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Abstract

We provide a formula for the number of ideals of complete block-
triangular matrix rings over any ring R such that the lattice of ideals of
R is isomorphic to a finite product of finite chains, as well as for the number
of ideals of (not necessarily complete) block-triangular matrix rings over any
such ring R with three blocks on the diagonal.

1. Introduction

It is well known that if R is a ring with identity, then there is a one-to-one
correspondence between the (two-sided) ideals of R and those of M,,(R), the full
m X m matrix ring over R.

If we rather focus on the class of structural matrix rings, or incidence rings,
which has been studied extensively (see, for example, [1], [2] and [6]), then the
situation becomes more involved. There are in general a lot more ideals in a struc-
tural matrix ring over any ring R than in the base ring R. It is known that every
structural matrix ring is isomorphic to a block-triangular matrix ring (see [2]).

The purpose of this paper is to give a formula for the number of ideals of
complete block-triangular matrix rings over any ring R if the lattice of ideals of
R is isomorphic to a finite product of finite chains, for example, if R = Z,, the
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ring of integers modulo n, as well as for the number of ideals of (not necessarily
complete) block-triangular matrix rings over any such ring R with three blocks on
the diagonal.

We recall the definition of a structural matrix ring and the description of its
ideals in [6]. Let m be a natural number, and let 6 be a reflexive and transitive
binary relation on the set m = {1,2,...,m}. The subring

My, (0, R) = {lai ;] € My (R)|ai; = 0if (i,5) ¢ 0}

of M,,(R) is called a structural matrix ring, and the ideals of M,,(#, R) can be
obtained as follows: For i,j € m consider the (possibly empty) interval

[i»j]e = {k €m| (i’k)7(kvj) € 9}

and the set I (0,m) = {[i,]], |4,j € m} of all such intervals. If (Z(R),C) denotes
the lattice of ideals of R, and
f:(I(0,m),C) — (Z(R), Q)

y =

is order preserving, then the set

M (0, R, f) = {laij] € My (0, R) | ai; € f([i,jl)}

is an ideal of M,, (0, R). In fact, every ideal of M,,(0, R) is of the form M,,(0, R, f)
for a unique f; in other words, there is a bijection between the considered order
preserving maps f and the ideals of M,,(0, R).

Note that if & = m x m, then M,, (0, R) = M,,(R) and [i,j], = m for all
i,j € m, from which it follows that I(6,m) is a singleton, and so in this case we
obtain the mentioned familiar one-to-one correspondence between the ideals of R
and M,,(R).

Also, if 0 = {(4,7) |1 <i < j <m}, then

i, jlg ={k em|i <k <j}

is either empty or the ordinary interval [z, j]. Hence M,, (0, R) is the m x m upper
triangular matrix ring U,,(R) over R, and so a typical ideal of U,,(R) is given by

Ain Ao A o Aim
0 Asp Ass -+ Ao
=1 0 0 Asz - Azm || (1)

0 0 0 - Anm

)
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where A; j<aR, Ajj; C Ajjyiforalli=1,2,... . m—1landj=14,i+1,...,m—1, and
Ai1; C Ay forall j =2,3,...,mandi=1,2,...,5 — 1. Note that the notation
in (1) suggests that the ideal I consists of all matrices [x; ;], where z; ; € A, ; if
1 < j, and x; ; = 0 otherwise.

We recall the description of a complete block-triangular matrix ring. Let
b1,ba,...,by be positive integers summing to b, say. Then every b X b matrix
X = (z;;) can be viewed as a matrix of m? rectangular blocks Xii, 1 <k 1 <m,
with

Xt = (Tby oty iy by —1+5)1<i<by 1 <5 <b; -

We call X 1,...,X,, m the m blocks of X on the diagonal. The subring T of M (R)
comprising all the matrices X with X ; = (0)p, xp, if & > 1 is the (b1, b2,...,b0pn)
complete (upper) block-triangular matrix ring over R (with m blocks on the diago-
nal). According to the general description of the ideals of a structural matrix ring, in
each “block” of an ideal of the complete block-triangular matrix ring we must have
only one ideal of the base ring and so these “blocks” are collapsed to a single entry
of the corresponding ideal of the “underlying” triangular matrix ring. It follows
that the ideal structure of T is precisely the same as that of U,,(R), irrespective of
the values of the b;’s.

If, moreover, Xy ; = (0)p, xp, for at least one pair (k,7) for which & <, then
we merely have a (b, ba, ..., b, ) (upper) block-triangular matrix ring over R (with
m blocks on the diagonal), which is not a complete block-triangular matrix ring.

A formula for the number of ideals of U, (F) for arbitrary m, and F' a field,
has been determined by Shapiro in [4], and we state it here for the sake of reference:

3

PROPOSITION 1.1. U,,(F) has Cp41 ideals, where C; = H%(Qll) s the [-th
Catalan number.

For example, C3 = 5, and the five ideals of Uy(F') are as follows:
0 0 0 F Fr F 0 F d F F
0 0]7[o o] lo o] o F|™ |0 F|
2. The number of ideals

If (P, <) is aposet and (Q;, <;), 1 <1i < k, are chains, then an order preserving
function

[iP— Q1 xQ2x - X Qg

is uniquely determined by the order preserving compositions ;o f: P — @Q;, where

Tt Q1 X Qa2 X - X Qp — Q, 1 <1<k,
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are the natural projections. Hence the number of order preserving functions from P
to the product Q)1 X Q2 X --- X Qk is q1q2 - - - @&, Where g; denotes the number of
order preserving functions from P to @);. Thus, in order to determine the number of
ideals of a structural matrix ring over a ring R such that the lattice of ideals of R is
isomorphic to a finite product of finite chains, it suffices to restrict our consideration
to the case of a uniserial (or a chain) ring R, i.e. (Z(R),C) is a chain

{0y =Iyhbchc---CI,=R.

Then, according to the description given in Section 1, all ideals of U,,(R) are of the

form
f([lv”) f([172]) f([173]) f([lvm])
0 f([272]) f([273]) f([2vm])
Mm(G,R, f) = 0 0 f([373]) f([?’vm])

0 0 0 <o f([m,m])
where f([i,j]) € {lo,I1,...,I,} and f is order preserving, i.e. f([i,5]) C f([Z',5])
it [i,5] C [,

Therefore, the number A(m,n) of ideals of U,,(R) is precisely the number of
plane partitions of the ‘staircase shape’ 6,11 = (m,m —1,...,1), allowing 0 as a
part and with largest part at most n. [Following the notation used in [5], a plane
partition is an array m = (m;;); j>1 of nonnegative integers such that = has finite
support (i.e., at most finitely many nonzero entries) and is weakly decreasing in
both rows and columns. A part of a plane partition m = (m;;); j>1 is a positive
entry m;; > 0, but in some cases, such as ours, 0 is allowed as a part. The shape

of 7 is the ordinary partition v = (v1,72,...,7,) for which 7 has ~; nonzero parts
in the i-th row, 1 <4 < r. So, for the ‘staircase shape’ 6,41 = (V1,725 - - Vm) We
have v, =m+1—1i, 1 <i<m.]
By [3] and [5],
2n+i+j—1
A= ] Tt
o 1+7—1
1<i<j<m+1

Note that if n = 1 (which is the case when R is a field), then it can be shown that
)\(Tn7 1) = Cerl-

This agrees with Proposition 1.1.
Combining the foregoing arguments, we obtain our main result:
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THEOREM 2.1. Let m,by,..., b, > 1, and let R be a ring such that the lattice
of ideals of R is isomorphic to the product Q1 X Q2 X -+- X Q. of chains, where
Qi has n; + 1 elements for every i. The number of ideals of every (bi,ba, ..., by)
complete block-triangular matriz ring over R is given by

b My +i+j—1
A(m,ny) - A(m,ng) - - A(m, nyg) =H ( H —)

i+7—1
t=1 1<i<j<m+1 7

EXAMPLE 2.2. The number of ideals of every (by,bs,b3) complete block-
triangular matrix ring over Zg4, for example Us(Z,), is

4+itj—1
1<i<j<4 J

while the number of ideals is
A(3,1) - A(3,1) = 196

in case the base ring is Zg.

3. Block-triangular matrix rings with three blocks
on the diagonal

In this section we are particularly interested in the number of ideals of the

structural matrix rings

R 0 R R R R
Sl = 0 R R and SQ = 0 R O 5
0 0 R 0 0 R

with R as in Theorem 2.1; equivalently, as discussed in Section 2, the number of
ideals of the block-triangular matrix rings

Mo, (R)  (0)byxb,  Miyxbg (R)
(0boxby  Mpyxby, (R) M, (R)
(0)bs by (0)bgxb,  Mpyxbs (1)
and
Mbl X by (R) Mbl X bz (R) Mbl X b3 (R)
(0)byxb; Mpyxps (R)  (0)byxbs | »
(0)b3><b1 (O)bSXb2 Mb3><b3 (R)

over R, with b1, by, bs any positive integers.
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REMARK 3.1. Some 3 X 3 structural matrix rings are direct sums of block-
triangular matrix rings for which we have already determined the number of ideals.
For example, the block-triangular matrix ring

R 0 R
0 R O
0 0 R

is the direct sum of R and Us(R), and the lattices of ideals of the complete block-
triangular matrix rings

R R R R R R
S3=|R R R| and S4=|0 R R
0 0 R 0 R R

are isomorphic to that of Us(R). (Note, however, that S3 and S; are not isomorphic
as rings. See [2].) We conclude from [2] that, up to isomorphism, the rings S; and
Sy are the only 3 x 3 structural matrix rings for which we have not yet determined
the number of ideals.

By Section 1, every ideal of Sy (respectively Ss3) is of the form Ms(61, R, f1)
(respectively Ms(02, R, f2)), where 01 and 0, are the appropriate relations and f;
and f5 are the appropriate order preserving functions. If R is a uniserial ring with
a chain {0} =1y C I; C --- C I, = R of ideals as in Section 2, then a typical ideal
of Sy is given by

Ain 0 A
0 Axp Ass|,
0 0 A373

where each A; ; = I, can be identified with r. Thus an ideal of S; can be visualized
as a matrix

o O R
o o O

b
dy,
e

where a,b,¢,d,e € {0,1,...,n},and a < b, ¢ <d, e <dand e <b. A formula for
the number of such matrices can be obtained as the following nested sequence of

summations:
n n n

which simplifies to
£(n) = 55(n+1)(n+2)(2n + 3)(2n? + 6n + 5).

As in Theorem 2.1, the number of ideals of S; is the product £(ny) - £(n2) - - - &(ng),
where the lattice of ideals of R is isomorphic to Q1 X Q2 X - - - X Qf, with @; a chain
of n; + 1 elements.
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Although S; and Sy are not isomorphic as rings, it is straightforward to see
that there is an anti-isomorphism between the rings S3 (obtained from Sy by re-
placing each R by R°P) and S;. Since R and R°P have the same lattice of ideals,
the same is true for S7 and Ss, and so the number of ideals of S; is the same as the
number of ideals of Sy (using the same base ring R).

ExaMPLE 3.2. If R = Z, (respectively Zg), then we get that the number of
ideals of Sy is £(2) = 70 (respectively £(1) - £(1) = 169). Naturally, one expects
these numbers to be somewhat less than the values obtained in Example 2.2 for the
full triangular case.
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