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A LINK BETWEEN A NATURAL CENTRALIZER
AND THE SMALLEST ESSENTIAL IDEAL
IN STRUCTURAL MATRIX RINGS

LEON VAN WYK

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF STELLENBOSCH, PRIVATE Bag XI,
STELLENBOSCH 7602, SOUTH AFRICA
E-mail address: lvw@land.sun.ac.za

ABSTRACT. In a structural matrix ring Mn (p, R) over an arbitrary ring R we de-
termine the centralizer of the set of matrix units in Mn (p, R) associated with the
anti-symmetric part of the reflexive and transitive binary relation p on {1,2,... ,n}.
If the underlying ring R has no proper essential ideal, for example if R is a field, then
we show that the largest ideal of My (p, R) contained in the mentioned centralizer
coincides with the smallest essential ideal of My, (p, R).
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1. INTRODUCTION

Every ring herein is assumed to be associative with identity, subrings inherit the
identity, and ideal means two-sided ideal.

The centre Z(Mn(R)) of a full n x n matrix ring M,,(R) over a commutative
ring R comprises the scalar matrices. Therefore Z(M,(R)) = R. Similarly, with
ex; denoting the matrix unit with 1 in position (k,!) and zeroes elsewhere, and
by viewing a direct sum &7, M, (R) of full matrix rings over R as a subring of
the full matrix ring Mn, 4not.tn,, (R), the center Z (&7  Mn,(R)) of 72, M, (R)

comprises the “piecewise” scalar matrices

m nitngttn;
Ui€kk,
i=1 k=nij+na+-tni+1
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u; € R, i =1,2,...,m (and with ng := 0). Therefore Z( ™ M., (R) = &2, R
In neither of these cases does the centre really yield anything new regarding sub-
structures of the particular matrix ring. Furthermore, in both cases, assuming that
the base ring R is commutative, the centre is also obtained as the centralizer of all
the matrix units, i.e. for example, for the full matrix ring case,

CM,.,(R)({ekl: 1<k n}) :={U = [uij] € Ma(R): eqlU =Ueg, 1 <k, 1< n}
= {Z uei u € R} = Z(Mn(R)).
i=1

The situation regarding substructures of matrix rings becomes much more in-
teresting and provides a link with the smallest essential ideal if one considers the
class of structural matrix rings. A structural matrix ring M, (p, R) has, unlike a
full matrix ring M, (R), a much richer lattice of ideals than the base ring R. We
focus in this note on the centralizer of a natural set of matrix units in a structural
matrix ring over a suitable ring.

Recall that, for a reflexive and transitive binary relation p on the set {1,2,... ,n},
the subset M, (p, R) of M, (R) comprising all matrices with (i, j)th entry equal to 0
if (1,7) ¢ p, forms a subring of My (R), called a structural matriz ring {(over R),
the properties of which are determined by the structure of the underlying binary
relation p and the base ring R. Apart from being a rich source of examples and
counterexamples and playing a role in the structure theory of rings, various kinds of
incidence matrix rings, including structural matrix rings, have in recent years been
the object of study in their own right. See, for example, (1], [2], [4], {6], [7] and [9].

As in 6], the relation p may be divided into two subsets, namely a symmetric
part

ps = {(kvl) € p: (lvk) € P}

and an anti-symmetric part

PA = {(k,l) € p: (lvk) ¢ P}-

Note that pg is an equivalence relation on {1,2,... ,n}. A full matrix ring M,(R)
is a very special case of a structural matrix ring My, (p, R), with p the universal
binary relation on {1,2,...,n}. In this case p = ps and ps = 0. Even a direct sum
@7 My, (R) of full matrix rings over R may be viewed as a structural matrix ring
M, +npt-tn.(p, R), with ps = p and p4 = . We will in the sequel be interested in
structural matrix rings M, (p, R) for which p4 # @, which we call honest structural
matrix rings.

The lattice of ideals of a structural matrix ring M,(p, R) were characterized
in [8} in terms of the lattice of ideals of R and the structure of p. In [3] the minimal
essential ideal of M, (p, R) was described in case R has a minimal essential ideal.
Note that it is possible that a ring has essential ideals, but no minimal essential ideal,
as is the case in the ring of integers. However, since the intersection of two essential
ideals is again essential, it follows that if a ring has a minimal essential ideal, then
it is unique, and so then it is the smallest essential ideal. A similarity between
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a class of commutative rings, namely certain Priifer domains, and a class of non-
commutative rings, namely the structural matrix rings, regarding the coincidence
of the maximal small ideal, i.e. the Brown-McCoy radical (see {5]), and the smallest
essential ideal, was obtained in [3].

We find another coincidence in this note by showing that that if the underlying
ring R has no proper essential ideal, for example, if R is a field, in which case R is the
smallest essential ideal of R, then the largest ideal of every honest structural matrix
ring My {p, R) contained in the centralizer of the set of matrix units in M, (p, R)
associated with the anti-symmetric part pa of p, i.e. the largest ideal of M, (p, R)
contained in Cwu, gy ({ex: (k,1) € pa}), is a non-trivial proper ideal and coincides
with the smallest essential ideal of M, (p, R).

2. A NATURAL CENTRALIZER AND THE SMALLEST ESSENTIAL IDEAL

We first summarize the characterization in [8] of the ideals of a structural matrix

ring M (p, R) over an arbitrary ring R using set-inclusion preserving functions.
Let Rep denote a set of representatives of the equivalence classes induced by the

equivalence relation pg on {1,2,... ,n}. For ¢,y € Rep such that (z,y) € p, set

Azy :={z € Rep: (z,2),(2,y) € p}.

Let
fi{Asy: =,y € Rep and (z,y) € p} = {I: [ is an ideal of R}

be a set-inclusion preserving function. Then

Ty :={U = [uij] € Ma(p, R): uij € f(Asy) if 2,y € Rep are such that
(ivx)v(jvy) € ps and (x1y) € P}

is an ideal of M, (p, R), and by considering all such set-inclusion preserving func-
tions, it follows from [8, Proposition 1.2] that one obtains all the ideals of M (p, R).
We obtain our first proposition directly from the proof of [3, Corollary 3.2):

Proposition 2.1, If a ring R has no proper essential ideal, then the smallest es-
sential ideal of a structural matriz ring M, (p, R) over R is the ideal If, where

R, if Azy is mazimal with respect to set-inclusion
flAzy) = in the set {Ayy: u,v € Rep and (u,v) € p}
{0}, otherwise.

EXAMPLE 2.2. For the structural matrix ring
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rR R 0 0 0 0 0 0 07
R R 0O 0 0 0 0 0 O
0 0 RRRRRDO O
0 0 0O RR O O O O
My(p,R):=|{0 0 0 R R 0 0 0 O
6 0 00 0O RRO O
0 0 0 00 0 R O O
0 0 0 0 0 0 0 RR

LO 0 0 0 0 0 0 0 RI

the equivalence classes induced by the equivalence relation pg on {1,2,...,9} are

{1,2}, {3}, {4,5}, {6}, {7}, {8}, {9}

Set
Rep:={1,3,4,6,7,8,9}.

Then the maximal Az,’s are
A1z, Ass, As7, Aso,

and so, if R has no proper essential ideal, then the smallest essential ideal of My (p, R)
is the ideal

"R R 0 0 0 0 0 0 07
R ROOOGOO OO
0 0 0 R RO RO O
0 0 00 0 0 O0O0 O
0 0 00 00 000
00 00 000 O0 O
0 0 00 0 OO0 O O
0 0 00 00 0 O R
Lo 0 0 0 0 0 0 0 O

For an honest structural matrix ring M, (p, R) we will distinguish between the set
{ex: (k,1) € ps} of matrix units associated with ps and the set {exi: (k,I) € pa} of
matrix units associated with p4. The set {ex: (k,I) € ps} is merely a generalization
of the set {ex;: 1 < k,I < n} of all matrix units in case My (p, R) is a full matrix
ring or a direct sum of full matrix rings over R, and so we should not expect the
centralizer of {ex;: (k,l) € ps} in an honest structural matrix ring M, (p, R) to be
much more exciting than the scalar matrices or “piecewise” scalar matrices obtained
as the centralizer of the set of all matrix units in a full matrix ring or direct sum of
full matrix rings respectively:

Proposition 2.3. In a structural matriz ring M, (p, R) over an arbitrary ring R the
centralizer of the set {ex: (k,l) € ps} of matriz units associated with the symmetric
part pg of p is the subring

{ E Z Ugzekk: Uzz € R for every z € Rep} (1)

rERep k
(k,z}€ps
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of Mn(/’y R)

Proof. Let U = [ui;] € Cwm,(p.r)({exr: (K1) € ps}). Since (k,k) € ps for every
k, it follows from exsU = Uery, k = 1,2,... ,n, that U is the diagonal matrix
E:=1 ukkerk. Let £ € Rep and let (k,z) € ps. Then e, U = Uey, implies that
Ugg€hy = UkkCkz, and SO Ugy = upk. Hence, U = EzERep Ek‘ (ka)eps Urz€kk
Conversely, let U be a “piecewise” scalar matrix, as in (1). Let (k,I) € pg and let
z € Repbe such that (k,z) € ps. Then (I,z) € ps, and so epU = uy e = Uegy. D

Since Rep is a set of representatives of the equivalence classes induced by the
equivalence relation pg on {1,2,... ,n}, it follows that p is a partial order relation
on the set Rep. In order to determine the centralizer of the set {ex;: (k,1) € p4},
we introduce another equivalence relation. Define the relation =, on Rep by setting
(z,z) € =, (for £ € Rep) and by setting (x,y) € =, (for £,y € Rep with z # y)
if and only if there are z1,23,...,2; € Rep such that z = z;, y = 2z, and for
8 =1,2,...,t =1, (25,2541) € pa O (2541,%s) € pa. Then =, is an equivalence
relation on Rep. The equivalence class of * € Rep with respect to =, will be
denoted by [z]=,, and its cardinality by |[z]=,|.

Note that for the structural matrix ring Mg (p, R) in Example 2.2 we have that

R

M (p, R) = Ma(R) & EB[]J' g]

cocoo
cCoWT®
co
cmeo o
Jye e

It is thus clear that in order to determine the centralizer in a structural matrix ring
M.,.(p, R) associated with the anti-symmetric part pa of p, it suffices to consider
structural matrix rings for which the equivalence relation =, induces a single equiv-
alence class on Rep. However, since we do not run into more troublesome notation,
and for the sake of generality, we state the next result for arbitrary honest structural
matrix rings, i.e. for honest structural matrix rings which may be direct sums of
other structural matrix rings.

Theorem 2.4. In an honest structural matriz ring M,(p, R) over an arbitrary
ring R the centralizer of the set {ex: (k,l) € pa} of matriz units associated with
the anti-symmetric part p4 of p is the subring

> Z Ursekk + ) Z URIEkL

zE€Rep y,2ERep
l=]= ,,|>1 (keps (y.2)€pa (kyy), (l z)eps

+ Z Z Ujj€i;:
wERep 1,7
wl=, =1 (,w),(5,w)€ps

all the upy’s are in R, y is a minimal element and z a mazimal
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element in Rep with respect to p, and tgy = Ugrer if (z,2') € Ep} (2)

Of Mﬂ(p)R)
Proof. Let U = [ui;] € Om, (p.r)({exi: (k,1) € pa}). In order to cater for the first

part
Z Z UrrCkk
3

€Re
Tarior (kaens
in (2), we have to show the following for every z € Rep with |[z]=,| > 1:

(i) if ' € [z]=,, then all the diagonal entries uxx of U, with (k,z’) € ps, are equal
(to uzz).

(ii) if |{z],5] > 1 (where [2],; denotes the equivalence class of x with respect to the
equivalence relation ps on {1,2,...,n}), in other words, if U has non-diagonal
entries ugx such that (k',z), (k,z) € ps (ie. ',k € [z],,), then all such entries
ukk equal zero.

In order to prove (i), let z € Rep with |[z]=,| > 1. Let y € [z]=,, with y # 2.
Then there are elements 21,... ,z; € Rep such that £ = z;, y = 2, and for s =
1,...,t =1, (2s,2s+1) € pa OF (2541,25) € pa. Let 1 < s <t — 1 and assume,
without loss of generality, that (z,,zs41) € pa. Let k and [ be arbitrary elements
such that (k,z),({,zs31) € ps. Then (k,l) € pa, and so, since we have assumed
that U € CMn(p,R)({eklz (k,1) € pA}), it follows that ex;U = Uegy. Therefore

Z wjer; = ) wikeil. (3)

j i
(Lner (i,k)ep

With j := ! in the left hand side and ¢ := k in the right hand side of (3), we
conclude that uy = ugx. Therefore, since k and [ are arbitrary elements such that

(k,zs),(l,2541) € ps and since s is an arbitrary number such that 1 < s <t-1, we
have proved (i).

In order to prove (ii), let z,y,21,... ,2, 8 be as in the proof of (i), and assume
that |[z],s] > 1. With s:=1, we assume, without loss of generality, as in the proof
of (i), that (z,22) € pa. Let k, k' € [z],;, with k' # k. Then (k',k) € p, and so,
setting ¢ := k' in the right hand side of (3), it follows that uprer appears in the
right hand side of (3). Since all the matrix units in the left hand side of (3) are of
the form ey;, and since k' 3 k, we conclude that usx = 0. This concludes the proof
of (ii).

The foregoing arguments cater for the first part

D Y umem

zE€Rep k
Hz)z,1>1 (k,z)€ps

in (2).
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Next, let y,z € Rep, with (y, 2z) € p4, and such that y is not a minimal element
or z is not a maximal element in Rep with respect to the partial order relation p
on Rep. Assume, without loss of generality, that y is not minimal. Then there is
an z € Rep such that (z,y) € ps. Let k and [ be arbitrary elements such that
(k,9),(I,2) € ps. Since (y,2) € pa, it follows that (z,y) & p, and so (L,k) & p.
Therefore, k # 1. Since (z,k) € pa, we have that e;xU = Uezs, and so

Z Ukjer; = Z Uiz€ik. 4)

(k)ep (i,)en

Since (k,1) € p, it follows, with j := ! in the left hand side of (4), that uyez; appears
in the left hand side of (4). However, all the matrix units in the right hand side
of (4) are of the form e;x, and so, since k # I, we conclude that ux = 0.

The foregoing paragraphs show that if U = [ui;] € Cm, (. r) ({ext: (k,1) € pa}),
then U is a matrix as in (2).

Conversely, let U be a matrix as in (2). Let ¢ and { be arbitrary elements such
that (i,1) € pa. Let y,z € Rep be such that (i,y),(l,z) € ps. Then (y,z) € p4 and
[[¢)=,] > 1. Since the product ;U focuses on the Ith row of U, we have that

eal = E ujje;; = E ugjes; + E ujeq;.

J K} J
Lep (L,3)Eps (Li)epa

If j is such that (I, 7) € ps and I # j, then {[],5]| > 1, and so since (I, 2), (4, 2) € ps,
we conclude from the summation

Y D uesen

z€Rep k
lz]=, [>1 (k.z)€ps

in (2), with ¢ := z, that the non-diagonal entry uj; of U equals zero. The same
summation also implies that the diagonal entry u; equals the diagonal entry ;.
Therefore,

eal = uzea+ Z ujess. (5)
J
(Li)€Epa

If j is such that (I,5) € pa, then {2,j) € pa, and so if w € Rep is such that
(j,w) € ps, then (z,w) € pa, from which we conclude that z is not a maximal
element in Rep with respect to the partial order relation p on Rep. Therefore the
description of the matrices in (2) implies that u;; = 0. Consequently, e;U = uzzeq.
Similarly, Ue; = uyyei. Moreover, since (y,z) € pa, it follows directly from the
definition of =, that (y,z) € =, . Therefore, |[z]=,| > 1, and so the summation

D 2 umew

TERep k
[z]e,|>1 (k@)€ps

in (2), with  := z, again implies that uy, = u.,. Consequently, eqU = Uey.
Therefore, U € Cwm, (o,r) ({er: (k,1) € pa}). ©
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For My (p, R) in Example 2.2 the equivalence classes induced by =, on Rep are
{1}, {3,4,6,7}, {8,9}, and so we conclude from Theorem 2.4 that

Cmo(p,r) ({ert: (k1) € pa})

w11 Ui2 0 0 0 0 0 0 0 7
Uz1 U22 0 0 0 0 0 0 0
0 0 U3z U34 U3s 0 Us7 0 0
0 0 0 wuss O 0 0 0 0

= 0 0 0 0 wugz O 0 0 0 |: uy; € Rforalld,j

0 0 0 0 0 wuz; O 0 0
0 0 0 0 0 0 wuss O 0
0 0 0 0 0 0 0 ugg Uggy

L 0 0 0 0 0 0 0 0 usgsd

If y and z in Rep are such that (y,z) € pa, then y is a minimal element and = a
maximal element in Rep with respect to the partial order relation p on Rep if and
only if the set A, is a maximal element in the set {Ay,: u,v € Rep and (u,v) € p}
with respect to set-inclusion. Furthermore, if w € Rep is such that |[w]=,| = 1, then
Ay is also 2 maximal (and a minimal) element in {Ayy: u,v € Rep and (u,v) € p}.
Therefore Theorem 2.4 and the description of the ideals of a structural matrix ring
at the beginning of Section 2 show that:

Corollary 2.5. If M,(p, R) is an honest structural matriz ring over an arbitrary
ring R, then the largest ideal of Mn(p, R) contained in Cwy, (. r)({ex1: (k,{) € pa})
is the ideal Iy in Proposition 2.1.

Combining Proposition 2.1 and Corollary 2.5, we can now state the main result
of this note:

Theorem 2.6. Let M,(p, R) be an honest structural matriz ring over a ring R
with no proper essential ideal. Then the largest ideal of M, (p, R) contained in the
centralizer of the set of matriz units associated with the anti-symmetric part of p
coincides with the smallest essential ideal of M, (p, R).
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