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Abstract

We provide a formula for the number of ideals of complete block-

triangular matrix rings over any ring R such that the lattice of ideals of

R is isomorphic to a finite product of finite chains, as well as for the number

of ideals of (not necessarily complete) block-triangular matrix rings over any

such ring R with three blocks on the diagonal.

1. Introduction

It is well known that if R is a ring with identity, then there is a one-to-one

correspondence between the (two-sided) ideals of R and those of Mm(R), the full

m × m matrix ring over R.

If we rather focus on the class of structural matrix rings, or incidence rings,

which has been studied extensively (see, for example, [1], [2] and [6]), then the

situation becomes more involved. There are in general a lot more ideals in a struc-

tural matrix ring over any ring R than in the base ring R. It is known that every

structural matrix ring is isomorphic to a block-triangular matrix ring (see [2]).

The purpose of this paper is to give a formula for the number of ideals of

complete block-triangular matrix rings over any ring R if the lattice of ideals of

R is isomorphic to a finite product of finite chains, for example, if R = Zn, the
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ring of integers modulo n, as well as for the number of ideals of (not necessarily

complete) block-triangular matrix rings over any such ring R with three blocks on

the diagonal.

We recall the definition of a structural matrix ring and the description of its

ideals in [6]. Let m be a natural number, and let θ be a reflexive and transitive

binary relation on the set m = {1, 2, . . . , m}. The subring

Mm(θ, R) = {[ai,j ] ∈ Mm(R) | ai,j = 0 if (i, j) /∈ θ}

of Mm(R) is called a structural matrix ring, and the ideals of Mm(θ, R) can be

obtained as follows: For i, j ∈ m consider the (possibly empty) interval

[i, j]θ = {k ∈ m | (i, k) , (k, j) ∈ θ}

and the set I (θ, m) = {[i, j]θ | i, j ∈ m} of all such intervals. If (I(R),⊆) denotes

the lattice of ideals of R, and

f : (I (θ, m) ,⊆) −→ (I(R),⊆)

is order preserving, then the set

Mm(θ, R, f) = {[ai,j ] ∈ Mm(θ, R) | ai,j ∈ f([i, j]θ)}

is an ideal of Mm(θ, R). In fact, every ideal of Mm(θ, R) is of the form Mm(θ, R, f)

for a unique f ; in other words, there is a bijection between the considered order

preserving maps f and the ideals of Mm(θ, R).

Note that if θ = m × m, then Mm(θ, R) = Mm(R) and [i, j]θ = m for all

i, j ∈ m, from which it follows that I(θ, m) is a singleton, and so in this case we

obtain the mentioned familiar one-to-one correspondence between the ideals of R

and Mm(R).

Also, if θ = {(i, j) | 1 ≤ i ≤ j ≤ m}, then

[i, j]θ = {k ∈ m | i ≤ k ≤ j}

is either empty or the ordinary interval [i, j]. Hence Mm(θ, R) is the m × m upper

triangular matrix ring Um(R) over R, and so a typical ideal of Um(R) is given by

I =















A1,1 A1,2 A1,3 · · · A1,m

0 A2,2 A2,3 · · · A2,m

0 0 A3,3 · · · A3,m

...
...

...
. . .

...

0 0 0 · · · Am,m















, (1)
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where Ai,j ⊳R, Ai,j ⊆ Ai,j+1 for all i = 1, 2, . . . , m−1 and j = i, i+1, . . . , m−1, and

Ai+1,j ⊆ Ai,j for all j = 2, 3, . . . , m and i = 1, 2, . . . , j − 1. Note that the notation

in (1) suggests that the ideal I consists of all matrices [xi,j ], where xi,j ∈ Ai,j if

i ≤ j, and xi,j = 0 otherwise.

We recall the description of a complete block-triangular matrix ring. Let

b1, b2, . . . , bm be positive integers summing to b, say. Then every b × b matrix

X = (xi,j) can be viewed as a matrix of m2 rectangular blocks Xk,l, 1 ≤ k, l ≤ m,

with

Xk,l = (xb1+···+bk−1+i,b1+···+bl−1+j)1≤i≤bk,1≤j≤bl
.

We call X1,1, . . . , Xm,m the m blocks of X on the diagonal. The subring T of Mb(R)

comprising all the matrices X with Xk,l = (0)bk×bl
if k > l is the (b1, b2, . . . , bm)

complete (upper) block-triangular matrix ring over R (with m blocks on the diago-

nal). According to the general description of the ideals of a structural matrix ring, in

each “block” of an ideal of the complete block-triangular matrix ring we must have

only one ideal of the base ring and so these “blocks” are collapsed to a single entry

of the corresponding ideal of the “underlying” triangular matrix ring. It follows

that the ideal structure of T is precisely the same as that of Um(R), irrespective of

the values of the bi’s.

If, moreover, Xk,l = (0)bk×bl
for at least one pair (k, l) for which k < l, then

we merely have a (b1, b2, . . . , bm) (upper) block-triangular matrix ring over R (with

m blocks on the diagonal), which is not a complete block-triangular matrix ring.

A formula for the number of ideals of Um(F ) for arbitrary m, and F a field,

has been determined by Shapiro in [4], and we state it here for the sake of reference:

Proposition 1.1. Um(F ) has Cm+1 ideals, where Cl = 1
l+1

(

2l
l

)

is the l-th

Catalan number.

For example, C3 = 5, and the five ideals of U2(F ) are as follows:

[

0 0

0 0

]

,

[

0 F

0 0

]

,

[

F F

0 0

]

,

[

0 F

0 F

]

and

[

F F

0 F

]

.

2. The number of ideals

If (P,≤) is a poset and (Qi,≤i), 1 ≤ i ≤ k, are chains, then an order preserving

function

f :P −→ Q1 × Q2 × · · · × Qk

is uniquely determined by the order preserving compositions πi ◦f :P −→ Qi, where

πi:Q1 × Q2 × · · · × Qk −→ Qi, 1 ≤ i ≤ k,
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are the natural projections. Hence the number of order preserving functions from P

to the product Q1 × Q2 × · · · × Qk is q1q2 · · · qk, where qi denotes the number of

order preserving functions from P to Qi. Thus, in order to determine the number of

ideals of a structural matrix ring over a ring R such that the lattice of ideals of R is

isomorphic to a finite product of finite chains, it suffices to restrict our consideration

to the case of a uniserial (or a chain) ring R, i.e. (I(R),⊆) is a chain

{0} = I0 ⊂ I1 ⊂ · · · ⊂ In = R.

Then, according to the description given in Section 1, all ideals of Um(R) are of the

form

Mm(θ, R, f) =















f([1, 1]) f([1, 2]) f([1, 3]) · · · f([1, m])

0 f([2, 2]) f([2, 3]) · · · f([2, m])

0 0 f([3, 3]) · · · f([3, m])
...

...
...

. . .
...

0 0 0 · · · f([m, m])















,

where f([i, j]) ∈ {I0, I1, . . . , In} and f is order preserving, i.e. f([i, j]) ⊆ f([i′, j′])

if [i, j] ⊆ [i′, j′].

Therefore, the number λ(m, n) of ideals of Um(R) is precisely the number of

plane partitions of the ‘staircase shape’ δm+1 = (m, m − 1, . . . , 1), allowing 0 as a

part and with largest part at most n. [Following the notation used in [5], a plane

partition is an array π = (πij)i,j≥1 of nonnegative integers such that π has finite

support (i.e., at most finitely many nonzero entries) and is weakly decreasing in

both rows and columns. A part of a plane partition π = (πij)i,j≥1 is a positive

entry πij > 0, but in some cases, such as ours, 0 is allowed as a part. The shape

of π is the ordinary partition γ = (γ1, γ2, . . . , γr) for which π has γi nonzero parts

in the i-th row, 1 ≤ i ≤ r. So, for the ‘staircase shape’ δm+1 = (γ1, γ2, . . . , γm) we

have γi = m + 1 − i, 1 ≤ i ≤ m.]

By [3] and [5],

λ(m, n) =
∏

1≤i<j≤m+1

2n + i + j − 1

i + j − 1
.

Note that if n = 1 (which is the case when R is a field), then it can be shown that

λ(m, 1) = Cm+1.

This agrees with Proposition 1.1.

Combining the foregoing arguments, we obtain our main result:
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Theorem 2.1. Let m, b1, . . . , bm ≥ 1, and let R be a ring such that the lattice

of ideals of R is isomorphic to the product Q1 × Q2 × · · · × Qk of chains, where

Qi has ni + 1 elements for every i. The number of ideals of every (b1, b2, . . . , bm)

complete block-triangular matrix ring over R is given by

λ(m, n1) · λ(m, n2) · · ·λ(m, nk) =
k

∏

t=1

(

∏

1≤i<j≤m+1

2nt + i + j − 1

i + j − 1

)

.

Example 2.2. The number of ideals of every (b1, b2, b3) complete block-

triangular matrix ring over Z4, for example U3(Z4), is

λ(3, 2) =
∏

1≤i<j≤4

4 + i + j − 1

i + j − 1
= 84,

while the number of ideals is

λ(3, 1) · λ(3, 1) = 196

in case the base ring is Z6.

3. Block-triangular matrix rings with three blocks
on the diagonal

In this section we are particularly interested in the number of ideals of the

structural matrix rings

S1 =





R 0 R

0 R R

0 0 R



 and S2 =





R R R

0 R 0

0 0 R



 ,

with R as in Theorem 2.1; equivalently, as discussed in Section 2, the number of

ideals of the block-triangular matrix rings





Mb1×b1(R) (0)b1×b2 Mb1×b3(R)

(0)b2×b1 Mb2×b2(R) Mb2×b3(R)

(0)b3×b1 (0)b3×b2 Mb3×b3(R)





and




Mb1×b1(R) Mb1×b2(R) Mb1×b3(R)

(0)b2×b1 Mb2×b2(R) (0)b2×b3

(0)b3×b1 (0)b3×b2 Mb3×b3(R)



 ,

over R, with b1, b2, b3 any positive integers.
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Remark 3.1. Some 3 × 3 structural matrix rings are direct sums of block-

triangular matrix rings for which we have already determined the number of ideals.

For example, the block-triangular matrix ring




R 0 R

0 R 0

0 0 R





is the direct sum of R and U2(R), and the lattices of ideals of the complete block-

triangular matrix rings

S3 =





R R R

R R R

0 0 R



 and S4 =





R R R

0 R R

0 R R





are isomorphic to that of U2(R). (Note, however, that S3 and S4 are not isomorphic

as rings. See [2].) We conclude from [2] that, up to isomorphism, the rings S1 and

S2 are the only 3 × 3 structural matrix rings for which we have not yet determined

the number of ideals.

By Section 1, every ideal of S1 (respectively S2) is of the form M3(θ1, R, f1)

(respectively M3(θ2, R, f2)), where θ1 and θ2 are the appropriate relations and f1

and f2 are the appropriate order preserving functions. If R is a uniserial ring with

a chain {0} = I0 ⊂ I1 ⊂ · · · ⊂ In = R of ideals as in Section 2, then a typical ideal

of S1 is given by




A1,1 0 A1,3

0 A2,2 A2,3

0 0 A3,3



 ,

where each Ai,j = Ir can be identified with r. Thus an ideal of S1 can be visualized

as a matrix




a 0 b

0 c d

0 0 e



 ,

where a, b, c, d, e ∈ {0, 1, . . . , n}, and a ≤ b, c ≤ d, e ≤ d and e ≤ b. A formula for

the number of such matrices can be obtained as the following nested sequence of

summations:
n

∑

a=0

n
∑

b=a

n
∑

c=0

n
∑

d=c

min (b,d)
∑

e=0

1,

which simplifies to

ξ(n) = 1
30 (n + 1)(n + 2)(2n + 3)(2n2 + 6n + 5).

As in Theorem 2.1, the number of ideals of S1 is the product ξ(n1) · ξ(n2) · · · ξ(nk),

where the lattice of ideals of R is isomorphic to Q1 ×Q2 ×· · ·×Qk, with Qi a chain

of ni + 1 elements.
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Although S1 and S2 are not isomorphic as rings, it is straightforward to see

that there is an anti-isomorphism between the rings S∗
2 (obtained from S2 by re-

placing each R by Rop) and S1. Since R and Rop have the same lattice of ideals,

the same is true for S1 and S2, and so the number of ideals of S2 is the same as the

number of ideals of S1 (using the same base ring R).

Example 3.2. If R = Z4 (respectively Z6), then we get that the number of

ideals of S1 is ξ(2) = 70 (respectively ξ(1) · ξ(1) = 169). Naturally, one expects

these numbers to be somewhat less than the values obtained in Example 2.2 for the

full triangular case.
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for fruitful consultations — and the referee for helpful suggestions.

References

[1] G. ABRAMS, J. HAEFNER and A. DEL RIO, The isomorphism problem for incidence

rings, Pacific J. Math., 187 (1999), 201–214.
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