9. Let z = up+uiz+---+us_12°" " be a non-zero element of Kj[X,5]/(X*—a)

such that ug, uy,. .., us_1 € Ky. Then the set B(z) = {y/z" 12 |1 <i<r 0<j<d—1}
is linearly independent over F'.

Proof. Let Y. ayyla'~'2 =0 forsome aj;j € F. Then 3. < > aijyg> ity

1<i<r 1<i<r \0<j<d—1
0<j<d—1
=0, Y iy € Kiandz' 1z =6 (ug)a T 46" (ug)at 45T (ugoq )2t T2
0<j<d—1
is a linear combination of 1,z,...,2° ! with all coefficients in K;. As K1,..., K, are
in a direct sum, we must have > aijyf) 2'=1z = 0 for any i, which means that
0<j<d—1

( > aijyf> 57 (ug) = 0 for any i and k. Fix some i. Since not all 5'~!(uy) are
0<j<d—1

zero and K; is a field, Y. a;;y] must be zero, and so a;; =0 for any j. O
0<j<d—1

Proposition 3.10. If K;[X,5]/(X° — a) has a left ideal of dimension s, then there exists
u € Ky such that Nk, jp(u) = a- 1k, .

Proof. Let I be a left ideal of dimension s in K}[X,5]/(X® —a), and let w € I, w # 0.
Since w = 1k, -w + -+ + 1k, - w, there is 1 < m < r such that 1g, -w # 0.
Since z is invertible, we also have "™, - w € I\ {0}. Since 2" ™ 1y =
M (1 )T = 1 "™ it follows that z = 1g, - (2" "™Fw) € I\ {0},
which shows that z = ug + w1z + - - - + us_12°5~ ! for some ug, u1,...,us—1 € K1, not all
zero. By Lemma 3.9, B(z) is a linear independent set with s elements, thus it is a basis
of I. Hence z"z is a linear combination over F' of the elements of B(z). As

"y = &r(uo)xr + 5’T(u1)$r+1 4t 5T(u5_1)£6r+571

= a6 " (ug_y) + -+ ad (ug_1)x" "t + 6" (ug)x" 4 - + 5" (U1 )21,

we see that the coefficient of each 2! in "z lies in K, so then 2"z is a linear combination
over F of only the elements z, 1 2, ..., y% 'z of B(z). This means that 2"z = uz for some
u € K1. Obviously, u # 0, since z # 0 and x is invertible.



C. Boboc et al. / Linear Algebra and its Applications 688 (2024) 157-178 171

Pick some 0 < iy < s — 1 such that u;, # 0, and let 0 <1 < r — 1 which is congruent
to ip modulo 7. Since

wz =g + -+ wtp_12" L Fuux” + -+ uug_2 L

if we equate the coefficients of 2%, '+, ... z*T(@=D" in the equality 2"z = uz (by taking
into account the standard representation as a linear combination of 1,z,...,2° ! with
coefficients in K), we obtain

a6" (Uit(d—1)r)

Uiy (d—2)r = O (Uiy(a—3)r)
Uit (d—1yr = O (Wit(d—2)r)-
Since u € K7 \ {0}, it is invertible, and as u;, # 0 and ig = i + ¢r for some ¢, we get that

all w;, Wiyr, .., Ui (a—1)r are non-zero. Now in the sequence of equalities above keep the

last equation as it is, apply 6" to the penultimate equation, and so on, up to (42" to

the second equation and (@~ D" to the first one, and obtain

Uiy (d—1)r = O (Uiy(a—2)r)
5" (w)G" (it (a—2)r) = 6" (Uit (d—3)r)
Uipar) = & (i)
6_(d—2)r(u)6_(d—2)r(ui+r) _ &(d—l)r(ui)

G (w)e I () = ad " (i (a—1yr)-

5(d73)r(u)5(d73)r(

If we multiply these equations, take into account that %7 is the identity map, and

cancel the matching factors, we find that ué”(u)5* (u)---5@ V" (u) = a - 1k,, ie.,
NKl/F(u):a~1K1. O

Now an immediate consequence of Corollary 3.8 and Proposition 3.10 is the converse
of Proposition 3.2.

Proposition 3.11. If Dy(F,¢,a,b) = My (F'), then a € Ng, p(Kp).

Note that by reversing the roles of  and y in the generating relations of Dy(F, ¢, a,b),
we get that Do(F,e,a,b) = Do(F,e71,b,a) (as algebras). Then an immediate conse-
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quence of Proposition 3.11 is that for a,b € F*, we have a € Nk, ,p(K}) if and only if
be NKG/F(KQ).

4. Classification of the graded algebras D (F, e, a,b)

In this section we classify the Cs x Cy - graded algebras of type Da(F, ¢, a,b). We look
first at isomorphism types.

Proposition 4.1. Let € and p be primitive s-th roots of unity in F, and let a,b,c,d € F*.
Then Do(F,e,a,b) = Do(F, p,c,d) as Cs x Cy - graded algebras if and only if p =€ and
ajc, bjd € (F*)5.

Proof. Let f : Do(F,e,a,b) — Do(F, u,c,d) be an isomorphism of graded algebras. As
x € Dy(F,e,a,b),, we get that f(xz) € Do(F,p,c,d),, so f(x) = ax for some a € F*.
Similarly, f(y) = By for some 5 € F*. Apply f to the relation zy = eyx in Dy(F, e, a,b),
and get that afzy = afeyx in Dy(F, u,c,d). This shows that ¢ = p. Next apply f
to z° = a, and get that a®z® = a, or a®c = a, which shows that a/c € (F*)*. Similarly,
b/d € (F*)*.

For the converse, we see that if a/c = o® and b/d = B° with «, 8 € F*, then the
algebra map f : Dao(F,¢e,a,b) — Dy(F, u,c,d) such that f(z) = ax and f(y) = Sy is an
isomorphism of graded algebras. 0O

Corollary 4.2. The isomorphism types of Cs x Cs - graded algebras of type Da(F, €, a,b)
are in bijection to the set U(Zs) x F*/(F*)® x F*/(F*)°.

Next we classify the considered class of algebras up to equivalence. Let us first intro-
duce a group action e whose orbits will classify the equivalence classes. We denote by Z
the class of an element z € F* modulo (F*)*. Also, we denote by i the class of an integer
1 modulo s.

Lemma 4.3. The group SLa(Zs) acts on the set F*/(F*)® x F*/(F*)® by

4

> =0

lk é] o (a, l_)) = ((,1)(571)“@%]-’ (,1)(571)1@@&%2).

Proof. We first show that the action is well defined. It is clear by the definition that the
definition depends only on the classes of a and b modulo (F*)*, so it suffices to show that
for integers 7 and 7, (71)(5’1)“ depends only on the classes of 7 and j modulo s. For this,
we see that if p,q € Z, then (—1)(s=D0+ps)(+as) — (_1)(s=Dij . (_1)(s=Ds(pitiatras) —
(—1)=D4 gince s(s — 1) is even.
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2,
Q
£
.
=
—
I <o
o~y o
1
—
T W
=
1
m
w2
=
)
—
N
)
S~—
—+
=
@
]

i+ gk i+t
ki + Ok Kk + 00

° (6, b)

7N
L — |
T S

il [ 7 _z
Z] . []{;/ @]) * (ab) =

— (—1) G DGHIR G +I0) qid ik pid +3€ | (1) (= D) /R (k5 +00) i+ EK ph 227

We have that

(s = 1)(ii" + jk')(ij + 30) — (s — 1) (ij +i'j"i + K'0'j)

= (s =)@+
= (s = D)i'j'( = i) + (s = DKL (5 = j) + 2(s = 1)igk'j' + (s = )i (i'¢' = k'j' = 1),

2K+ gk + gl — i — i — k)

which is even, as so are i> —i and j2 — j, and the last term is also even, since i/¢' —k'j’ =

Ns+ 1 for some integer N, and then (s — 1)ij(i'¢' — k'j' — 1) = s(s — 1)ijN. Thus the
first components of the two elements in F*/(F*)® x F*/(F*)*® are equal, and similarly
their second components coincide. We conclude that the action is indeed associative. O

Proposition 4.4. Let € and p be primitive s-th roots of unity in I, and let a,b,c,d € F*.
Then Do(F,e,a,b) = Do(F, pu,c,d) as Cs x Cs - graded algebras if and only if there is

A

>

€ GLo(Zs) such that

T =

~y S
| S

W= Eié—jk’ (_1)(5—1)ijaibjc—1 e (F*)S7 (_1)(3—1)k€akbéd—1 e (F*)s (4'1)

Proof. Suppose that Do(F, e, a,b) = Do(F, p, ¢, d). Therefore there is an automorphism 6
of Cy x Cy such that Do(F, i, c,d) = Dy(F,e,a,b)?. The automorphism 6 is such that
6! is of the form 01 (p) = p'w’ and 6~ (w) = p*w? for some integers i, j, k, £ such that

i
ki
Let f : Dy(F,p,c,d) — Do(F,e,a,b)? be an isomorphism of graded algebras. Then
f(z) = ax'y’ and f(y) = BzFy’ for some a, B € F*. Apply f to zy = pyx and get

afziyizFyt = afpuxFyteiyl in Dy(F, e, a,b), which implies that e H0(+k) — ht+i(ith)
gk

€ GLQ(ZS).

or t =¢€



174 C. Boboc et al. / Linear Algebra and its Applications 688 (2024) 157-178

Next, if we apply f to 2° = ¢, we see that a®(xy/)* = ¢. Using 2y = eyz to move all
the y’s at the beginning, we find a®e™ 2+ +siiysigsi — ¢ or a5t/ 24ip7 = ¢,

We have that e5(571)/2 = (—1)*~1. Indeed, if s is odd, then e3(+1)/2 = (g)(s+1)/2 =
1 = (=1)*~!, while if s is even (in this case the characteristic of F' cannot be 2), say
s = 2t for some integer ¢, then e3(t1)/2 = ct241) — ot Ag (¢)2 = ¢5 = 1 and &' # 1,
we get that e = —1 = (—1)*~!. Thus we have (—1)*~"Diaipic™! = o~ € (F*).

In a similar way, applying f to y° = b we obtain (—1)(~Dkakpla—1 = =5 € (F*)°.

Conversely, if the relations (4.1) are satisfied for some ll% ‘é € GLa(Zs), say that

(—1)Vigibic=t = a=% and (—1)~D*GFpEd—1 = 575 where a,3 € F, then it is
straightforward to check that f : Da(F, ji,c,d) & Do(F,¢,a,b)? given by f(z) = ax'y’
and f(y) = BxFy’ is an isomorphism of graded algebras, where 6 is the automorphism

A

of Cy x C associated with ;C ‘é] as above. 0O

Corollary 4.5. Fixz some primitive s-th root of unity, €, in F. The following assertions
hold.

(i) For any primitive s-th root of unity p, and any ¢,d € F*, there exist a,b € F* such
that Do(F, p,c,d) = Do(F,e,a,b).
(ii) If a,b,c,d € F*, then Do(F,e,a,b)

|

Proof. (i) We have j = £" for some 7 € U(Zj). Let £ be the inverse of # in Z. If a = ¢!
and b = d, then a"c™! = ¢!"~! € (F*)* and bd~! = 1 € (F*)*, and so the relations in

7 0
0 il

(4.1) are satisfied for the matrix I
(ii) By Proposition 4.4 we have that Dy(F,e,a,b) = Do(F,¢,c,d) if and only if there

>

Dy(F,e,c,d) if and only if there exists

‘% o (a,b).

T S0

] € SLy(Z,) such that (¢,d) = l

T =
~y S

E 7

~

€ GLy(Z,) such that ¢ = £~7% which means that € SLy(Zy),

] . (E,B). a

J
/

T S0

exists l

—
T S TIH S
Ny o S

and (—1)=Digipic1 (—1)~DRgRptg—1 € (F*)5. Hence, (¢,d) = [

Corollary 4.6. The equivalence classes of Cs x Cs - graded algebras of the type
Dy(F,e,a,b), where ¢ is an arbitrary s-th root of unity in F, and a,b € F*, are in bijec-
tion to the orbits of the action ® of the group SLo(Zs) on the set F*/(F*)® x F*/(F*)*.

Now we look at all possible Cs x Cs - gradings induced on the algebra M (F') from
graded algebras of type Dy(F, €, a,b).
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Let £(F,s) be the subset of F*/(F*)* x F*/(F*)® consisting of all pairs (@,b) with
the property that a € Nk, ,p(K3), or equivalently, that b € Nk ,p(K4); we have seen
in Section 3 that this is the same as Dy(F,e,a,b) = M;(F'), where ¢ is any primitive
s-th root of unity. Clearly this property depends only on the classes @, b of a,b modulo
(F*)*, and it does not depend on the choice of .

Also, we see that E(F,s) is an SLa(Zy)-subset of F*/(F*)® x F*/(F*)*. Indeed, let
(@,b) € E(F,s), thus Dy(F, ¢, a,b) = My(F) if € is a primitive s-th root of unity. Then if

(¢, d) = ]é % e (@, b) for some ;C € SLa(Zs), then Do(F,e,a,b) = Do(F e, c,d),

(¢,d) € E(F,s). Now an immediate consequence

O~y

in particular Dy (F,e,¢,d) = M (F), s
of Corollaries 4.2 and 4.6 is

Corollary 4.7.

(1) The isomorphism types of Cs x Cy - graded algebras induced on My (F') from graded
algebras of type Do(F,e,a,b) are in bijection to the set U(Zs) x E(F,s).

(2) The equivalence classes of Cs x Cs - graded algebras induced on My(F) from graded
algebras of type D2(F,e,a,b) are in bijection to the orbits of the action e of the
group SLo(Zs) on the set E(F,s).

5. Gradings on matrices of prime size

The aim of this section is to classify all gradings on the algebra M, (F") by all possible
groups, where F' is an arbitrary field and p is a prime number. We first recall a general
construction.

If A= @ A, is a G-graded algebra, n is a positive integer and o4,...,0, € G, then
geG

there is a G-grading on the matrix algebra M, (A) whose homogeneous component of
degree g is

-1 —1 —1
0190, 0190y 0190n
-1 —1 —1
0290y 0290y 0290n
-1 —1 —1
Ongoq Tngoy Ongon

We denote this G-graded algebra by M,,(A4)(o1,...,0n).

We also recall that a grading on the matrix algebra M,, (F) is called a good grading if all
matrix units e;;, with 1 <4, j < n, are homogeneous elements. A G-grading on M, (F') is
good if and only if it is isomorphic to M, (F)(o1,...,0y,) for some o1,...,0, € G, where
F is regarded as a G-graded algebra with the trivial grading, see [12, Propositions 2.10.5
and 9.2.5]. The isomorphism types of good G-gradings on M, (F) are determined in [4].
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Theorem 5.1. Let F' be a field and let p be a prime number. If G is a group, then any
G-grading on the algebra M, (F) is isomorphic to one of the following three types:

(I) A good G-grading.

(I1) Dy(K/F,0,1)? for a Galois extension K/F of degree p, a generator o of Gal(K/F),
and a group embedding 0 : C, — G. The support of such a grading is 0(C)) = C,,.
For a fixed embedding 0, the equivalence classes of such gradings are in bijection
to the set of isomorphism types of Galois extensions of degree p of F.

(III) Do(F,e,a,b)? for a p-th root of unity € # 1, elements a,b € F* such that (a,b) €
E(F,p), and a group embedding 6 : C, x C, — G. The support of such a grading
is 0(Cp, x Cp) = Cp x Cp. For a fized embedding 0, the equivalence classes of such
gradings Do(F,e,a,b)? are in bijection to the orbits of the SLa(Z,)-action on the
set E(F,p). Gradings of this type do not occur if F' does not contain non-trivial
p-th roots of unity.

Proof. Let R = M,(F) with a G-grading, where G is an arbitrary group with neutral
element e. R is a graded simple and graded artinian algebra. Let V' be a simple object
in the category of graded left R-modules. Then A = Endg(V) is a G-graded algebra,
whose homogeneous component of degree d is

Ag={0 € Endg(V) | 6(V,) C Vyq for any g € G}

for any d € G. As V is graded simple, A is a graded division algebra. Now V' is a G-
graded right A-module with the usual right action v-§ = §(v) for any v € V, § € A, and
End(Va) has a G-grading in a similar way; the homogeneous component of degree d is
{u € End(Va) | u(Vy) C Vg4 for any g € G}. By [12, Corollary 4.6.6] or [6, Theorem 2.6]
the map ¢ : R — Enda(V), ¢(r)(v) = rv for any r € R and v € V, is an isomorphism
of G-graded algebras. As A is a graded division algebra, V has a finite basis over A.
Denoting by n the number of basis elements and by o1, ..., 0, their degrees, we obtain
that R = End(Va) = M, (A)(o1,...,0,), where the second isomorphism follows from
[12, Proposition 2.10.5].

If we equate the dimensions, we get p? = n2dim(A), so either n = p and dim(A) = 1,
or n =1 and dim(A) = p?.

In the first case we have A = F, and then R = M,(F)(o1,...,0,), which is a good
grading on M, (F).

In the latter case, R = A, so we have to describe all possible graded division algebra
structures on the matrix algebra M,(F'). We note that for a G-graded division algebra
A= @ A, the following hold:

geG

(i) A, is a division algebra over F.
(ii) supp(A) is a subgroup of G.
(iii) If z € Ay \ {0}, then A, = zA, = A z; in particular, dim Ay, = dim A..
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As a consequence, p? = dim(A) = |supp(A)| - dim(A.), and we have three possible
cases.

Case 1. |supp(A)| = 1 and dim(A,) = p?. Then A = A, is a division algebra, a contra-
diction with A = M, (F).

Case 2. supp(A) = p and dim(A.) = p. Pick z € A\ F. Since A, has prime dimension p,
it must be equal to the field obtained by adjoining z to F. Thus A. is a field. Let
supp(A) = (g), and pick a non-zero  in A,. Then Ay = Az’ for any 0 < i <p—1,
SOA=A DAL D DA zP L.

Let 0 : A, — A, 0(2) = zza~! for any 2z € A, which is clearly an F-automorphism
of A.. Then o # Id, since otherwise zz = zx for any z € A, and A would be com-
mutative; a contradiction. On the other hand, the fixed subfield AZ = {z € A |za =
xzz} C Cen(A) = F, showing that AP = F, where (o) is the subgroup of the finite
group Gal(A./F) generated by o. By Artin’s Theorem ([9, Theorem 1.8, page 264]) we
get that A./F is a Galois extension and its Galois group is (o). Thus A./F is a cyclic
Galois extension of degree p and ¢ has order p.

Since oP = Id, P commutes with any element in A.. As it also commutes with z, we
must have 2P € Cen(A) = F. Now if we denote a = 2P, and A, = K, a Galois extension
of degree p of F, we have that A is isomorphic as an algebra to the cyclic algebra
(K/F,0,a). As A = M,(F), a must lie in Ng,p(K*), and then by Proposition 2.1,
Dy(K/F,0,a) 2 D1(K/F,0,1) as Cs-graded algebras. Hence we have an isomorphism
of G-graded algebras A = D;(K/F,0,1)?, where 6 : C, — G is the group embedding
defined by 6(w) = g.

The equivalence classes of such gradings follow from Corollary 2.3.

Case 3. supp(A) = p? and dim(A.) = 1, so A, = F. It is not possible that supp(A) is
cyclic. Indeed, if supp(A) = (g) = Cp2, pick z € A, \ {0}, and then A, = Fa' for any
0 <14 < p?—1, showing that A is commutative; a contradiction. Thus supp(A) = Cp, x Cp.
Let G = (g) x (h) with g and h of order p. Pick some nonzero y € A, and z € Ap. As
each nonzero homogeneous component of A has dimension 1, we have Agip; = I Yt
for any 0 < 4,5 < p—1. Now 2y € Agp, so xy = eyx for some ¢ € F*. If ¢ = 1, it
follows that A is commutative; a contradiction. Thus € # 1. Since 2? € Agpr = A, = F,
we have zPy = yzP. As zy = eyx, we get aPy = ePyaP, showing that e? = 1, so ¢ is a
primitive p-th root of unity in F'. In the case F' does not contain such roots, we get that
gradings of this type do not exist. Now aP, y? € A, = F, and denote 2P = a, yP = b,
where a,b € F*. These show that A = Dy(F,¢,a,b)?, where 6 : Cp x C, — G is the
group embedding defined by #(w) = g and 6;(p) = h. Moreover, (a,b) € E(F, p), since
Dy(F,e,a,b) = My(F).

If H= C), x Cp is a subgroup of G, 01,6, : C, x C, = H are group isomorphisms
(i.e., embeddings of C, x C,, into the same subgroup H of G), and (@, b), (¢,d) € E(F,p),
then by Corollary 4.5 we know that Dy(F, ¢, a,b)"* = Do(F, ¢, c,d)? if and only if (@, b)
and (¢,d) lie in the same orbit with respect to the action e of SLy(Z,), which concludes
the proof. O
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