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ON LIE NILPOTENT RINGS AND COHEN’S THEOREM

Jend Szigeti' and Leon Van Wyk?
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2Department of Mathematical Sciences, Stellenbosch University, Stellenbosch,
South Africa

We study certain (two-sided) nil ideals and nilpotent ideals in a Lie nilpotent ring
R. Our results lead us to showing that the prime radical rad(R) of R comprises the
nilpotent elements of R, and that if L is a left ideal of R, then L + rad(R) is a two-
sided ideal of R. This in turn leads to a Lie nilpotent version of Cohen’s theorem,
namely if R is a Lie nilpotent ring and every prime (two-sided) ideal of R is finitely
generated as a left ideal, then every left ideal of R containing the prime radical of R
is finitely generated (as a left ideal). For an arbitrary ring R with identity we also
consider its so-called n-th Lie center Z,(R), n > 1, which is a Lie nilpotent ring of
index n. We prove that if C is a c ative sub id of the multiplicative monoid
of R, then the subring (Z,(R)VU C) of R generated by the subset Z,(R)U C of R is
also Lie nilpotent of index n.

Key Words: Cohen’s theorem; Lie nilpotent ring; nth Lie center; Prime radical.

2010 Mathematics Subject Classification: 16D25; 16P40; 16U70; 16U80.

1. INTRODUCTION

One of the inspirations for this article was a search for a Lie nilpotent version
of a well known theorem in commutative algebra, namely Cohen’s Theorem (see
[2]), which states that a commutative ring R is Noetherian (i.e., every ideal of R is
finitely generated) if every prime ideal of R is finitely generated.

Cohen’s Theorem and Kaplansky’s Theorem (see [8]) are quite often
mentioned in the same breath. The latter states that a commutative Noetherian ring
R is a principal ideal ring (i.e., every left ideal of R is principal and every right ideal
of R is principal) if and only if every maximal ideal of R is principal. In fact, in [14],
an excellent paper that contains a thorough survey (including an extensive list of
references) of quite a number of versions of Cohen’s Theorem in various contexts,
mention is made of the combined Kaplansky—Cohen Theorem, which states that a
commutative ring R is a principal ideal ring if and only if every prime ideal of R is
principal.
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Moreover, Cohen’s Theorem and the Kaplansky-Cohen Theorem are
strengthened in [14], and some generalizations of Cohen’s Theorem, for example,
Koh’s (see [9]) and Chandran’s (see [1]), are implied by results in [14]. Other
papers on Cohen’s Theorem, some of of which contain module versions of Cohen’s
Theorem, include [5], [7], [11], [12] and [13].

In Section 2 we deal with certain products in a Lie nilpotent ring R of index
n > 2. We shall make use of classical results due to Jennings (see [6]), and in order to
ease readability, we provide short self-contained proofs of these theorems. A basic
example of a Lie nilpotent ring R of index n > 2 is also presented.

In Section 3 we show, amongst others, that the prime radical rad(R) of a Lie
nilpotent ring R of index n > 2 comprises the nilpotent elements of R, and that if
L is a left ideal of R, then L + rad(R) is a two-sided ideal of R. This in turn leads
to Theorem 3.3: if R is a Lie nilpotent ring and every prime (two-sided) ideal of R
is finitely generated as a left ideal, then every left ideal of R containing the prime
radical of R is finitely generated (as a left ideal). In this regard, we mention (see
[14] and [10]) that G. Michler and L. Small proved independently that a left fully
bounded ring (such as a polynomial identity ring) in which every prime ideal is
finitely generated as a left ideal is left noetherian. Therefore, although Theorem 3.3
is not new, the particular techniques employed in the present article in the study of
Lie nilpotent rings are important in their own right.

The authors note that they use the notation rad(R) for the prime (or lower
nil) radical and J(R) for the Jacobson radical of R.

Another inspiration for this article was Lemma 2.1 of [17], which plays a
crucial role in the development of the Lie nilpotent determinant theory in [17] and
[18]. For an arbitrary ring R with identity we consider in Section 4 its so-called
nth Lie center Z,(R), n > 1, which is a Lie nilpotent ring of index n. We prove
the following broad generalization of the mentioned lemma: if C is a commutative
submonoid of the multiplicative monoid of R, then the subring (Z,(R) U C) of R
generated by the subset Z,(R) U C of R is also Lie nilpotent of index n.

2. PRODUCTS IN LIE NILPOTENT RINGS

Let R be a ring, and let [x, y] = xy — yx denote the additive commutator of the
elements x, y € R. It is well known that (R, +,[ , ]) is a Lie ring and the following
identities hold:

[y, x] = =[x, y],
[[x, ¥, z] + [[, z], x] + [[z, x], y] = 0 (Jacobian identity),

[wv, x] = [u, vx] + [v, xu] = ulv, x] + [u, x]v.
The use of [x, uv] = u[x, v] + [x, u]v and [uv, x] = u[v, x] + [u, x]v gives that

[[a, byl, x] = [bla, y] + [a, bly, x] = [bla, y], x] + [[a, b]y, x]
= bl[a, y], x| + [b, x][a, y] + [a, b][y, x] + [[a, b], x]y.
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*
n

For a sequence x|, x,, ..., x, of elements in R, we use the notation [x, x,, ..., X,]
for the left normed commutator (Lie-)product:

*

[x ]} =x and [x, x5, .., x,]0 = [ [[x), 6] %3] .00, 1,

Clearly, we have

[t xas s X X L = [ 20+ 20 s ] = [l 2o s X, 15

A ring R is called Lie nilpotent of index n (or having property L,) if

* —
[x1, X505 o0y X, xn+l]n+1 =0

is a polynomial identity on R. If R has property L,, then [x,, x,, ..., x,]% € Z(R) is
central for all x, x,,...,x, € R.

Let ky=0and 1 <k,...,k,, k, ., <m be integers such that k; +---+k, +
k.., = m, and let K be a field. The pair (i, j) of integers satisfies (x) if

ko+ki+- - +k_<i<koyt+tk +--+k <j<m ()

for some (unique) index 1 <r <n. One of the basic examples of a K-algebra
satisfying L, is the K-subalgebra
R=R,(k,....k,. k,,\) ={a,;E;;|a,; €K and (i, ) satisfies ()}

of block upper triangular m x m matrices of the full matrix algebra M,,(K), where
E; ; is the standard matrix unit with 1 in the (7, j) position. Clearly, the ordinary
nilpotency R"*! = {0} # R" implies L,, and the addition of the center (scalar
matrices) yields a unitary subring R + KI,, of M,,(K) also with L,. The K-dimension
of R+ KI, is

. 1
dimy (R) = 1+ 5(m* — ki =+ =k = k).
Conjecture. [f S is a (unitary) K-subalgebra of M,,(K) with L, and n + 1 < m, then
. 15 2 g2
dlmK(S) =< 1 + E(m _kl -t _kn _kn+1)
for some integers 1 < k,....k, k, ., <mwithk +---+k,+k, =m.
For n = 1, our conjecture becomes a classical theorem of Schur about the maximal

dimension of a commutative subalgebra of M,,(K).

We call a ring R Lie nilpotent if it is Lie nilpotent of index n for some n > 1
(see, for example, [3], [4], [6] and [15]). Notice that M,(K) is not Lie nilpotent, i.e.,
it does not satisfy L, for any n > 1.
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Proposition 2.1. Let R be a ring with L, and a, b, ¢, ay, a,, ..., a; € R.
(1) [a, b][a,c] =0.
(2) If ab =0, then bxbya = 0 for all x,y € R (i.e., bRbRa = {0}).
3) Ifapa,---a, =0, then
a1 XAy YAy X205Y, +++ Xy Y ag = 0
forall x;,y;e R, 1 <i<k
Proof. (1): Takex=cand y=ain

[[a, byl, x] = bl[a, y], x] + [b, x][a, y] + [a, b][y, x] + [[a, b], x]y.

(2): ab=0 and the L, property of R imply that bya = [by, a] is central,
whence

bxbya = (bya)bx =0

follows.

(3): In order to see the validity of the implication for k = 1, take a = a, and
b = a, in part (2). In the next step of the induction, we assume that our statement
holds for some k > 1 and consider the product ayq; - - - aa;,, = 0 in R. Using the
induction hypothesis for (aya,)a, - - - a a;,, = 0, we obtain that

)Xy 03,83+ QX @ Vi1 X1 A1 Ver1 (A0ay) = 0
for all x;,y; € R, 2 <i < k+ 1. Now the choice of
4 = AyX30,),053 "+ QXY Qg1 X1 Ay Yip1 Ao and b = a,
in part (2) gives that
0 = bx;byja = a;x,a,y,a,%,8,y,03 " X0y Vi1 X1 Q1 Vi1 9o
for all x;,,y, € R, 1 <i <k+ 1. It follows that our statement is valid for k+ 1. O
Theorem 2.2. ([6]). Let n > 3 be an integer and R be a ring with L,. Then
X, %, s, ]n D v o 0, =0
forall x;,y, € R, 1 <i < n. Thus the two-sided ideal
N=R{[x;, x5, ..., x5 |x; e R, 1 <i<n}={[x,x,....,x,] |x;, e R,1 <i<n}R

generated by the (central) elements [x, X,, ..., x,|% is nilpotent with N* = {0}.
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Proof. Take
x =[x, X5 s X0y 0y =X, and z = [y, Yo, -5 Vi ]
in the Jacobi identity
[[x, y], 2] + [[y: 2], x] + [[z, x]. y] = 0.

Since
[y, 2], xl=—lz. y]. Xl=—[1s 20 - yor Lo Y Xl =y yas oo vt 35 21, =0
and

[z, x], Y] = [[[y1s Y2 - s Yuot Iots X1 Y] = 15 Y25 -+ o5 Y15 X5 ¥y = 0

are consequences of the L, property, we obtain that

0 = [[x, y], z] = [[[x1» X2, . - -+ xn_z]Z,z, X1l [ 25 o0 yn—l]z—l]
Sl | ESTE TN Y NI VT YIS Y Y B
Now take
a=[y1,Y2 s Yuot1ln_1s b=[x;, %, ..., X, 4],_1, x=1x, and Y=Y,
in
[[a, by], x] = b[[a, y], x] + [, x][a, y] + [a, ][y, x] + [[a, b], x]y.
Since
[[a, by], x] = [[[yi> y2s - -5 Vet bumts DY) X1 = D1 Y2 s Yucrs Dy, x4 = 0,

[[a; ¥, x] = [[[y1> Y25 s Yucr bt YL X] = [15 Y25 oo o5 Yot 35 X150 = 0,
[[a, b]’ x] = [[[M’ Yoseens yn—l]f,_l» b]’ x] = [Y1’ Y2 eevs Yno1> by x]:+1 =0

are consequences of the L, property and
[a, b] = {[y1> y2o -+ Yumt Lot [ X205 0 1y 1 = 0,

we obtain that

0= [b, x][a, y] = [[x1s x5 s X Lo Xl 2205 Yama L 3]
= [, X0 1 LY Yo =

Remark 2.3. The m-generated (m > 4) Grassmann algebra

E(’")=K<vl,...,vm|v,-vj—|—vjvi=0f0ralll§i§j§m)
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over a field K (with 4 £ 0) has property L, and
[vi, va]5 - [v3s va]3 = [, v,] - [v3, V4] = 4vy 03030, # 0

shows that Theorem 2.2 is not valid for n = 2. The fact that a occurs twice in
[a, b][a, c] is essential in part (1) of Proposition 2.1.

Corollary 2.4 ([6]). Let n > 2 be an integer and R be a ring with L,

(1) The ideal
12) =R[R.RIR={}_,__ nilai bls; | r,a;. b,s; e R <i <t} <R

is nil.
(2) The ideal

I(3) = R[[R,R],R]R = {qu rilla;, bl ¢;ls; | ris a;s byy ¢85, € R, 1 <i <t} <R
is nilpotent of index 2"2.

Proof. In both cases, we use the ideal N <t R generated by the (central) elements
[x;, x5, ..., x,]% and apply an induction with respect to n.

(1):  If n = 2, then part (1) of Proposition 2.1 gives that [a;, b,]* = 0 for each
1 <i <t Thus

(Zl<z<[ rila;, b;] 1)’+1 =0

follows from the centrality of the [a;, b;]’s. Now assume that (1) is valid in any ring
with L,_, (for some n > 3), and consider an element

Zl<l<t ’[al’bl]s € R[R R]R

in a ring R with L,. Since the factor ring R = R/N satisfies L the induction

hypothesis gives that for some k > 1 we have

<Z1<,<,_:[_,, b;] l)k -0

in R. Since N> = {0} by Theorem 2.2, we have

n—1>

(Zl<,<, rila;, b;] l>2k -0

in R.

(2): If n=2, then R[[R, R], R]R = {0}. Now assume that (2) is valid in
any ring with L, ; (n > 3), and consider a sequence of elements [[a;, b;], ¢/],
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1 <i<g=2"?%in R[[R, R], R]R, where R is a ring with L,. Since the factor ring
= R/N satisfies L, ,, the induction hypothesis gives that for p = 2"3

[[@1. b,]. & |R[[@. b,]. &R - - R[[@,. b,]. ¢,] = {0}
holds in R. Thus

[lai, bi], c|]R[[ay, by], ;]R - - - R[[a,, b,], ¢, ]1EN

and similarly

[[ap-H’ bp+l]’ cp+1]R[[ap+2’ bp+2]’ Cp+2] R[[ap+p’ p+p] cp+p]gN

for all a; ¢;€R,1<i<2p=gq.It follows that

i’ l’

[[al > bl]’ CI]R ' [[ap? bp] ] [[aer] ’ bp+1]7 Cp+I]R e R[[ap+p’ bp+p] p+p]CN2
In view of Theorem 2.2, we obtain that

(RI[R, R], RIR)?SN? = {0}. O

Theorem 2.5. Let n > 2 be an integer and R be a ring with L. If a,b € R, ab =10
and q = q(n) = 2"72, then

bx,by,az,bx,by,az, - - -z, bx,by,a =0,ie. bBRbRa RbRbRaR ...RDbRbRa = {0}
1. 2. q.

forall x;,y;,z; € R, 1 <i<q(z,=1).

Proof. If n =2, then ¢(2) = 1 and part (2) of Proposition 2.1 gives the result. Now
assume (by induction) that our statement is valid in any ring with L,_, (for some
n > 3), and consider the elements a, b € R with ab =0 in a ring R with L,. In view
of Theorem 2.2, we have N? = {0} for the ideal N < R generated by the (central)

elements [x, x,, ..., x,]5. Since the factor ring R/N satisfies L,_;, the induction
hypothesis gives that

(b+N)(x +N)(b+ Ny +N(a+N(z +N) -

o (Zq(n—l)—l + N)(b + N)(xq(n—l) + N)(b + N)(yq(n—l) + N)(Cl + N) =0 +N
in R/N. Thus

bx,by\az; - - - Zy_1)~16X -1 DYgn-1y@ € N
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and similarly

bxq(mlm byq(m]}H AZ 41" L glr—Iprglei)-1 bxq(mlﬂq(ml) byq(rhl)—}-q(rhl)a EN

for all x;,,y,€e R, 1 <i<2q(n—1)and z; e R, 1 <i<2q(n—1)—1,i+# g(n—1).
Now for any z,,_;) € R we have

(bx,by,az,- - 'Zq(nfl)flbxq(nfl)byq(n—l)a)Zq(nfl)(bxq(nle»lbyq(1171)+lazq(1171)+1' o

2
“ Zgtn 1 bgtn—) -1 DX g 1)1 g1y DY 1) 4 gtn-1)@) € N7,

and 2¢g(n — 1) = g(n) proves that the statement is valid in R. d

3. COHEN’'S THEOREM FOR LIE NILPOTENT RINGS
Proposition 3.1. Let R be a ring with L, (n>2 ) and a, b € R.

(1) If P < R is a prime ideal and ab € P, then a € P or b € P. In other words, all
prime ideals of R are completely prime.
(2) The prime radical of R is the set of all nilpotent elements:

rad(R) = {u € R | u* = 0 for some k > 1}.
(3) The factor ring R/rad(R) is commutative.

(4) If L <, R is a left ideal of R, then L +rad(R) < R is a two sided ideal of R. In
particular, all left ideals containing rad(R) are two sided ideals.

Proof. (1): The factor ring S = R/P is a prime ring with L,, and ab € P implies
that

ab=(a+P)(b+P) =0
in S. The application of Theorem 2.5 gives that

bShSa S bShSas...SbShSa = {0},

1. 2.

where ¢ = g(n) = 2"2. Since S is prime, we deduce that @ =0 or b = 0. Thus we
have a € Por b € P.

(2): Let P < R be an arbitrary prime ideal of R and u € R a nilpotent element
with u* = 0. Now the iterated application of part (1) of the present Proposition 3.1
gives that u € P and
{u e R | u* =0 for some k > 1}Crad(R).

The reverse containment holds in any ring.



Downloaded by [University of Stellenbosch] at 22:51 22 July 2015

ON LIE NILPOTENT RINGS AND COHEN’S THEOREM 4791

(3): Part (1) of Corollary 2.4 gives that [x, y] € R[R, R]R is nilpotent, whence
[x, ¥] € rad(R) follows by part (2) of the present Proposition 3.1.

(4) Since the sum of left ideals is a left ideal, we only have to show that
(x+u)r € L+ rad(R) for all x € L, u € rad(R), and r € R. We have

(x 4+ u)r = rx+ [x, r] + ur,

where rx € L, ur € rad(R) and the nilpotency of [x, r] gives that [x, r] € rad(R) as
in part (3) above. O

Remark 3.2. If R is a simple (unitary) Lie nilpotent ring, then the two-sided ideal
rad(R) is zero and the commutativity of R = R/rad(R) implies that R is a field.

We have now collected sufficient tools to obtain a Lie nilpotent version of the
following famous theorem in commutative algebra.

Cohen’s Theorem. If every prime ideal of a commutative ring R is finitely generated,
then every ideal of R is finitely generated (i.e., R is Noetherian).

In quite a number of proofs of some versions of Cohen’s Theorem Zorn’s
Lemma comes in handy (see, for example [16]), as is the case below.

Theorem 3.3. [f the (completely) prime ideals of a Lie nilpotent ring R are finitely
generated as left ideals, then every (left) ideal of R containing rad(R) is finitely
generated as a left ideal.

Proof. For the sake of contradiction, suppose that
N ={LCR | L is a non-finitely generated left ideal of R and rad(R)CL}

is a nonempty set. In view of part (4) of Proposition 3.1, any left ideal LCR with
rad(R)CL is a two-sided ideal of R. Thus the elements of .V are two-sided ideals. A
straigthforward argument shows that the union of the (left) ideals of a chain (with
respect to the containment relation) in JV is also an element of /. The application
of Zorn’s lemma gives the existence of a maximal element P in /. We claim that P
is a completely prime ideal of R.

Assume that ab € P and a, b € R\ P. The maximality of P and PCP + Rb,
b € P+ Rb imply that the (left) ideal

P+ Rb=R(p, +rb)+---+ R(p; + r,b)

is finitely generated by some elements p, +rb, 1 <i <k with p, € P and r, € R.
Consider the set

K={xeR|xbeP}

Clearly, KCR is a left ideal of R and a € K. The containment PCK follows from
the fact that P is a two-sided ideal. The maximality of P ensures that K is a finitely
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generated left ideal, whence we obtain that KbCR is also a finitely generated left
ideal. We claim that

Since p; € P and KbCP, we have Rp, + --- + Rp, + KbCP. On the other hand, an
element p € PCP + Rb can be written as

p=si(pr+nb)+- +s5(p+ b)),
whence
(s +-+sn)b=p—s;py—--—sp €P
and s, + --- + 5,1, € K follow. Thus we have
p=(p+ -+ sp) + (51 + -+ sn)b € Rpy + -+ + Rp, + Kb.

and PCRp, +---+ Rp, + Kb.

Since Kb is a finitely generated left ideal, we obtain that P = Rp, +---+
Rp, + Kb is also a finitely generated left ideal of R, a contradiction. Thus ab € P
and a, b € R\P is impossible, proving that P is completely prime.

Now P e N contradicts the condition that all completely prime ideals
are finitely generated as left ideals. It follows that N = @, and our proof is
complete. O

Remark 3.4. Since Theorem 3.3 concerns the left ideals containing the prime
radical, it is not a full generalization of Cohen’s Theorem. On the other hand,
in a certain sense Theorem 3.3 is stronger than the existing noncommutaive
generalizations of Cohen’s Theorem. The reason is that prime left ideals are not
used. We impose conditions only on the two sided prime ideals.

Remark 3.5. Since in the Lie nilpotent case R = R/rad(R) is commutative (see (3)
of Proposition 3.1), a direct application of Cohen’s original theorem to R gives the
following weaker version of Theorem 3.3:

If the (completely) prime ideals and the prime radical rad(R) of a Lie nilpotent
R are finitely generated as left ideals, then every (left) ideal of R containing rad(R) is
finitely generated as a left ideal.

It seems that the containment of the prime radical cannot be omitted in this
direct application.

4. THE n-TH LIE CENTER

Let R be an arbitrary ring with 1, the n-th Lie center of R is defined as

Z,(R)={reR|[rx,....x],, =0forall x, e R, 1 <i < n}.

n
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The fact that Z,(R) is a (unitary) subring of R is a consequence of [rs, x| = [r, sx] +
[s, xr], and

Z(R) =Z,(R)SZy(R)S --- CZ,(R)CZ, ,, (R)S - -~

follows from

[roxps oo X X Lo = [l x0s - X D Xl
Since

([, s]xps s X i = [l s XX L 3l
r € Z,(R) implies [r, s] € Z,(R) for all s € R, so that Z,(R) is a Lie ideal.

In any Lie ring, [x,..., x;, r]z+1 can be written as a sum of 2! elements
of the form =+[r, Xa(lys - - .,)fﬂ(k)]z+1, where n is some permutation of {1,2,...,k}
(the use of the Jacobi identity and an easy induction on k works). It follows that
[X1s oy X4s 7y Xy g - -+ X, ]34, can be written as a sum of some
+[r, Xn(lys + o> Xn(hys Xp1s -« o » b

Thus r € Z,(R) implies that [x, ..., x., 7, X4y, ..., x, ], =0forall x, e R, 1 <i <

n. Consider the elements r = E, ; and y; = E3 4, y, = E| , in the K-subalgebra R =
KI, + R, (1,1, 1, 1) of M,(K) (see the example in Section 2). For x,, x, € R, we have
o, B, 7 € K such that [x,, x,] = aE, 3 + BE, 4 + yE, 4. Thus

[[x1, x,], 1] =0 and [[r, y,]. y,] = —E 4 #0
show that the implication
[[x;, x;], 7] = 0 for all x,,x, € R=—=r € Z,(R)
(the converse of the mentioned one) is not valid.
The ring Z,(R) obviously has the L, property, a much stronger statement is
the following theorem.
Theorem 4.1. Let n > 1 be an integer and CCR a commutative submonoid of the

multiplicative monoid of R. Then the subring S = (Z,(R) U C) of R generated by the
subset Z,(R) U CCR also has the L, property, i.e.,

* —_
[x1, X35 s X X1 o =0
is a polynomial identity on S.

Proof. Since cr =rc—[r,c] and [r,c] € Z,(R) for all r € Z,(R) and c € C, we
deduce that any element of the subring S = (Z,(R) U C) can be written as

rney+ -+ re,

with r,...,r, € Z,(R) and ¢, ..., c, € C (notice that 1 € Z,(R) N C).
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In order to check that [x,, x,, ..., x,, x,, ], ; = 0 is a polynomial identity on
S, it is enough to consider substitutions of the form

X1 =1Cs e ves Xy = 1Cps X1 = Ty 1 G

withr, € Z,(R)and ;e C(1 <i<n+1).
If 1 < k < n, then we claim that
[riCls e s TGy mlan]’;H
= FpptlTalruail - gl llnens - neldio e ls -2 1 eals €l

holds for any choice of the elements r, € Z,(R) and ¢, e C (1 <i<n+1).
Clearly, r,,; € Z,(R) implies that

[rlcl? s 1 Cm n+1cn+l]n+1 - [[rl Cl’ st rncn]:’ rn+lcn+1]
= rn+l[[rlcl’ Tt rncn]:7 Cn+1] + [[rlcl’ R rncn n+l]cn+1
= rn+l[[rlcl’ R rncn]:’ CV!+1]’

proving our claim for k = n.
In view of the commutativity of C, we have [xc, ¢'] = [x, ¢]c for all x € R and
¢, ¢’ € C, whence

Fapi [l - [ [xees e - s els coil=ra k- Lrea [ e ls- - 1 euls cupnler

follows. Now assume that our claim holds for some 2 < k < n. Then we obtain that

*
[F1CLs oo s FuChs Ty 1 Cogt D

= ”n+1[”n[- .. [”k+1[[”151’ oo el Ck+1]7 s Leds Cn+1]

= ryalrnl - [nalllnens - noaclicn needs cqals -1 eals el
= ylnle - [ lndlners - noac o ads s -1 eads e
+ realnale - lrealllners - o noac iz ndes cenls -2 1oels el
= rplnle - nalndlners o noac o ads cals -1 eads e
+ roalrale - lrealllner - noac iz ndes cenls -1 el €]
= Fplnl - [nalndlners - i licn s cals -1 eads e
+ roalnle - Trealllnen o ncaclicn nds cals -1 eads oo

for all r, € Z,(R) and ¢; € C (1 <i <n+1). Since r, € Z,(R), the substitution of
¢, = 1 € C in the above identity gives that
0 =1[rcy s T 1C s Tos Teg 1 Cgts - - > Tug 1 Cog1 st
= roalnle - [realrdlnens - noac lion s e ls -2 1 euls €l
+ gl realllrers - noc i el el - 1 eals €]

= rylnle - ealllnerns - nora licns s el - 1 eads el
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whence
[rlcl’ cees Gy rn+lcn+l]:+1
= ryalral - [realndlners o noaalion als agals -1 els el

follows. Thus the validity of our claim inherits from & to k — 1.
For k =1 the above claim gives that

[FiC1s e s TGy rn+lcn+l]:+1 = roalnl - [nlnes el -1 el el

for all r, € Z,(R) and ¢; € C (1 <i <n+1). Take ¢, =1 € C in the above identity
and use r, € Z,(R) to derive

0=[r, ncy,...,1.c, rn+lcn+l];+1 = rplnl - [nlrs el - 1 el el
whence
[rlcl’ ] rncn7 rn+lcn+l]:+1 = rn+l[rn[' . [r2[rlcl’ CZ]’ e ]’ Cn]’ Cn-H]
= rpalral - [nlrs el - 1o el cppley =0
follows. O
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