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We describe the sub-bimodules of matrix bimodules over two structural
matrix rings. Structural matrix bimodules arise as particular such
sub-bimodules, and we discuss when such a bimodule is faithful or
indecomposable. As an application, we obtain a large class of rings
whose Jordan isomorphisms are either ring isomorphisms or ring anti-
isomorphisms. Complete upper block triangular matrix rings over 2-torsion-
free indecomposable rings are elements of this class.
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1. Introduction and preliminaries

A Jordan isomorphism between two rings 7 and U is an isomorphism f: T— U of
additive groups such that f(xy+ yx)=fx)(y)+f(y)f(x) for any x,yeT. Ring
isomorphisms and ring anti-isomorphisms are examples of Jordan isomorphisms.
There has been extensive research to uncover conditions on 7" and U such that ring
isomorphisms and anti-isomorphisms are the only Jordan isomorphisms. This was
showed to be the case if 7= U is the ring of upper triangular matrices over a field
#F, [2], or more generally if 7 is the ring of upper triangular matrices over a
2-torsion-free indecomposable commutative ring C, and U is a C-algebra [1]. These
results were extended in [4] to the case where 7 = (6‘ ’g ) is a 2-torsion-free
generalized triangular ring, where 4 and B are rings, and M is a left A, right B-
bimodule which is faithful over 4 and over B, and U is any ring. Two particular cases
where this result applies are when: (1) 7'is the upper triangular ring over a 2-torsion-
free indecomposable ring; (2) 7 is a nest algebra and U is a complex algebra. We are
interested to study the Jordan isomorphism problem for the case where 7 is a
structural matrix ring, in particular when 7 is a complete upper block triangular
matrix ring. Our approach works, in fact, for a larger class of rings.
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A structural matrix ring 4 over a ring R is a subring of the matrix ring M,(R)
consisting of all matrices having zero on certain prescribed positions. Also, let B be a
v X v structural matrix ring over a ring S. Let M be a left R, right S-bimodule. We
consider the set M, (M) of u x v matrices with entries in M, which is naturally a
left 4, right B-bimodule. We describe the sub-bimodules of M, ,(M). In particular,
structural matrix bimodules arise as such sub-bimodules, and all their sub-bimodules
arise from here. As a special case, we recover the description of the two-sided ideals
of a structural matrix ring [3]. We discuss when is a structural matrix bimodule
faithful as a left A-module or as a right B-module, and when is it indecomposable as
a bimodule, giving combinatorial characterizations which can be checked on the
diagram of a certain partially ordered set. Combining these results and a result of
Wong [4], we obtain our main result, Theorem 3.6, which describes a large class of
rings 7" such that any Jordan isomorphism from 7 to another ring is either a ring
isomorphism or a ring anti-isomorphism. This class includes complete upper block
triangular matrix rings over 2-torsion-free indecomposable rings.

2. Sub-bimodules of matrix bimodules over structural matrix rings

Let R be a ring, and let u be a positive integer. Denote I=1{1,...,u}, and let M,(R)
be the ring of u x u matrices with entries in R. Denote by e;; the matrix units. Let
BCIx1I be such that (i,i)e B for any i€, and (i, k) € B whenever (i,j)€ B and
(j, k)€ B. Thus B is a preorder relation on /1. We consider the structural matrix ring
A=M(B, R)=) (< pRe;;, which is the subring of M,(R) consisting of all matrices
whose (i,/) entries are zero for (i,j) ¢ 5. We also consider a structural matrix ring
B=M(B,S) over a ring S, where B’ is a preorder relation on the set J={1,...,v}
for some positive integer v. We denote by f;; the matrix units in M,(S).

Let M be a left R, right S-bimodule. We consider the set M, (M) of all ux v
matrices with entries in M, which is a left M (R), right M (S)-bimodule with
addition on positions and left and right action given by matrix-like multiplication.
By restriction of scalars, M, (M) becomes a left A, right B-bimodule. Our first aim
is to describe the sub-bimodules of this 4, B-bimodule. If 1 <i<u, 1<j<v and
me M, we denote by mM, ; the matrix in M, ,(M) having m on the (i, /)-th position,
and zero elsewhere.

We consider the equivalence relation ~ on 7 associated to the preorder relation B,
i.e. i~jif and only if (i, j) € B and (}, i) € B (in other words both matrix units ¢;; and
ej;liein A). Let Iy, ..., I, be the associated equivalence classes, and fix some elements
ively,...,i,el, Then B induces a partial order<on {1,...,p} defined by o <¢'
if and only if (i, i) € B. Clearly if @ < ¢/, then (8,8") € B for any § € I, and &' € I,

Similarly, we consider the equivalence relation ~ on J associated to B’, with
equivalence classes Jy, ..., J,. Fix some elements j, € /i, ..., j, € J,, and let the partial
order <on {l,...,q} be such that =< g if and only if (js,jz) € B

PropPosOTION 2.1 Let F = (Nyp)izasr be a family of sub-bimodules of xM s such that
1=B=q
Nopg S Nyg for any o <o and B=X . Then the set
Xr = {(’””if):z;izz

is a sub-bimodule of 4 M, (M)p. Moreover, the correspondence F — X is a bijection
between the set of all such families F and the set of all sub-bimodules of 4M,, ,(M)p.

mjj € Neg for any 1 <a <p,1 < B <q and any ie]a,jeJﬂ}
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Proof 1t is straightforward to check that X is a sub-bimodule of M, ,(M)z.
Now, let X be a sub-bimodule of 4M, (M)g. For any ] <a<pand 1<p<gq,
we consider the set

Naﬂ ={me M| mMim_/ﬂ € X}.

If me Nyg, re R and s€ S, we have that (rms)M;, ;, = (re;, i, )(mM;, ;,)(sfj, ) € X,
so rms € Nyg, and thus N,z is a sub-bimodule of gMs. If o/ <o and B=Xp,

let m e N,g. Then
mM;, ;, = ei,.i,(mM;, ;) [y € X,

and this shows that me Ny 4.
Denote by F the family (Ngg)izes,. We show that X=Xy Let first
1=p=q
' € X, and

U= (mlj)lé;g e Xr. Ifie 1, andje Jﬂ, then mi € Naﬁa SO m,-jM,-mjﬁ

myM; ; = e (myM,, ;) [ € X.

Then U:ZIJmUMIJGX

Conversely, if U = (m[/‘)iﬁigu. € X, pick some l <ae<pand 1 <B<gq, and let ie[,,
je Jﬁ. Then m,;,—M,-mjﬂ = el’a,l’(}jj‘}jﬁ € X, SO mj; € Naﬁ- Thus Ue X]:.

We conclude that the correspondence F — X is a bijection. |
Example 2.2 The case where 4 and B are complete upper block triangular matrix
rings (in particular when they are upper triangular matrix rings) is of special interest.
Thus,

My (R) My a(R) -+ My q,(R)
4 0 Mu(R) -+ Mg,a,(R)
0 0 o My (R)

for some positive integers dy,ds,...,d, with u=d;+---+d, In this case I, =
{1,...,d1}, ]2:{d1+1,...,dl+d2},...,Ip:{dl+"'+dp,1+1,...,u} and
1<2<---<p. Similarly, let B be the complete upper-blocked triangular matrix
ring of type 81,65, ...,8, over S, where v=25, 4 - -- +8,. We have that J; ={1,...,4,},
12:{31+1,...,81+82},...,Jq:{(sl+"'+8q_1+1,...,\1} and 14244q
Then the left A, right B-sub-bimodules of M, (M) are the subsets of the form

M 5,(Nii) My 5,(Ni2) -+ Mg, 5,(N1g)
M 5(N21) M, 5,(N22) -+ My, 5,(Noy)
M, 5,(Npt) My, 5,(Np2) -+ M, 5,(Npg)

where (Nyp)i=es, 18 a family of sub-bimodules of M such that N,z < Ny g for any
1=B=q
o <aand B<p.

Now, we consider a special type of sub-bimodules of M, (M), namely the ones
corresponding to families F for which each N,z is either 0 or M. Extending the
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terminology from rings, we call them structural matrix bimodules. By the description
of sub-bimodules of M,, (M) given in Proposition 2.1, we see that if such a structural
matrix bimodule has M on position (i, /), then it must have M on any position (7, ;)
with i~7 and j=~j. Thus the structural matrix sub-bimodules of M, (M) are the
sets of the form

M(P, M) = {(my); ;| my =01if (1,j) ¢ Uapep lu x Jp}

where PC{l,...,p} x{ 1,...,q} is a set such that for any («, ) € P and any « and
B such that o' <@ and B=< g, we also have that (¢, 8) € P. With this notation, we
get as a direct consequence of Proposition 2.1 the following.

CoRrOLLARY 2.3 The sub-bimodules of 4M(P, M)g are in bijection to the set of
Jamilies (Nog)(ap)ep 0f sub-bimodules of gMs with the property that NygC Ny g for
any (a, B)€P and any o <, BB

Remark 2.4 1In the particular case where 4 =B, M = zxRr and M(P, M)= A, our
result describes the two-sided ideals of a structural matrix ring. This description was
given in [3, Proposition 1.2].

3. Faithful structural matrix bimodules

We keep the notation of the previous section and discuss the following problem:
when is the structural matrix bimodule M(P, M) faithful as a left A-module,
respectively, as a right B-module? The answer will be given as a consequence of the
following description of the annihilator of a structural matrix bimodule.

ProrosiTion 3.1

(1) ann(M(P, M)) is the two-sided ideal of A corresponding to the family
(Hay)lﬁo:ygp, where H,,=anng(M) whenever a <y and there exists B with
(v, B) GH%, and H,,=R whenever a<y and there does not exist B with
(v.B) € P.

(2) anng(M(P, M)) is the two-sided ideal of B corresponding to the family
(Kgﬁ)lgi.;gq, where Ksg=anns(M) whenever §=Xp and there exists o with

(o, 8) € P, and Ksg=S whenever § X B and there does not exist o with (a, 8) € P.
Proof

(1) By Corollary 2.3, we have that the ideal H=ann,(M(P,M)) of A
corresponds to a family (H,y)i<es= of ideals of R such that H,,C H,,
whenever o <« and y<y/. Fix some i and t,withiel,, tel,and a<y.

If there is no B such that (y, B)€P, then for any re R, we have that
(re; )(mM_ ;) =0 for any mM_ ; lying in M(P, M). Indeed, this is clearly 0 if
z#t, while if z=¢, then there is no j such that mM. ;e M(P, M). We obtain
that H,,=R.

If there exists B such that (y, ) € P, then for a fixed r€ R, we have that
re H,, if and only if (re; )(mM. ;) =0 for any mM_ ; lying in M(P, M). This
clearly holds if z # ¢, while if z=1¢, it is equivalent to rM =0, i.e. r € anng(M);

(2) is similar. |
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COROLLARY 3.2

(1) If M is faithful as a left R-module, then M(P, M) is faithful as a left A-module
if and only if for any 1 <o < p there exists 8 such that («, B) € P (in other words
any row of M(P, M) is non-zero).

(2) If M is faithful as a right S-module, then M(P, M) is faithful as a right
B-module if and only if for any 1 < <q there exists o such that (a,p)€P
(in other words any column of M(P, M) is non-zero).

Example 3.3

(a) If 4 is complete upper block triangular, then M(P, M) is faithful as a left
A-module if and only if it has an entire column of M’s. Indeed, faithfulness
implies that there exists g such that (p, 8) € P. Since | 2 < --- < p, we obtain
that (i, B) € P for any i.

(b) If both 4 and B are complete upper block triangular, then M(P, M) is
faithful as a left 4-module and as a right B-module if and only if the first row
and the last column of M(P, M) consist only of M’s.

4. Indecomposable structural matrix bimodules

Let us consider a structural matrix bimodule M(P, M), where A and B are structural
matrix rings, and the notation is as in Section 2. We are interested to see when is
M(P, M) an indecomposable bimodule, i.e. when it cannot be written as a direct sum
of two non-zero sub-bimodules. It is useful to regard P as a partially ordered set with
the ordering relation < defined by (a, 8) <(¢/, B) if and only if ¢ <« and =X 8.
Now, we have the following characterization of indecomposability.

Prorosition 4.1  Let M(P, M) be a non-zero structural matrix bimodule over the
structural matrix rings A and B. Then the following assertions are equivalent:

(1) M(P, M) is an indecomposable bimodule.

(2) M is an indecomposable R, S-bimodule and P cannot be written as a disjoint
union of two non-empty subsets Py and P, such that if («, )€ P;, where
i€{1,2} and (o, B) < (', B)), then (o, B') € P..

Proof (1)=(2) If M=X®Y, a direct sum of R,S-bimodules, we have that
M(P, M)= M(P, X) D M(P, Y), a direct sum of 4, B-bimodules. Since M(P, M) is
indecomposable, we must have either M(P, X)=0 or M(P, Y)=0, showing that
X=0 or Y=0. Thus, M is indecomposable. On the other hand, if P would be the
disjoint union of two non-empty sets P; and P, as described in (2), then
M(P, M)= M(P, M) ® M(P>, M), contradicting the indecomposability of
M(P, M).

(2)= (1) Let M(P, M)=X &), a direct sum of sub-bimodules. By Corollary 2.3,
X corresponds to a family (Xup).p) < » Of sub-bimodules of M, and Y corresponds to
a family (Yyp)w.pecp of sub-bimodules. Then for any («,B)eP, we have that
Xop® Y= M, so either X,5=0 (and then Y,z= M) or Y,5=0 (and then X,z=M).
Let Py ={(c, B)| Xop#0} and Pr={(a, B)| Y,s#0}. It is clear that P is the disjoint
union of P and P». Since X5 S Xy p for any («, B) < (', p), we see that if («, ) € Py,
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then also (¢, 8') € Py, and similarly for P,. Then, necessarily one of P; and P, is
empty, which shows that either XY =0 or J=0. |

Remark 4.2 The condition

(*) P cannot be written as a disjoint union of some non-empty subsets P; and P,
such that if («, B) € P;, where i€ {1, 2} and (o, B) < (¢, B), then (¢, 8)eP;
means in fact that P is not the coproduct of two non-empty objects in the
category of partially ordered sets, i.e. it is indecomposable in this category.
We consider another condition

(**) For any minimal elements («, 81) and (a3, 8>) in the partially ordered set P
there exists («, B) € P such that («y, 81) <(«, 8) and (a, B>) < (&, B).

Then we have that (**) implies (¥), thus (**) is a sufficient condition for the
indecomposability of M(P, M) in the case where M is indecomposable. Clearly, it is
easy to check whether (**) holds or not by looking at the diagram associated to the
partially ordered set P. Nevertheless, (**) is not a necessary condition for (*). Indeed,
we give the following example. Let

R R R R s S S S
0 R R O 0 S S 0
A: 5 B: )
0 0 R O 0 0 S 0
0 0 0 R 0 0 0 S
thus I <2<3and 14, and 1<2<3 and 1 <4. Let
M M M M
MP. M) = 0 0 M
10 o0 o0 M|
0 0 M 0
thus P={(1,1), (1,2), (1,3), (1,4), (2,4), (3,4), (4,3)}.

(1,3) (1,4)
/(1, 2/(2, 4)
(4,3) (1,1) (3,4)
It is easy to see that P satisfies condition (*), but it does not satisfy (**), as we can
see by considering the minimal elements (3, 4) and (4, 3).

It is possible to give a more approachable method to check whether P is
indecomposable. In fact, we can consider a finite partially ordered set (X, <), and let
Min(X) be the set of minimal elements of X. Consider the relation p on Min(X),
defined by xpy if and only if there exists z € X such that x <zand y <z. Itis clear that
p is reflexive and symmetric, but not necessarily transitive. Now, we can consider the
induced equivalence relation = on Min(X), defined by x =< y if and only if there exist a
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positive integer n and Xxi,...,x,€ Min(X) such that x=x1,X10X2,...,X,_10 X,
X, =y. Let (M,);c; be the set of equivalence classes with respect to =<, and for any i€ 1
let X;={zeX| 3 xeM; with x<z}. Then it is easy to see that each X; is
an indecomposable partially ordered set (with the order relation induced from X),
and X is the disjoint union of all X;s. In conclusion, (X, <) is indecomposable
if and only if < has only one equivalence class. Applying this to our context, we
obtain the following, which checks the indecomposability of P by looking at its
diagram.

ProrosiTioN 4.3 Condition (*) is equivalent to the fact that for any minimal elements
(o, B) and (!, B') of P, there exist minimal elements (a1, By), - - -, (@, B) of P such that
(a1, B1) =(a, B), (a0, B) = (', B'), and for any 1 <i<n—1 there exists (y;, 8;) € P such
that (e;, B;) < (vi» ) and (a1, Biv1) < (i, 8)-

We note that condition (**) in Remark 4.2 just says that any two minimal
elements of P are in the relation p, which is clearly a stronger condition than being
equivalent with respect to the relation x.

CoRrROLLARY 4.4 If P has a smallest element, then M(P, M) is an indecomposable
bimodule if and only if M is an indecomposable bimodule.

Remark 4.5 As a particular case of Corollary 4.4, we see that if 4 and B are
complete upper block triangular matrix rings as in Example 2.2, then M,, (M) is an
indecomposable A, B-bimodule if and only if M is an indecomposable R,
S-bimodule. In particular, if S=R and M =R, we have that M, ,(R) is an
indecomposable A, B-bimodule if and only if R is an indecomposable ring, i.e. it does
not have non-trivial central idempotents. In the particular case of upper triangular
matrix rings (i.e. A and B have only blocks of size 1), this recovers [4, Theorem 2.1].

Now using the result of Wong [4, Theorem 3.1], we obtain the following.

THEOREM 4.6 Let M be an indecomposable left R, right S-bimodule, such that M is
faithful as a left R-module and as a right S-module, and R, S and M are 2-torsion-free.
Let A and B be structural matrix rings over R and S, and let M(P, M) be a structural
matrix bimodule with non-zero rows and columns and such that P satisfies condition
(*). Then any Jordan isomorphism from the triangular ring T = (/:) M, Ag)) to another
ring is either a ring isomorphism or a ring anti-isomorphism.

CoroLLARY 4.7  Any Jordan isomorphism from an upper block triangular matrix ring
(in particular an upper triangular matrix ring) over a 2-torsion-free indecomposable
ring to another ring is either a ring isomorphism or a ring anti-isomorphism.

Remark 4.8 Any structural matrix ring 7, which is not the full matrix ring (over a
ring R), can be regarded (in several ways) as a generalized triangular ring. Indeed, by
a permutation of rows and columns, 7' is isomorphic to a (not necessarily complete)
upper block triangular matrix ring. If there are / diagonal blocks, then we can split 7'
as a generalized triangular ring (‘(‘) %I ), where A is the ring obtained from 7 by taking
the intersection of rows and columns of the first g diagonal blocks, where g < A, B is
obtained similarly from the rest of 4 —g diagonal blocks, and M is obtained by
taking the intersection of the rows of the first g diagonal blocks and the columns of
the other /4 — g diagonal blocks. The Jordan isomorphism problem can be tested for
any such representation of 7T, using Theorem 4.6.
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